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I. ÁÁÁ KKK

1. � ABCD´��²1o>/, P ´Ùü^é����:,M ´ AB >

�¥:,:Q÷vQA�4MAD�	����,�QB�4MBC�	���

��.y²: Q, M, P ��.

2. �½����ê n,eé��¢ê x,�3 n���ê a1, a2, · · · , an÷

v

x =
1

a1
+

1

a2
+ · · ·+ 1

an
,

K·�¡ x� n−Ð�.¦¤k��ê k,÷veã^�:

� a, b´ü�¢ê,÷v4«m [a, b]¥�3Ãê� 2020−Ð�¢ê,K«

m [a, b]¥���3�� k−Ð�¢ê.

3. ç�þ�k 1, 2, · · · , 2020ù
êi,`¯ü�<3
Xe�iZ: Ä

k,`]Àü�k�Ø'X�ê,¿^�^�ãòùü�êë�å5; �X¯�

Àü�k�Ø'X�´vkp�ë�L�ê,¿^�^�ãòùü�êë�å

5; ,�`2UYù��ö�,��ç�þÑy
��n�/,� 2020´ù�n

?¾FÏ: 2020-11-04.
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�/���º:(= 2020ë�
ü��Ò�ë�ê).ù�iZ¥,x���^

�ã�<I(=�¤ù�n�/�<I),�¯`¯ü�<Xk7�üÑ?

4. �½��¢ê α,¦¤k�¼ê f : R→ R,÷vé?¿ x, y ∈ RÑk

(x+ y)(f(x)− f(y)) = α(x− y)f(x+ y).

5. é?¿��ê n,·�P d(n)�÷v

(x+ 1)2 − xy(2x− xy + 2y) + (y + 1)2 = n

���êé (x, y)�éê.¦�������ê n÷v d(n) = 61.

6. 3b� 4ABC ¥, : P ÷v PB, PC Ñ� 4ABC �	����.

� X, Y ©O´ AB, AC >þ�ü�Ä:, ÷v ∠XPY = 2∠BAC, � P 3

4AXY S,� Z ´ A'u XY �é¡:.y²:4XY Z �	��L��½:.

///. )))������µµµ555

1. � ABCD´��²1o>/, P ´Ùü^é����:,M ´ AB >

�¥:,:Q÷vQA�4MAD�	����,�QB�4MBC�	���

��.y²: Q, M, P ��.

y² 1 3²1o>/ ABCD ¥, AC, BD �:� P,� P � AC, BD ¥

:.qM � AB¥:,�MP L DC ¥: N,�MN BC.q

AM =MB, ∠AMN = ∠ABC.

Ïd4AMN ∼= 4MBC.Ón�y:4BMN ∼= 4MAD.

3��MN þ�: Q′,¦� A, B, N, Q′�� Q′ 6= N.K

∠ABQ′ = ∠ANM = ∠MCB.

� Q′B � 4MBC 	����.Ón: Q′A� 4MAD	����.� Q′ = Q,

= Q, M, P ��.y.. �
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y² 2 3 PM ò��þ� Q′,¦�

MQ′ ·DA = AM2. (∗)

K

∠DAM = ∠AMQ′,
AM

MQ′
=
DA

AM
.

�4AMQ′4DAM.Ïd∠ADM = ∠MAQ′.l
Q′A�4MAD	����.

5¿�

(∗)⇔MQ′ ·BC = BM2,

Ón�� Q′B�4MBC 	����.� Q′ = Q,= Q, M, P ��.y.. �

µ5 ü«y{Ñ´Ó�{.���y²'�(J�,·�Ø�}Á=�À

�,�K¥k�� Q(Q′)�'5�,2lù
5�Ñu,y²�������é

N´,��|^ü���:���5�y.

2. �½����ê n,eé��¢ê x,�3 n���ê a1, a2, · · · , an÷

v

x =
1

a1
+

1

a2
+ · · ·+ 1

an
,

K·�¡ x� n−Ð�.¦¤k��ê k,÷veã^�:

� a, b´ü�¢ê,÷v4«m [a, b]¥�3Ãê� 2020−Ð�¢ê,K«

m [a, b]¥���3�� k−Ð�¢ê.

) e4«m [a, b] ¥�3Ãê� n−Ð�¢ê, K¡T«mäk5�

Pn(n ∈ N+).ky²: ��ê k ≤ 2018Ø÷vK�^�.5¿�

xi = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
2019

+
1

i
(i ∈ N+)

þ� 2020−Ð�¢ê, - a = 2019, b = 2020, K4«m [2019, 2020] äk5�

P2020.
é?¿ k−Ð� (k ≤ 2018)¢ê x′k

x′ ≤ 1 + 1 + · · ·+ 1︸ ︷︷ ︸
2018

= 2018 < 2019,

l
 x′ /∈ [2019, 2020],�÷v^����ê k ≥ 2019.

2y²: é?¿��ê k ≥ 2019,äk5� P2020 �4«m [a, b]¥þ�3

k−Ð�¢ê.5¿�,é?¿ al ∈ N+,Ñk

1

al
=

1

al + 1
+

1

al(al + 1)
.
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¤±�

x =
1

a1
+ · · ·+ 1

al−1
+

1

al

� l−Ð�¢ê�,§�½�´ l + 1−Ð�¢ê.

��Iy²: äk5� P2020�4«m [a, b]þ�3 2019−Ð�¢ê. ¬

��BP,·�òäk5� P2020�4«m [a, b]P� [a2020, b2020].T«m¥

�3 2020−Ð�¢ê,w,k b2020 > 0.� a2020 ≤ 0 < b2020�,-

x =
1

2019n
+ · · ·+ 1

2019n︸ ︷︷ ︸
2019

=
1

n
, (Ù¥ n >

1

b2020
),

K x ∈ [a2020, b2020]�� 2019−Ð�¢ê,·K ¬ ¤á.

� 0 < a2020 < b2020�,4«m [a2020, b2020]¥?�� 2020−Ð�¢ê xþ�

±L«�

x =
1

c1
+

1

c2
+ · · ·+ 1

c2020
(c1 ≤ c2 ≤ · · · ≤ c2020, ci ∈ N+, 1 ≤ i ≤ 2020), ­

u´,k

1

b2020
< c1 ≤

2020

a2020
(Ï�

1

c1
< x ≤ b2020,

2020

c1
≥ x ≥ a2020).

� c1�U�k��A���ê�,
/X­�¢ê xkÃ¡õ�,��3���

�ê t2020 ∈ ( 1
b2020

, 2020
a2020

],¦�÷v c1 = t2020éA�¢ê xkÃ¡õ�.

-

a2019 = a2020 −
1

t2020
, b2019 = b2020 −

1

t2020
.

��4«m [a2019, b2019]äk5� P2019.w,�k b2019 > 0.� a2019 ≤ 0 < b2019

�,aq/,�3 x ∈ [a2019, b2019]�� 2018−Ð�¢ê,l
éA/k(
x+

1

t2020

)
∈ [a2020, b2020]

�� 2019−Ð�¢ê,·K¬¤á.

� 0 < a2019 < b2019�,Óþ?Ø,�3����ê

t2019 ∈
(

1

b2019
,
2019

a2019

]
,

�aq/½Â

a2018 = a2019 −
1

t2019
, b2018 = b2019 −

1

t2019
· · · .

­Eþã?Ø,¿�g½Â ai, bi, ti(i = 2020, 2019, · · · , 2)9 a1, b1(ti ∈ N+).d

½Â�,4«m [a1, b1]äk5� P1,w,k b1 > 0.q4«m [a1, b1]¥kÃ¡õ

� 1−Ð�¢ê,ù
¢êþ�L«� x = 1
n
(n ∈ N+),��� n�?¿���
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�ê,d a1 ≤ 1
n
ð¤á�, a1 ≤ 0.= a1 ≤ 0 < b1,l
éA/k(

1

t2
+

1

t3
+ · · ·+ 1

t2020

)
∈ [a2020, b2020]

�� 2019−Ð�¢ê,·K¬¤á.

nþ¤ã,·K¬¤á.�¤¦� k���Ø�u 2019���ê. �

µ5 �K¥·��g�ÑÎÜ^��f«m,��u4ü�Ã{.

3. ç�þ�k 1, 2, · · · , 2020ù
êi,`¯ü�<3
Xe�iZ: Ä

k,`]Àü�k�Ø'X�ê,¿^�^�ãòùü�êë�å5; �X¯�

Àü�k�Ø'X�´vkp�ë�L�ê,¿^�^�ãòùü�êë�å

5; ,�`2UYù��ö�,��ç�þÑy
��n�/,� 2020´ù�n

�/���º:(= 2020ë�
ü��Ò�ë�ê).ù�iZ¥,x���^

�ã�<I(=�¤ù�n�/�<I),�¯`¯ü�<Xk7�üÑ?

) `k7�üÑ.

·�òêi i, j �à:��ãP�> (i, j) (Ø�Ä^S),dK��, i | j

½ j | i.e i, jÑ�Ø 2020,K¡> (i, j)�“Ð>”,ÄK,¡Ù�“s>”.ë�¤

kº:m�Ð>Ús>,��ã G.5¿�,± 2020�º:�?�n�/�n>

þ�Ð>.Äky²XeÚn:

ÚÚÚnnn 1 ã G¥�s>kóê^.

y² Ø��> (i, j)÷v: 1 ≤ i < j ≤ 2020,K i | j.ãG¥>ê�Ú�u
2020∑
j=1

(d(j)− 1) ≡
2020∑
j=1

(d(j)) ≡44 ≡ 0 (mod 2), ¬

Ù¥ d(n)L« n���ê��ê.5¿� 442 < 2020 < 452,� 2 - d(n)⇔ n�

��²�ê.q> (i, j) (1 ≤ i < j ≤ 2020)�Ð>��=� j | 2020,¤±,ã G

¥Ð>ê�Ú�u ∑
j|2020

(d(j)− 1) = 42, ­

Ù¥, ­ª�>� j �� 1, 2, 4, 5, 10, 20, 101, 202, 404, 505, 1010, 2020.(

Ü¬, ­��,ã G¥�s>kóê^.Ún 1�y.

iZL§¥,3ÎÜ^��ü�º:më��ã�ö���u3ã G¥À

J(Ø#N­E)�^>.e,gö�¥¯ÀJ
�^s>,Ó�`�,¦ÀJ,

�^s>,=��=�¯Às>�`âÀs>,dÚn 1�,`�±(�ÙoU

À�s>.
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�ã G�¤kÐ>9�'º:�¤�fã� G′(E, V ) (Ù¥>ê E = 42,

º:8Ü V = {1, 2, 4, 5, 10, 20, 101, 202, 404, 505, 1010, 2020}).dþ��,

�I�Ä3ã G′¥,`!¯ü<?1À>ö�(`kÃ)��/.

ü<3ã G′¥À>ö��,kXeÚn 2.

ÚÚÚnnn 2 �Ã,gö��(V�Ñ�¼�),e

(1, 2020) (4, 2020), (505, 2020)

ùn^>¥T�ÀJ
 2^½ 0^,KkÃkTÓØ}(V�Uk��ö��g

¡��Ó)�À>�{.

y² �Ã,gö��(V�Ñ�¼�),�º: A1, A2, · · · , As (�ù
º

:�¤8Ü A, 2020 /∈ A )�º: 2020m�>þ®²�ÀJ(dÚn�^��,

1, 4, 505¥Tk 2�½ 0�áu A ),
º: B1, B2, · · · , Bt (�ù
º:�¤

8Ü B, 2020 /∈ B )�º: 2020m�>Ñvk�ÀJ,w,k s+ t = 11.

(1)eº: A1, A2, · · · , Asm�3Ð>,kÃÀJÙ¥�^=�¼�;

(2)e A, B�m,^Ð>X (A1, B1)®²�À,kÃÀJ (B1, 2020)=�

¼�;

(3)ÄK,5¿� B �º:2020mÐ>�^ê� t(= 11− s), AB �mÐ>

�^ê�
s∑

m=1

(
∑
l|Am

l 6=Am

1 +
∑
Am|l
l|2020

l 6=Am, 2020

1) =
s∑

m=1

(
d(Am) + d

(
2020

Am

)
− 3

)

= −3s+
s∑

m=1

(
d(Am) + d

(
2020

Am

))
.

¤±ùüaÐ>�^êoÚ�u

11− 4s+
s∑

m=1

(
d(Am) + d

(
2020

Am

))
≡ 1 (mod 2).

(ù´Ï�, 2 - d(Am) + d(2020
Am

) ⇔ Am = 1, 4, 505,� 1, 4, 505¥Tk 2�½ 0

�áu A ).(Ü E = 42��,ã G′¥þãüa±	�>(= A�º: 2020m

�>Ú B SÜº:�mÐ>)^ê��Ûê.
ö�L§¥,�Ão´ÀJ1ó

ê^>,kÃÀ1Ûê^>,l
,kÃoU3 B1, B2, · · · , Bt �mÀ>,(�

ÙTÓØ}(Ï�8Ü B�º: 2020m�>Ñvk�ÀJ).

Ún 2�y.

��`²: `k7�üÑ. (e¡�I�Ä3ã G′¥?1ö�=�) 1�Ú,

`À> (1, 2) .�e5,ü<w,ÑØ¬ÀJ> (1, 2020)Ú (2, 2020)��(ÄK,
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,�<Àùü>¥{e��^=�¼�).

(1)e¯©ªØÀJ± 4½ 505�º:�>,K`�©ªØÀJù
>.l


,`,¯ö�þØ¬�9� (1, 2020)±9 4½ 505�º:�>,ù�±À�

(4, 2020)Ú (505, 2020)ü^>Ñ®²�ÀÑ,=��u 4, 505 ∈ A,�1 ∈ B�

�/,dÚn2�,`küÑ(�ÙØ};

(2)ÄK,�©e�n«�/:

(i)e,Ó¥¯ÄgÀJ
> (4, 2020) , (505, 2020)��,`�XÀJù

ü>¥{e��^, 5¿� 4 � 505 pØ�Ø, �± 4 ½ 505 �º:�Ù§

Ð>þ��ÀÑ,¤±¯3�e5��gö�¥Ã{¼�,�¯ö���,k

4, 505 ∈ A, 1 ∈ B,dÚn 2�,`küÑ(�ÙØ};

(ii)e,Ó¥¯ÄgÀJ
Ð> (4, k) (k ∈ {1, 2, 20, 404}),`�XÀJ>

(1, 505),d��ö�¥,e¯©ªØÀJ> (4, 2020),Ú (505, 2020),k 1, 4,

505 ∈ B,dÚn 2�,`küÑ(�ÙØ};e¯ÀJ> (4, 2020),½ (505, 2020),

`éA�ÀJ> (k, 2020) , (1, 2020)=�¼�.

(iii)e,Ó¥¯ÄgÀJ
Ð> (505, n) (n ∈ {1, 5, 101, 1010}),aq (ii)

��,`küÑ(�ÙØ}.

nþ¤ã,zÓ`þkØ}�üÑ.
ö��gêk�,�ª7©Ñ�K,�

`7�.y.. �

µ5 �K�iZö�¯K,(J��.J±���Ñ“��”äN�ö�,�

JK�,é�“Ø}”üÑ,2(Ü“ö�gêk¡”½�¼��ª�|.

4. �½��¢ê α,¦¤k�¼ê f : R→ R,÷vé?¿ x, y ∈ RÑk

(x+ y)(f(x)− f(y)) = α(x− y)f(x+ y).

) P (x+ y)(f(x)− f(y)) = α(x− y)f(x+ y)� (∗)ª.

(1)� α = 0�, (x+ y) (f(x)− f(y)) = 0k x+ y 6= 0, f(x) = f(y).�

f(0) = f(x)(x 6= 0)⇒ f(x) ≡ c(c�~ê , x ∈ R),

�\ (∗)ªu��,Ù���§�).

(2)� α 6= 0, 1�,3 (∗)ª¥,- x+ y = 0(x 6= 0),� α · (2x) · f(0) = 0�

f(0) = 0.23 (∗)ª¥- y = 0kxf(x) = αxf(x).
 α 6= 1,� xf(x) = 0.-

x 6= 0k f(x) = 0,Ïd f(x) ≡ 0(x ∈ R).�\ (∗)ªu��,Ù���§�).

(3)� α = 1�,�Ä��§| a+ b = f(1), 4a+2b = f(2)7�3) (a, b).
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P g(x) = f(x) − ax2 − bx,K g(1) = g(2) = 0.3 (∗)ª¥�\ f(x) = g(x) +

ax2 + bx�:

(x+ y) (g(x)− g(y)) = (x− y)g(x+ y). ¬

3¬¥- x+ y = 0, x 6= 0k g(0) = 0.q3¬¥©O- y = 1, 2�:

(x+ 1)g(x) = (x− 1)g(x+ 1), ­

(x+ 2)g(x) = (x− 2)g(x+ 2), ®

3­¥± x+ 1�O x�:

(x+ 2)g(x+ 1) = xg(x+ 2). ¯

d­, ®, ¯�:(
(x+1)g(x)

)(
(x−2)g(x+2)

)(
(x+2)g(x+1)

)
=
(
xg(x+2)

)(
(x+2)g(x)

)(
x−1)g(x+1)

)
,

�n�:

2(x+ 2)g(x)g(x+ 1)g(x+ 2) = 0.

3þª¥©O� x 6= −2, −1, 0, 1, 2�, g(x)g(x + 1)g(x + 2)¥7k��� 0.

qd­, ®, ¯k

g(x) = g(x+ 1) = g(x+ 2) = 0(x 6= −2, −1, 0, 1, 2)

⇒g(x) = 0(x 6= 0, 1, 2)(5¿x = −3Kg(−3) = g(−2) = g(−1) = 0).

(Ü g(0) = g(1) = g(2) = 0� g(x) ≡ 0(x ∈ R).�

f(x) = ax2 + bx(ab ∈ R)(x ∈ R).

²u�,ù|)÷v (∗)ª.�nþ¤ã,� α = 0, f(x) ≡ c(c ∈ R�~ê, x ∈

R);

� α 6= 0, 1, f(x) ≡ 0(x ∈ R);

� α = 1, f(x) = ax2 + bx(a, b ∈ R�~ê, x ∈ R).

� α = 1�,{: (∗)ª¥± x+ y�O x, −y�O yk:

x (f(x+ y)− f(−y)) = (x+ 2y)f(x). °

°� (∗)�\k

x (f(x+ y)− f(−y)) + (x+ y) (f(x)− f(y)) = (x+ 2y)f(x) + (x− y)f(x+ y),

�

yf(x+ y)− yf(x)− yf(y) = x (f(y) + f(−y)) . ±

www.nsmath.cn 8



3±¥�� x, yk:

x (f(x+ y)− f(x)− f(y)) = y (f(x) + f(−x)) . ²

- xy 6= 0,|^±²��

y (f(x) + f(−x))
x

=
x (f(y) + f(−y))

y
(= f(x+ y)− f(x)− f(y)) ,

�
f(x) + f(−x)

x2
=
f(y) + f(−y)

y2
, (exy 6= 0).

Ïd�� f(x)+f(−x)
x2 = t(t�~�, t ∈ R)(x 6= 0).�\±k

f(x+ y)− f(x)− f(y) = xyt(y 6= 0) ³

³2�£ (∗)k

(x+ y) (f(x)− f(y)) = (x− y) (f(x) + f(y) + xyt) (y 6= 0).

Ðmk

2yf(x) = 2xf(y) + (x− y)xyt,

�
f(x)

x
=
f(y)

y
+

(x− y)t
2

(xy 6= 0),

=
f(x)

x
− xt

2
=
f(y)

y
− yt

2
(xy 6= 0).

�
f(x)

x
− xt

2
= c(c)(x 6= 0),

k

f(x) =
t

2
x2 + cx(x 6= 0).

q3 (∗)ª¥�\ x + y = 0, x 6= 0,k f(0) = 0.Ïd f(x) = tx2

2
+ cx(x ∈ R).

²u�,ù´ (∗)�). �

µ5 �Kéu¼ê�§Ä�õ�Ð�ÓÆJÝØ�, α = 1��/=�

2012c#\·êÆc���(1�Ó)ÁK.

5. é?¿��ê n,·�P d(n)�÷v

(x+ 1)2 − xy(2x− xy + 2y) + (y + 1)2 = n

���êé (x, y)�éê.¦�������ê n÷v d(n) = 61.
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) 5¿�

(x+ 1)2 − xy (2x− xy + 2y) + (y + 1)2 = (xy − x− y − 1)2 + 1,

¤± (xy − x− y − 1)2 = n− 1,u´,�� n− 1 = k2(k ∈ N).

e k = 0,K

xy − x− y − 1 = 0⇒ (x− 1)(y − 1) = 2,

=k��ê) (x, y) = (2, 3)(3, 2),� d(n) = 61��.

e k = 1,K xy−x−y−1 = 1½−1,aq�� (x, y) = (2, 2), (2, 4), (4, 2)

�� d(n) = 61��.

e k = 2,K (1, x), x ∈ N+þ�T�§�),ù� d(n)k�gñ.

Ïd�� k > 2,


xy − x− y − 1 = (x− 1)(y − 1)− 2 ≥ −2 > −k,

� xy − x− y − 1 = k.Ïd (x− 1)(y − 1) = k + 2,=

x = 1 +
k + 2

y − 1
.

¤± y− 1� k+2��Ïf,�éz� k+2��Ïf a, y− 1 = a, x− 1 = k+2
a

þ�÷v�¦�),� (x, y))��ê�u k + 2��Ïfê (= 61).

5¿� 61�Û�ê,Ïd

k + 2 = P a1
1 · · ·P at

t ,

Ù¥ P1 . . . Pt�pÉ�ê, α1 . . . , αt ∈ N+.d�

(α1 + 1) · · · (αt + 1) = 61⇒ t = 1, α1 = 60.

Ïd k + 2 = P 60 ( P ��ê).� k + 2 ≥ 260,K

n = k2 + 1 ≥ (260 − 2)2 + 1.

n = (260 − 2)2 + 1�, k + 2 = 260.d� d(n) = 61,� nmin = (260 − 2)2 + 1.

y.. �

µ5 �KJÝØ�.K��ª���´)û¯K�'�.

6. 3b� 4ABC ¥, : P ÷v PB, PC Ñ� 4ABC �	����.

� X, Y ©O´ AB, AC >þ�ü�Ä:, ÷v ∠XPY = 2∠BAC, � P 3

4AXY S,� Z ´ A'u XY �é¡:.y²:4XY Z �	��L��½:.

y² 1 du BP � �ABC ��,� ∠XBP = 180◦ − ∠ABP = ∠ACB.u
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´,�3 BX þ�: D,¦�4DPB ∼ 4ABC.Ón,�3 CY þÀ: E,¦�

4ECP ∼ 4ABC.Ï�DB = AC · PB
BC
�½�,¤±D�½�� AX þ��½

:,Ón�y, E �½�� AY þ��½:.

�²1o>/ DPEK,KK ��½:,ey:K 3 �XY Z þ.

du ∠XPY = 2∠BAC,
 ∠BPC = 180◦ − 2∠BAC.�

∠DPX + ∠EPY = 360◦ − ∠BPD − ∠BPC − ∠CPE − ∠XPY = ∠BAC.

q ∠DPX + ∠DXP = ∠BDP = ∠BAC, � ∠DXP = ∠EPY.

Ón ∠DPX = ∠EY P.Ïd

4DXP ∼ 4EPY. (∗∗)

k
DP

DX
=
EY

EP
⇒ EK

DX
=
EY

DK
.

q ∠KDP = ∠KEP (Ï� DPEK �²1o>/), ∠PDX = ∠PEY
(
d(∗∗)

)
.

¤±

∠XDK = ∠KEK ⇒4XDK ∼ 4KEY. (∗ ∗ ∗)

5¿

∠DKE = ∠DPE = ∠BPD + ∠BPC + ∠CPE = 360◦ − 3∠BAC,

∠BDK = 180◦ − ∠BAC − ∠AEP (d DK � EP )

= 180◦ − ∠BAC − ∠BAC = 180◦ − 2∠BAC.

Ïd

∠XKY = ∠DKE − ∠DKX − ∠EKY = ∠DPE − ∠DKX − ∠DXK(d(∗ ∗ ∗))

= ∠DPE − ∠BDK = 180◦ − ∠BAC = 180◦ − ∠XZY.

�K 3 �XY Z þ,y.. �

11 êÆ#(�



y² 2 �: K ÷v ABKC �²1o>/,ey: d½: K 3 �XY Z þ.

5¿

∠XBP = ∠ACB, ∠Y CP = ∠ABC, ∠XPY = 2∠BAC = 180◦ − ∠BPC,

�

∠BPX + ∠CPY = 360◦ − ∠XPY − ∠BPC = 180◦.

Ïd

∠BXP + ∠CY P = 360◦ − ∠XBP − ∠BPX − ∠PCY − ∠Y PC ¬

= ∠BAC = ∠BKC.

¤±�3�ã BC þ�: T,¦� ∠BKT = ∠BXP,Kk ∠CY P = ∠CKT (^

�¬).q5¿�

∠TBK = ∠ACB = ∠PBX, ∠TCK = ∠ABC = ∠PCY.

Ïd

4BXP ∼ 4BKT, 4CKT ∼ 4CY P.

?�Ú��4BXK ∼ 4BPT, 4CYK ∼ 4CPT.Ïd

∠BXK + ∠CYK = ∠BPT + ∠CPT = ∠BPC,

�

∠XKY = ∠AXK + ∠AYK + ∠BAC

= ∠BPC + ∠BAC

= 180◦ − ∠BAC

= 180◦ − ∠XZY.

ÏdK 3 �XY Z þ,y.. �
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y² 3 ·�kyXeÚn.

ÚÚÚnnn 3ào>/ ABCD ¥(i1��KÃ'),: P �3���Ý: Q

�¿�^�� ∠APD + ∠CPB = 180◦.

y² � P 'u AB, BC, CD, DA�é¡:©O� P1, P2, P3, P4.

(1)7�5: d: P, Qp����Ý:,��

∠P4AQ = ∠PAD + ∠QAD = ∠BAD,

Ón�� ∠P1AQ = ∠BAD,� ∠P1AQ = ∠P4AQ.q AP1 = AP = AP4,Ïd

4P4AQ ∼= 4P1AQ,k QP4 = QP1.Ón

QP1 = QP2, QP2 = QP3, QP3 = QP4.

Ïd P1, P2, P3, P4�� Q.� ∠P4P1P2 + ∠P2P3P4 = 180◦.�Ä�

∠P4P1P2 = ∠P4P1P + ∠PP1P2 =
1

2
(∠PAP4 + ∠PBP2) = ∠PAD + ∠PBC.

Ón ∠P2P3P4 = ∠PDA+ ∠PCB.Ïd

∠P4P1P2 + ∠P2P3P4 = 360◦ − ∠APD − ∠BPC,

= ∠APD + ∠BPC = 180◦.

(2)¿©5: d ∠APD+∠BPC = 180◦,Ó (1)�� ∠P4P1P2+∠P2P3P4 =

180◦,� P1, P2, P3, P4��.�d��% Q,�k4AP4Q ∼= 4AP1Q.Ïd

∠P4AQ = ∠P1AQ⇒ ∠PAD + ∠QAD = ∠PAB + ∠QAB

⇒ AP, AQ� ∠BAD¥�é���Ý�.

é ∠ABC, ∠BCD, ∠CDAaq�Ä,� Q� P ����;:.

nÜ(1)(2)�Ún�y.

£��K. 5¿� ∠XPY = 2∠BAC = 180◦ − ∠BPC, �3ào>/

13 êÆ#(�



BCYX ¥é: P ¦^Ún��,

∠XKY = 180◦ − ∠BAC = 180◦ − ∠XZY

Ù¥,K, P p����Ý:.ÏdK 3 �XY Z þ,y.. �

µ5 �K�Ä:¯K,��üÑ´Ï¦Cz¥�ØCþ,X�ã��'�

ê'X½ð¤á��q.�,,é,
AÏ:�5� (Xy{ 3) ?1ïÄ�~~

U
���
©).
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