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:ß|´êÆ¿m�u/, ÙÞ�� Kürschák ¿m�´�¥��S{¤

�aÈ�êÆ¿m. Kürschák ¿m�ÁKkXX{�êÆº�, ~äk�½�

\��µ.

3dc���©Ù¥, ·��Ñ
 Kürschák ¿ml 2008c� 2019c�Á

K)��µ5. �©UY�Ñ 1975c� 2007cÁK�)��Ü©¯K�µ5,

Ù¥Nõ¯K�){Ñ®¤�²;. Ü©ÁK]��Ð�)�ë�g KöMaL.

duUåk�, J�kØ�Õ¦�?, ¹�Öö1µ��.

2007.1 r n ≥ 3Ük¡�¡�e�3���þ, z�Úö�ÀJ�Ük¡

¡� B, ,�3�Ù���üÜk¡¥?��Ü¡� A,,�Ü¡� C, ò C �

3 A� �þ, ¿©Oò A,B £��5d B,C Óâ� �þ,Ó�r A,B �

¡.´Ä�±^k�gö�(���g)¦¤kk¡Ñ£�Ð© �¿��¡�

þ?

))). 3?¿��G�e,é�Ük¡ A. P f (A) �ùÜk¡lm©�d

���¡gê, g (A)L«Ù$Ä´§Ú(~X, e A^½_��£Ä1� �,

K g (A)O\1).

XJ n�Ûê,�Ä S =
∑
f (A)�Cz. m©� S = 0,�zÚö� S O

\2, � S ð�óê.�3�¦�G�e, S �Ûê,�ù«G�Ø�UÑy.

XJ n�óê, é�½��Ük¡ A, �Ä T = g (A) + f (A)�Cz.Ó�

/, �Äzg�Cz� T ð�óê. ,3�¦�G�e, g (A)´óê(5¿�

kóêÜý), f (A)´Ûê, � T ´Ûê. dd��3 n�óê�ù«G��Ø

�UÑy. �
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µµµ555.·�ÏéØCþ5`²,«G�ØÑy. 5¿�K¥�ö�QUC


k¡� �, qUC
k¡���G�, ÏdÙ¥�U¹kõ|ØCþ, òØ

Ó�ØCþ?1|Ü$��U���õ&E. 3u÷Ñù
ØCþ�, ·�é n

�z«Ûó5©OÀJ
·�, k��ØCþ. �KéÙGØCþ�ÓÆ5`

Ø�JK.

2007.2 ®�l��Ä�� 2�Ã¡��ê�¥?�ëY 2007�, Ñ�±

é����Ù{ 2006�p�. y²: 3?¿ëY 2008�¥��3���Ù{

2007�p�.

yyy²²². ¡�
�ê´Ð�, e�3Ù¥����Ù¦��p�. ·�=�

y², � d ∈ Z ÷v: éu±2�Ä�, d �ú����ê�, eÙ¥?¿ë

Y2007�´Ð�, KÙ¥?¿ëY2008�´Ð�.

´� 2 - d. �ù��ê�´ {ai}i≥0, Ù¥Ä� a0 = 2, u´ ai = 2 + id.

é i ≥ 0, k i 6≡ i + 2007 (mod2). 3�e5y²“ ai, . . . , ai+2007 ´Ð�”�

·���^�Ù¥c2007�´Ð�±9�2007�´Ð�, lØ�� 2 | i.

� 0 ≤ j ≤ 2006 ÷v ai+j � ai+k (0 ≤ k ≤ 2006, k 6= j) p�. 5¿� 2 |

ai+2l, l = 0, 1, . . . , � j ´Ûê.

ey ai+j � ai+l(0 ≤ l ≤ 2007, l 6= j)p�, �d�^y (ai+j, ai+2007) = 1.

¯¢þ, ´� 2 + (i+ j) d� 2, dþp�, � 2 + (i+ j) d� 2dp�, Ïd

(ai+j, ai+2007) = (ai+j, ai+2007 − ai+j)

= (2 + (i+ j) d, (2007− j) d)

=

(
2 + (i+ j) d,

2007− j
2

)
. ( ∗)

éu l ∈ {0, 1, . . . , 2006} \ {j},d^�� 1 = (ai+j, ai+l) = (2 + (i+ j) d, |j − l|),

=é l = 1, 2, . . . ,max {j, 2006− j}k (2 + (i+ j) d, l) = 1. w,

max {j, 2006− j} ≥ 2007− j
2

,

�d (∗)�� (ai+j, ai+2007) = 1, y.. �

µµµ555.·�5¿�e ai, . . . , ai+2007 ¥k���Ù¦�p�, @oT��o

3 ai, . . . , ai+2006 ¥�Ù{�p�, �o3 ai+1, . . . , ai+2007 ¥�Ù{�p�, ù

Ò�Ñ
ü�ÿÀ<, 2y²Ù¥��(�÷v�¦=�.

2007.3 y²: é�I²¡þ�k��:8 H, �3 H �f8K ÷v:
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(1)z^��I¶��²1����K ��8�õ¹2���;

(2)8Ü H\K ¥�z�:Ñ3±K ¥�:�à:��^�ãþ.

yyy²²². XJ�^Y²��� H ��8��, Kòù��8¡� H ��1,

aq½Â H ���, ·�^Xe��{À�8ÜK.

åÐ, ò H z1�î�I���:/ù, î�I���:/7(�Uk:Ó

��/�ü«ôÚ). zgö�, e H ¥,���k3��/Ú�:, ?�ù��

��¥3�/Ú:, ÀJØ¥�@�:, �� p.

e pQ�/ùq�/7, Kò p�/Ú��; e p=�/�«ôÚ, Kò p

��/Ú, ¿ò� p���,� H ¥��(XJ�3)/Ó�«ôÚ.ùp, e p

�ùÚ, ÀJm����; e p�7Ú, ÀJ�����.

~X, � H = {0, 1, 2, 3}2�, ö�L§Xe.

ky²ö�L§¥, z��/Ú�:Ñ3�^±/Ú:�à:�Y²½ç

���ãþ. (∗)

åÐ(�Xd. 5¿ö�L§¥, z1�ovk/Ú:, �oTk��ù

:Ú��7:(�UÜ), �ù:î�IØ�u7:î�I. ù:©ª�m“£

Ä”, 7:©ª��“£Ä”. Ïde,:���/Ú, KÙØ¬2�/Ú.

�Äö�L§¥?¿���?¿���/Ú�:, e§�Q�/Ú, K�§

Ó17kü/Ú:, �§3ùü:¤ë�ãþ; e§Q���L/Ú, Kdö�

5K�g§���/Ú@��å, Ò3Ó��ü/Ú:¤ë�ãþ. � (∗)¤

á.

5¿�zgö�Ñ��
,:�/Ú, dc¡�©Û�z�:�õ���

�g/Ú, Ïdö�k�Ú�Ê�. �������N/Ú
�:�8Ü� K,

Kw,K ÷v^�(1). d (∗)�K ÷v^�(2), ÏdK =�¤¦�f8. �

µµµ555.ò^� (2)��¦\r�Y²ç��ã´g,�{, �duH �?¿

5�Ó�÷v (1),(2)k
ÃleÃ,Ïd��k÷vÙ¥��^�, ÏLN�¦

���^�©ª÷v¿�ÅÚ�C,��^�, þ¡��{=´Xd.�*þ�

Ò´k31��þ(½“1>.”, 2l����Ä@
Ø3“�>.”þ�, ò§

��SÂ , 5¿Qã�î>=�.�){ë�gAoPS.
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2006.1 y²½Ä½: �3d�m¥2006�:|¤�8Ü S,¦� S ���

Ø��¡, ¿�é?¿�^ë� S ¥ü:��ã, Ñ�3,�^ë� S ¥ü:

��ã��²1.

))).�3ù��8Ü S.

�Äü��%Ü�Ø3Ó�²¡þ���, �§��ú��%� O, ©O

�ùü��±�1004�©:, ¦�ùü���:3ü��¥þ���Ñ��©

:. ù�·���
 1004 × 2 − 2 = 2006�Ø��¡�:, � S ´ù2006�:

�8Ü, ey S ÷v�¦.

é?¿ A,B ∈ S, A 6= B, e A,B 3Ó��®��þ, Kw,d�þ�

k,�^u CD ‖ AB ; e A,B Ø3Ó��®��þ, K A,B þØ´ü�

�:. � A,B 'u O �é¡:©O� A′, B′, Ï A,B Ø3Ó��®��þ,

� {A′, B′} 6= {A,B}. w, {A′, B′} ⊆ S,AB ‖ A′B′.

� S ÎÜ�¦. �

µµµ555.�÷v CD ‖ AB �±|^��²1u, ��|^¥%é¡, òùü

«�{(Ü=�÷vØ�¡��¦.

2006.2 � a, t, n´��ê, a ≤ n. 8Ü {1, 2, . . . , n}�f8¡�“Ð�”, X

JÙ¥?ü������� t. y²: Ø¹ a�Ðf8ê8Ø�u¹ a�Ðf8

ê8� t2�.

yyy²²². � U ´Ø¹ a �Ðf8��N, V ´¹ a �Ðf8��N, �y

² |U | ≤ t2 |V |.

�8Ü M = {a− t+ 1, . . . , a− 1, a, a+ 1, . . . , a+ t− 1}, é?¿ A ∈ U ,

�

f (A) = (A\M) ∪ {a} .

w, f (A) ∈ V , Ïd f ´ U � V �N�.

d	éu f��¥�?¿��B, B����õ t2�.ù´Ï�éuA ∈ U ,

d A´Ð���

|A ∩ {a− t+ 1, . . . , a− 1}| ≤ 1,

|A ∩ {a+ 1, a+ 2, . . . , a+ t− 1}| ≤ 1,

|A ∩ {a}| = 0.
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Ïd A ∩M �õ t2«�U, = B����õ t2�.

nþ=� |U | ≤ t2 |V |. �

2006.3 n�<�3�S±�, �±k n− 1Ük¡. �gö�,���±k

��2Ük¡�<�Ù2��Øz<�Ük¡. y²: ö��U?1k�g.

yyy²²². U^������±þ� n�<IP� A1, A2, . . . , An.

�Ä�Sþ��ü�<, �1�gkk¡3ùü<�mD4�, ·�òù

Ük¡�ù���ü<é�½, ¿`²�@�ùk¡d��3 A,B �mD4.

(∗)

¯¢þ, ,gö�c, e���ü<é (A,B)�½�k¡ c3 A,B ��Ã

¥, Ø��Ù3 AÃ¥. ùgö�, e´ A±	�<©uk¡, K cE3 AÃ¥;

e´ A©uk¡, du c�	�Ù¦k¡Ø� (A,B)�½, ��@� Aò c�


 B. u´�gö��, cE3 A,B��Ã¥. � (∗)�y.

d (∗) �, zÜk¡�õéA����ü<é, �k¡ê�u<ê, l

�3����é��½?¿�Ük¡. ��3�Sþ��ü<, Ø��

� A1, An,¦��m�D4Lk¡.

�ÄzÜk¡¤3<�eI²��Ú f , �gö��½´üÜk¡l,

� Ai(2 ≤ i ≤ n− 1)=£� Ai−1Ú Ai+1,Kf O\ (i+ 1)2 + (i− 1)2 − 2i2 = 2.

,��¡, w, f ≤ (n− 1)n2, �ö��U?1k�g. �

µµµ555.5¿�©k¡�ö�(3��þ)�*þ¦k¡�©Ñ, Ïd�±Ú

\,«D�5�xù«©Ñ, �´�±þ��¹�U¬Ø��. ùp·�`²

k2<m�D4k¡, �Ò�±òù2<�m��±�Klz�����/.

ù´��²;�K, 3[1]¥k��aq�SK:

����©¤ n�÷/, 3ù n�÷/¥�k n+ 1���, z�¦¨Ñk

,ü�Ó3��÷/¥���©Oa�üý���÷/¥. ¦y: 3,���,

��k��÷/Sák��.

Ù���2005cCMO1nK�´���.

2005.1 �½��êN > 1, a1, . . . , aN ��K¢ê�Ú�õ�500. y²: �

3�ê k ≥ 19�ê 1 = n0 < n1 < · · · < nk = N , ¦�
∑k

i=1 niani−1
< 2005.
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yyy²²².P n0 = 1, nk = N , -

S =
∑
I


(∏
i∈I

2

i+ 1

)
·

∏
j∈I

(
1− 2

j + 1

)
 ∑

I={n1,...,nk−1}
1≤i≤k

niani−1


,

Ù¥
∑
I

L«é�N I ⊆ {2, 3, . . . , N − 1}¦Ú, Ī = {2, 3, . . . , N − 1} \I (é�

I8��8�¦Ú½Â�0, ¦È½Â�1).

5¿�∑
I

(∏
i∈I

2

i+ 1

)∏
j∈Ī

(
1− 2

j + 1

) =
∏

i∈{2,3,...,N−1}

(
2

i+ 1
+ 1− 2

i+ 1

)
= 1,

�éz� I k
∏

i∈I
2
i+1

∏
j∈I

(
1− 2

j+1

)
> 0. Ïdd²þ��n, ��y² S <

2005.

�Äò SL�ªÐm� an�Xê (1 ≤ n < N). 5¿�é 1 < n < m < N ,

¹man�� I = {n1, n2, . . . , nk−1}¥ ni = n, ni+1 = m, Ïdman�Xê�

2

n+ 1
· 2

m+ 1
·
∏

n<l<m

(
1− 2

l + 1

)
·
∑
J

∏
i∈J

2

i+ 1

∏
i∈J

(
1− 2

i+ 1

)
=

2

n+ 1
· 2

m+ 1
·
∏

n<l<m

(
1− 2

l + 1

)
=

4n

(m− 1)m (m+ 1)

<
1

m

(
4n

m− 1
− 4n

m

)
,

Ù¥
∑
J

L«é�N J ⊆ ({2, 3, . . . , n− 1} ∪ {m+ 1,m+ 2, . . . , N − 1})¦Ú,

J = ({2, 3, . . . , n− 1}∪ {m+ 1,m+ 2, . . . , N − 1}) \J.

é 2 ≤ m < N , ma1�Xê�

2

m+ 1
·
∏

1<l<m

(
1− 2

l + 1

)
=

4

(m− 1)m (m+ 1)
,

Ïdþãéman(1 < n < m < N)�XêO�Ú�Oéu n = 1�¤á.

d	,N´wÑé 1 ≤ n < N , Nan�Xê�

2

n+ 1
· n

n+ 2
· · · · · N − 2

N
=

2n

N (N − 1)
,

Ïdé 1 ≤ n < N , an�Xê�u
N−1∑

m=n+1

m · 1

m

(
4n

m− 1
− 4n

m

)
+N · 2n

N (N − 1)
= 4− 4n

N
+

2n

N − 1
≤ 4.
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� S < 4
∑N

n=1 an ≤ 2000. �

µµµ555.$^�°[�©ÛÃã�±y², �3 k ≥ 1Ú 1 = n0 < n1 < · · · <

nk = N ¦�
k∑
i=1

niani−1
< 3a1 + e (a2 + · · ·+ aN−1).

·�¢Sþ´±VÇ pi ÀÑ ani ,�O�
∑k

i=1 niani−1
�Ï", ÏdÌ�(J

3uVÇ pi (\�Xê)�À�. �KkJÝ.

2005.2 A,Bü<��¥, k�4©¿',�<p��2©ö�. ®�z|'

m A��©VÇ� p ≤ 1
2
, z|'mÑ´Õá�. y²: A��VÇØ�u 2p2.

yyy²²².´� A±4'0, 4'1, 4'2¼��VÇ©O�

p4,

(
4

1

)
(1− p)p4,

(
5

2

)
(1− p)2p4.

e A± k + 2' k(k ≥ 3)¼�, K16|'m(å�ü<'©�3². �l

17|å A,B o´Ù¥�ök��©, ,�ö�=J², ���� Aë�ü©

��. dd�ù��VÇ�(
6

3

)
(1− p)3p3 · (2(1− p)p)k−3 · p2.

Ïd A±�u4©���VÇ�(
6

3

)
(1− p)3p5

∑
k≥3

(2(1− p)p)k−3 = 20(1− p)3p5 · 1

p2 + (1− p)2 .

nþ¤ã, A¼��VÇ�

p4 + 4 (1− p) p4 + 10(1− p)2p4 + 20(1− p)3

(
p5

p2 + (1− p)2

)
= p2

(
10p4 − 24p3 + 15p2 +

20p3(1− p)3

p2 + (1− p)2

)
,

Ïd��y²� p ≤ 1
2
�,

f (p) = 10p4 − 24p3 + 15p2 +
20p3(1− p)3

p2 + (1− p)2 ≤ 2. ( ∗)

¯¢þ, f
(

1
2

)
= 11

8
+ 5

8
= 2. 

f ′ (p) = p
(
40p2 − 72p+ 30

)
+

3p2(1− p)2 (1− 2p)

p2 + (1− p)2 +
2p3(1− p)3 (1− 2p)

p2 + (1− p)2 ,

Ùm>z�ü�3 0 ≤ p ≤ 1
2
�þ�K, � f(p)(0 ≤ p ≤ 1

2
)üNØ~, dd=

� (∗)¤á. �

2005.3 ^ 2× 1õ�ì�©. Äk, � 55¬õ�ì�3Sþ¦§�CX�
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� 10@11Ý/, ù´1��. #��^ 55¬õ�ì3c���þCXÓ��

10@11Ý/. ��©¡�j��, XJz� 10@11Ý/¥���:�±é��

�õ�ì±§�S:. ¯: ��j��©��kA�?

))).��5�.

kyØU�u5�. ·�¡ 10 × 11Ý/ T ¥� T >.�ü ���Ð�

ã, ��Ð�ã¡�AO�, e§���à:3 T �>.. w,, K¥õ�ì

©j���=�z�Ð�ãÑU�ç���²£ò����õ�ì�©�

�(ù�¡TÐ�ã“��”dõ�ì).

b��êØ�u4. éz��AÏ�Ð�ã a (w,ù�� a�3), �±é

��� T ¥�ü ��/ S ± a�>, � S vk3 T >.�>. 5¿z��¥

�k��õ�ì� S �o>����(=�ù�¥CX S �õ�ì), ��½T

k4�, � S �o�>z�T����¥���õ�ì. AO/, a�����

õ�ì.

aq/, éAÏ�Ð�ã a, ��±é� T ���ü ��/ S ± a�>,

� S k(¹ a3S�) 3�>�Ð�ã, ,ü�>7©Ok�Ù���õ�ì, Ï

d a���õ 4− 2 = 2�õ�ì. ?�Ú, ´�3��ü ��/Sp�é>

�ü�AÏ�Ð�ã¥, �õ���±��2�õ�ì.

dþã, z�Ð�ã���õ2�õ�ì, ���2�õ�ì�Ð�ãê8Ø

�L 2 × 5 + 2 × 5 = 20. 5¿Ð�ã�199�, lÐ�ã��õ�ì�og

ê n ≤ 20 + 199 = 219.

,��¡, 5¿z�¥k55�õ�ì, ���55g, � n = 4× 55 = 220, g

ñ. Ïd��I�5�õ�ì.

e¡·��ÑÊ��~f:

1��, ��õ�ì¦�z�õ�ì²1u T �á>;

1��:

1n�:

1o��{{�1n�'u16�é¡;
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1Ê�:

þã�x?õ�ì�?¿��.

ù��5, 1�!�!Ê�õ�ì�{�¦z�²1u T ��>�Ð�ã

þ��
õ�ì; 1n!o�õ�ì�{�¦z�²1u T �á>�Ð�ãþ

��
õ�ì. Ïdþ¡�Ñ�õ�ì©´j��. �

µµµ555.·��,���Ä��þ�:, ddg,ò¯K=z���“��”õ

�ì. �Ä��Ø3>.�ü ��/�, 5¿�z�§�o>¥Tk�^�

�
õ�ì, ddwÑ��4�. �E4��~f����{N��·�34�

�5��möJ, �ª·�ÏL[!þ�`zy²
��I�5�.

2004.1 � ω�4ABC �	��, � K � ω	�¿©O��ã AB,AC �

ò����u P,Q. y²: 4ABC ¥ A¤é��%´�ã PQ�¥:.

9 êÆ#(�



))).� ω�K ��:� R. d���� q5��, PRLl ACB¥:M ,

QRLl ABC ¥: N .

é�S�8>/ ABNRMC A^Pascal½n�

P = AB ∩RM,Q = NR ∩ AC, J = BN ∩ CM

n:��.

w, J ´4ABC¥ A¤é��%. q AP = AQ, � AJ ²© ∠PAQ, � J

´ PQ¥:. (Ø�y. �

µµµ555.�K(Ø´����(=K¥�� K )����Ä��5�,���S

���5�a'.

2004.2 ¦�����ê n 6= 2004, ÷v: �3�Xêõ�ª f ¦��

§ f (x) = 2004��k���ê), � f (x) = n��k 2004�ØÓ��ê).

))). d^�·����3�Xêõ�ª A (x)9pÉ�ê x1, . . . , x2004, ¦

�

f (x) = A (x) (x− x1) · · · (x− x2004) + n.

y�¦�§

A (x) (x− x1) · · · (x− x2004) = 2004− n ( 6= 0)

k������ x0, K A(x0) 6= 0. q A(x0)´�ê, � |A(x0)| ≥ 1.

5¿� x0 − x1, . . . , x0 − x2004´pÉ��"�ê, �

|A (x0) (x0 − x1) · · · (x0 − x2004)| ≥ (1002!)2,

dd� |n− 2004| ≥ (1002!)2l n ≥ (1002!)2 + 2004.

y�A (x)�~ê−1,x0, x1, . . . , x2004©O� 0, 1, 2, . . . , 1002,−1,−2, . . . ,−1002,

�\=� n = (1002!)2 + 2004÷v^�, �d= n����. �

µµµ555.�K3?1�d=���, ��|^�ê�lÑ5=����O.

2004.3 3�þ��
�
ù:Ú7:, #N?1e�ö�:

(a)3�þ,?\\��ù:¿�UCÙ�m�Ø�ôÚ;

(b)�K��ù:¿UCÙ�m�Ø�ôÚ.

Ð©��þTk2�7:, ´Ä�^k�gö���Tk2�ù:, vk7

:�G�?
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))).Ø�±.

ØJ�yzgö�7:�ê8Ûó5ØC, �7:o´óê�.

��N7:ò�±©�eZã�l, K�±òù
�l�m/� a, büÚ.

�G� AéA�¼ê f(A)½Â�

f (A) = a Úlþù:ê− b Úlþù:ê.

�3: Q,R�mV\: P , kb�l QR´ aÚ�.(Üù:üýl�ô

Ú�Ó, 7:üýl�ôÚØÓ�Xe?1©a?Ø.

1. Q,Rþ�ùÚ.V\ P �� Q,RÑC¤7Ú, l QRC¤ bÚ, f ~�3.

2. Q,R�ù�7.V\ P �� Q,RôÚp�, l QRC¤ bÚ, f ~� 3.

3. Q,Rþ�7Ú.V\ P ��Q,RÑC¤ùÚ, lQRC¤ bÚ, f ~� 3.

XJl QR´ bÚ�, aq�� f o´O\3. Ï��:´V:�_L§,

�zg�:� f Czþ� ±3.

duÐ©� f = 0, � f ð�3��ê, KãG�éA� f = ±2, ØU�

�. �

2003.1�� k ±�ã EF ��», Ù3 E ?��� e, �Ä eþ¤k�:

é (A,B), ¦ E 3 A,B �m, � AE · EB ´���½~ê. � AF � k �u

: A1, BF � k�u: B1.

y²: 3:é (A,B)Cz�, A1B1L��½:.

yyy²²².�M = A1B1 ∩ EF , �Ä± EF ��», F ��%� �F .

5¿�± �F �Ä���ü ϕ�� A,A19 B,B1, �

ϕ (A1B1) = � (ABF ) ,

ϕ (M) = EF ∩ � (ABF ) = N,

lk EN = EA·EB
EF

�½�.
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� N �½:, lM = ϕ (N)�´½:, =y. �

µµµ555.dé¡5, ¤y�½:73 EF þ, = A1B1 ∩ EF , �{ü��ü4

Ù ���²w
.

2003.2 y²: e{üã Gk n ≥ 3�º:��±��3/Ú, K G��

k 2n − 3^>. ({üã G¡��±3/Ú�, e�3 G�º:�3/Ú¦?ü

���º:ØÓÚ.ã�±��3/Ú´�Ø�3º: u, v, 3�«3/Ú¥ÉÚ,

3,�«3/Ú¥ÓÚ.)

yyy²²². �n«ôÚ©O� a, b, c, ^ Gab L« G� aÚº:, bÚº:, ±

9 a, bÚº:�m�>¤�¤�fã. ky²��Ún.

ÚÚÚnnn. Gab´ëÏ�.

eØ,, ?� Gab���ëÏ©|, òÙ¥�º:/Ú�=( aÚU� bÚ,

bÚU� aÚ), ´���
��3/Ú, ¿�d Gab ��ü�ëÏ©|��, ù

´��ØÓ�3/Ú. gñ!

dÚn, � Va� aÚº:�8Ü,aq½Â Vb, Vc±9 Gbc, Gca,K

|E (Gab)| ≥ |Va|+ |Vb| − 1,

Ón

|E (Gbc)| ≥ |Vb|+ |Vc| − 1,

|E (Gca)| ≥ |Vc|+ |Va| − 1.

5¿ Gab, Gbc, Gca�>üüØÓ, �¦Ú�

|E (G)| =
∑
|E (Gab)| ≥ 2 (|Va|+ |Vb|+ |Vc|)− 3 = 2n− 3.

(Ø�y. �

µµµ555.3>ê���, ·�I�Ïé�{�EÑØÓ�3/Ú, #�3/Ú�

,I�3�k/Ú�Ä:þ?1�U. 5¿� 2n − 3Ù¢´�é����, ù

½N¬Ú�·��Ä2Úfã�ëÏ5, ?¿£��±��3ü��ëÏ©|

¥?1.

2003.3 y²: Øk����ê�	, e�Ø�ªé¤k��ê n¤á:
n∑
i=1

n∑
j=1

gcd (i, j) > 4n2.
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yyy²²².5¿�
∑

d|n ϕ(d) = n, Ù¥ ϕ�Euler¼ê, K

n∑
i=1

n∑
j=1

gcd (i, j) =
n∑
i=1

n∑
j=1

∑
d|i,d|j

ϕ(d) =
n∑
d=1

ϕ(d)
∑

1≤i,j≤n
d|i,d|j

1 =
n∑
d=1

ϕ(d)
[n
d

]2

>
n∑
d=1

ϕ(d) ·
(n
d
− 1
)2

>

(
n∑
d=1

ϕ(d)

d2

)
n2 − 2n

n∑
d=1

ϕ(d)

d

≥

(
n∑
d=1

ϕ(d)

d2

)
n2 − 2n2.

5¿�(
n∑
d=1

ϕ(d)

d2

)(
n∑
d=1

1

d2

)
=

n∑
i=1

n∑
j=1

ϕ(i)

i2 · j2
≥

∑
1≤i,j≤n
ij≤n

ϕ(i)

(i · j)2 =
n∑
d=1

∑
k|d

ϕ(k)

d2
=

n∑
d=1

1

d
,

�k
n∑
d=1

1

d2
≤ 1 +

n∑
d=2

1

d(d− 1)
= 2− 1

n
< 2.

qÙ�?ê
∞∑
d=1

1
d
uÑ,l�3��ê N,� n > N �,k

n∑
d=1

1

d
> 12,

d�Òk
n∑
i=1

n∑
j=1

gcd (i, j) > 4n2,

=y.

�

µµµ555.ù´��úÏfÚ¼ê¯K, Ì�A^
∑

d|n ϕ(d) = n?1ÚªC/

±9�O
∑n

d=1
ϕ(d)
d2

. �ö´5¿�/ªþk(
∞∑
n=1

ϕ(n)

ns

)(
∞∑
n=1

1

ns

)
=
∞∑
n=1

∑
d|n ϕ(d)

ns
=
∞∑
n=1

1

ns−1
.

�±¦Ñ
∑n

i=1

∑n
j=1 gcd(i, j)�°(�., k,��ÓÆ�±ë�[2]. 'u

úÏfÚ¼ê��õ¯K, �±w[3],[4].

2002.1 ��b�Ø�>n�/�R%,	%,S%©O� H,O, I. y²: e

Tn�/k��º:3 � (HOI)þ, K7�3,��º:�3 � (HOI)þ.

yyy²²².ky²��Ún.
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ÚÚÚnnn.�K,X, Y, T ´²¡þÃn:���o:, KX = KY , TX 6= TY , KT ²

© ∠XTY , KK,X, T, Y ��.

¯¢þ, d�u½n

KX

sin∠XTK
=

KT

sin∠KXT
,

KY

sin∠Y TK
=

KT

sin∠KY T
.

ÏKX = KY,∠XTK = ∠Y TK, � sin∠KXT = sin∠KY T .

e ∠KXT = ∠KY T , K4KXT ∼= 4KY T , �� TX = TY , �^�gñ.

� ∠KXT + ∠KY T = π, ?d X, Y 3KT üý�Ún¤á.

£��K, �Kãn�/�n�º:©O� A,B,C.

Ø��H, I,O,A��, Kd AI ²© ∠HAO�S��HI = OI. Ï BI ²

© ∠HBO, �e BH 6= BO, KdÚn, B,H, I, O��.

e BH = BO, Kd

cosB =
d (O,AC)

OC
=

1
2
BH

OB
=

1

2
,

� B = π
3
, ù�Ù� H, I,O,A,C ��. (∗)

Ïd B,C ��3 � (HIOA)þ, y.. �

µµµ555.�KÄu��Ù��·K= (∗). �KÚn´�²©�Ä�5���

�_·K, ´A^�2��(�. XJ���6uã/, Ún��±ÏL�y{,

½´ò X 'uKT ��5y².

2002.2 ÜÅ@êê�½Â� f1 = f2 = 1, fn+2 = fn+1 + fn (n ∈ N∗).� a, b

´��ê¦� a
b
3 fn

fn−1
� fn+1

fn
�m, =

min

{
fn
fn−1

,
fn+1

fn

}
<
a

b
< max

{
fn
fn−1

,
fn+1

fn

}
.
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y²: b ≥ fn+1.

yyy²²².Äky²é?¿�ê n ≥ 2, k fn−1fn+1 − f 2
n = (−1)n . (∗)

é n8B, n = 2��y¤á. � an = fn−1fn+1 − f 2
n, K

an + an+1 = fn−1fn+1 − f 2
n + fnfn+2 − f 2

n+1

= fn+1 (fn−1 − fn+1) + fn (fn+2 − fn)

= fn+1 (−fn) + fnfn+1 = 0.

�d an = (−1)n�íÑ an+1 = (−1)n+1, 8By..

£��K, e n�óê, d (∗)� fn−1fn+1 > f 2
n, u´d^��

fn
fn−1

<
a

b
<
fn+1

fn
.

d=

bfn+1 − afn > 0,

afn−1 − bfn > 0.

�

bfn+1 − afn ≥ 1, (1)

afn−1 − bfn ≥ 1. (2)

ò (1)× fn−1� (2)× fn�\�

b
(
fn+1fn−1 − f 2

n

)
≥ fn + fn−1,

d (∗)�dª= b ≥ fn+1.

e n�Ûê, y²��aq. �

µµµ555.^�I��Ä fn
fn−1
� fn+1

fn
�m���'X, ©�üa, ?��a|^

�êlÑ5���(1),(2)2)Ñ b, Ò¬g,/�Ä fn+1fn−1 − f 2
n,¢SþÙ

�Ùýé��1. aq/.d(1),(2)�� a ≥ fn+2, Ï� fn+2

fn+1
3 fn

fn−1
� fn+1

fn
�m,

¤±ù´�`�O.

¯¢þ, éQ�©ê q
p
Ú q′

p′
, e |qp′ − pq′| = 1, K§�¡��é�Ý©ê.

d�é§��m�©ê t
s
þk s ≥ p+ p′.

2002.3 � n´��ê, y²: 3n �º:���ã�y©¤��3���Ø

�¿(ü��Ø�, ´�§�vkú��>).

yyy²²². é n 8B, n = 1 �w,¤á, � n �¤á. n + 1 �, ò 3n+1

�º:þ©�8Ü V1, V2, V3, � V1 = {x1, x2, . . . , x3n}, V2 = {y1, y2, . . . , y3n},

15 êÆ#(�



V3 = {z1, z2, . . . , z3n} . d8Bb���ò G [V1], G [V2], G [V3] y©¤eZ�

�3���Ø�¿. (∗)

2�n�/8Ü

S =
{

(xi, yj, zk)
∣∣ 3n�Ø i+ j + k

}
,

u´é?�� V1, V2, V3 �m�> e, eT3��n�/¥, l S Ú (∗)�Ñ


 3n+1�º:���ã G�y©, 8By.. �

µµµ555.·K�duò 3n �f8y©¤3�8, ¦�?ü�3�8��8��

�êØ�u1. �÷vù�:, N´����U
¦�z�3�8�k2�gdC

þ=�, =-3���÷v,��§. �d�¬�)�Uk2������¯K,

�;�ù�Û¡, ò 3n���©¤3Ü©, 2¦^ù��{=�, ù�Ò?1


z8. ��gdCþ�|Ü�E�{´A^'�2��.

2001.1 � n´��ê, ²¡þ 3n− 1�:¥?3:Ø��. y²: �±l¥

�Ñ 2n�:¦Ùà�Ø´n�/.

yyy²²². n = 1�(Ø²�, Ø�� n ≥ 2. ^�y{, b�·KØ¤á, =?

¿ 2n��½:�à�þ´n�/, l?¿Ø�u 2n��½:�à�´n�

/. ù´Ï�·��±UXe�ªí�eZ:¦��eTÐ 2n�:: Äk¦�

U/í�à�SÜ�:, eà�SÜÃ®�:��kõu 2n�:, 2í�eZ

à�º:. ÃØXÛ, 3��e 2n�:�Ùà�E�n�/.

P X ´¤k 3n − 1�:�8Ü, dþã� X �à�´��n�/, �Ù

º:©O´ A,B,C. - A1 = A,B1 = B,C1 = C. é i = 1, 2, . . . , n − 1, b

� A1, . . . , Ai ®�½, P8Ü Pi = X\ {A1, . . . , Ai}, Ï |Pi| ≥ 2n, � Pi �à�

�n�/. N´�� B,C Ñ´ùn�/�º:, ò{e���º:P� Ai+1.

ù�·�8B/½ÂÑº:A1, . . . , An,aq½ÂÑB1, . . . , Bn�C1, . . . , Cn.

Ï |X| = 3n − 1 < 3n, Ã Ai, Bj, Ck ¥7k�Ó�:. Ø�� Ap = Bq, u

´d½Â� X\ {A1, . . . , Ap−1, B1, . . . , Bq−1}¥�:þ34B1C1Ap ∩4A1C1Bq

¥, =�ã ApC1þ(ùp, 4UVW L«: U, V,W �à�).

ù����� 3n− 1− (p− 1)− (q − 1) ≥ 3�:��, gñ! �

µµµ555.·�5¿� 3n − 2�:�(ØØ�½¤á. ¯¢þ, ��34ABC

S÷n^�²©��� n− 1, n− 1, n�:, 2ò§£Ä�N¦?¿n:Ø��

=�. 3ù��~¥?� 2n�:�½¬3n���þþk:��Ñ, là�
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�n�/. �´5¿�ù��~, ·�òn���þ�:��Ñ5, ��|^:

ê'X��ü�SÜØ��n�/, l��gñ. �Kk�½JÝ.

2001.2 ��ê k ≥ 3, n >
(
k
3

)
. y²: é?¿ 3n �üüØÓ�¢

ê ai, bi, ci (1 ≤ i ≤ n), 3¢ê ai + bi, ai + ci, bi + ci (1 ≤ i ≤ n) ¥, �±é�

�� k + 1�üüØÓ�ê.

¿`² n =
(
k
3

)
�, (ØØ¤á.

))). � Ai = {ai + bi, bi + ci, ci + ai} , i = 1, 2, . . . , n, Kd

ai =
(ai + bi) + (ci + ai)− (bi + ci)

2

±9aq�ü�ªf, �8Ü {ai, bi, ci}d Ai��(½.

Ï� n�8Ü {ai, bi, ci}üüØÓ,�Ai (1 ≤ i ≤ n)�
⋃

1≤i≤nAi� n >
(
k
3

)
�üüØÓ�n�f8, Ïd

∣∣⋃
1≤i≤nAi

∣∣ > k.

y�E n =
(
k
3

)
���~. �½ k�¢ê|¤8Ü X, é X �z�n�f

8 A = {u, v, w}, -

aA =
u+ v − w

2
, bA =

w + u− v
2

, cA =
v + w − u

2
.

N´���3ù�� X ¦� 3n�ê aA, bA, cA(A ⊆ X, |A| = 3)üüØÓ(�

� X ���3 Qþ�5Ã'), ùÒ�Ñ
 n =
(
k
3

)
���~. �

µµµ555.5¿�z� Ai éA� {ai, bi, ci}mØ�, Ïd·�I�l
⋃

1≤i≤nAi

)¤ a1, a2, . . . , an ; b1, b2, . . . , bn ; c1, c2, . . . , cn. 5¿�
⋃

1≤i≤nAi�?¿��n

�f8þéAn����ÒU
��êþ'X.

2001.3 e�3�I²¡þ����:n�/, ÷v§´¤k�§�q��

:n�/¥¡È���, y²: ù�n�/�	%Ø´�:.

yyy²²². ^�y{, b��3¤`�n�/ ABC,Ù	% O ´�:. Ø�

� A (0, 0), � B (b1, b2), C (c1, c2), O (o1, o2), Kd AO = BO�

o2
1 + o2

2 = (b1 − o1)2 + (b2 − o2)2.

l

b2
1 + b2

2 = 2 (b1o1 + b2o2) ,

�

(b1 − b2)2 + (b1 + b2)2 = 4 (b1o1 + b2o2) ≡ 0(mod4).
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Ïd7k 2 | b1 − b2, 2 | b1 + b2. Ón 2 | c1 − c2, 2 | c1 + c2.

�Ä± A�¥%ò 4ABC _��^= π
4
, >� �

√
2�¤��n�/,

Ù�4ABC �q. d1
2
−1

2

1
2

1
2

0 b1 c1

0 b2 c2

 =

0 b1−b2
2

c1−c2
2

0 b1+b2
2

c1+c2
2


��Tn�/n�º:��I©O� (0, 0),

(
b1−b2

2
, b1+b2

2

)
,
(
c1−c2

2
, c1+c2

2

)
, þ��

:. �w,Tn�/¡È��, �b�gñ! �

µµµ555.�y{´g,�, ���� b1 ≡ b2(mod2), c1 ≡ c2(mod2), �ÏL^

=� C�����¡È�n�/Jø
^�. ^=� C�L§��15�

±ÏL�½�Á���.

2000.1 � n´��ê, é8Ü L = {0, 1, 2, . . . , n}2 ¥�:ùÉ�/Ú, ¦

� L¥?¿ü ��/�o�º:¥Tk2�ù:. ¦÷vþã^��/Ú«

ê.

))). é8Ü {(0, 0) , (1, 0) , . . . , (n, 0)}¥�:�/Ú�¹©a.

1.XJ (0, 0) , (1, 0) , . . . , (n, 0)ùÉ�m, K8B´yz1�:ÑùÉ�m,

�dT1��>��:/Ú��(½, d��� 2n+1«.

2.�3 0 ≤ i ≤ n−1, (i, 0)� (i+ 1, 0)ÓÚ.@oé?¿ j, (i, j)� (i+ 1, j)

ÓÚ, � (i, 0) , (i, 1) , . . . , (i, n)�m//ù!É.

aq�/18B�yd�z�ÑùÉ�m�dT��e¡��:/Ú��

(½, l� 2n+1 − 2«/{(ùp~2´�K
 (0, 1), . . . , (n, 0)¥ùÉ�m�

ü«�¹).

nþ, �k 2n+2 − 2«÷v^��/Ú�{. �

2000.2 �4ABC ´²¡þ�Ø�>n�/, é²¡þ?¿ÉuÙº:�

�: T , ò�� AT,BT,CT � � (ABC)�,	���:©OP� AT , BT , CT .

y²: TÐ�3ü: P,Q¦4APBPCP �4AQBQCQ´�>n�/, ¿y

² PQL4ABC 	%.

yyy²²².b���: T ÷v^�, Kd4ATB ∼ 4BTTAT ��

AB

BT
=
BTAT
ATT

,

Ón
AC

CT
=
CTAT
ATT

.
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üª�Ø, (Ü®� BTAT = CTAT ��

BT

CT
=
AB

AC
.

Ón��

CT

AT
=
BC

BA
,
AT

BT
=
CA

CB
. ( ∗)

duùnª¥?¿üª�±íÑ1nª, �nªþ¤á��=�Ù¥üª¤á.

ù�·��Ñ
4ATBTCT ��>n�/���7�^�(= (∗) ). ��ØJ

wÑù^��´¿©�.

�± A,B �½:, CA
CB
�½'�Apollonius�� ΓC ; �± A,C �½:, BA

BC

�½'�Apollonius�� ΓB. d4ABC Ø�>� ΓB,ΓC �3,  (∗)�du T

� ΓB,ΓC ��:.

´� 4ABC �S%3 ΓB,ΓC �SÜ, : C 3 ΓC þ%3 ΓB 	Ü, : B

3 ΓBþ%3 ΓC 	Ü,dd�� ΓB,ΓC 7,��uü:, �d=Kãü: P,Q.

�∠ABC�S!	�²©�©O���AC��u:X, Y ,Kd�²©�
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�5�� X, Y 3 ΓB þ, ��ã XY �¥:M ´ ΓB ��%. Ù� A,C,X, Y

¤NÚ:�, �k

MB2 = MX2 = MA ·MC,

dd� ΓB � � (ABC)��. Ón ΓC � � (ABC)��.

�Ä± � (ABC)�Ä���ü, dþ¡¤ã� ΓB,ΓC 3T�üeg�. Ï

d P,Qü:p�, l PQL�ü¥%, �=4ABC 	%. �

µµµ555.�K¥� P,Q¡�4ABC ��å:, �±ë�[5]?�Ú
).

2000.3 �½��ê nÚ�K�ê k, �ê a1, a2, . . . , an 'u� (n+ k)�

�k 2k�ØÓ�{ê. y²: �l a1, . . . , an¥ÀÑeZ�ê(����), §�

�Ú� (n+ k)��ê.

yyy²²². P M = n + k, �Ä a1, . . . , an �ü� b1, . . . , bn,÷véz� i ∈

{2, . . . , k + 1},kbj 6≡ bi (modM) (1 ≤ j ≤ i− 1), �

bi 6≡ b1 + · · ·+ bj (modM) , 2 ≤ j ≤ i− 1.

ù��ü�´�3�, Ï�·��±�g�Ñ b1, b2, . . . , bk+1 (5¿éz� i ≤

k + 1, bi ����õ¦ÙÃ{��M � 2k − 1��{a), 3�Ñ b1, . . . , bk+1

�, {e� ai?¿ü� bk+2, . . . , bnÒ÷v�¦.

y3�ÄM ��

b1, b1 + b2, . . . , b1 + · · ·+ bn, b2, b3, . . . , bk+1,

b�·KØ¤á, Kù
��M þ�".

u´dÄT�n, Ù¥kü���M ��, dÃ bi�½Â��o�3ü�

eI j > i, ¦�

b1 + · · ·+ bj ≡ b1 + · · ·+ bi (modM) ,

�o�3 i ≤ k + 1 < j, ¦�

bi ≡ b1 + · · ·+ bj (modM) ,

@oM | bi+1 + · · ·+ bj ½M | b1 + · · ·+ bi−1 + bi+1 + · · ·+ bj,o�b�gñ, y

.. �

µµµ555. 3 k = 1�ù´��²;�¯K.£�Ù?n�{, ·�uy§3

c¡eZ�¥�¦�p, ù�ÒU�y�EÄT��Ó{��eIØ¬��,
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b1, . . . , bk �ÀJ=Äud.

¯¢þ, K¥� 2k�±^aq��{U?� k + 1.

1999.1 é?¿��ê m, ^ di (m)L« m��2{ i���ê�ê (i =

0, 1). y²: éz���ê n, k∣∣∣∣∣
n∑
k=1

(d0 (k)− d1 (k))

∣∣∣∣∣ ≤ n.

yyy²²².·�k ∑
1≤k≤n

(d0 (k)− d1 (k))

=
∑

1≤k≤n

∑
d|k

(−1)d

=
∑

1≤d≤n

∑
1≤k≤n
d|k

(−1)d

=
∑

1≤d≤n

(−1)d
[n
d

]
= −

([n
1

]
−
[n

2

]
+
[n

3

]
− · · ·

)
,

5¿���1¢Sþ´��k�Ú. qÏ�[n
1

]
−
([n

2

]
−
[n

3

])
−
([n

4

]
−
[n

5

])
− · · · ≤ n−

∑
0 = n,([n

1

]
−
[n

2

])
+
([n

3

]
−
[n

4

])
+ · · · ≥

∑
0 = 0,

�
∣∣∑

1≤k≤n (d0 (k)− d1 (k))
∣∣ ≤ n¤á. �

µµµ555.e^ d(m)L«��ê m���ê�ê, K·�Ù�k±e`{(

J:
n∑
k=1

d(k) =
[n

1

]
+
[n

2

]
+
[n

3

]
+ · · · .

Ùy²´ò d(k)�¤
∑

d|k 1¿��ÚÒ. 5¿��K/ª�þã(ØXÑ�

õ, Ïd·��±aq/ÏL�Úª5y²�K.

1999.2 �½²¡þ��n�/, Á�En�/S�: P ,¦�d P 3n�

/n>þÝK�¤�n�/�%T� P .

))). �4ABC �%� G,  Gé4ABC ����Ý:�X. eydX

=�÷v^��: P .
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Xã, � X �n>�ÝK©O� A1, B1, C1,  G �n>�ÝK©O

� A2, B2, C2. ^ [UVW ]L«n�/ UVW �¡È, 5¿�

[A1XC1]

[A1XB1]
=
C1X

B1X
· sin∠C1XA1

sin∠B1XA1

=
sin∠BAX
sin∠CAX

· sinB

sinC

=
sin∠CAG
sin∠BAG

· AC
AB

=
[CAG]

[BAG]
= 1,

� A1X ²© B1C1, Ón B1X ²© A1C1, � X ´4A1B1C1�%. �

1999.3 � k´�K�ê, S ´dõu 2k ��ê�¤�8Ü. y²: �3 S

� k + 2�f8 T , ¦�é?¿��ê m (1 ≤ m ≤ k + 2), T ¥�� m�f8

���ÚüüØÓ.

yyy²²².é k8B, k = 1�(Ø²�, b�(Øé k¤á, �Ä k + 1��/.

5¿e S ÷vI¦, K S �� ²£¤�8ÜE,÷v�¦(Ï���¦ S

��Ó���ê�f8��ÚØÓ), u´�Ø�� S �¤k��þ���ê.

?�Ú�Ø��ù
ê¥QkÛê�kóê. ù´Ï�eØ,, K�ò§�Ó

�\þ0½1¦�§��C�óê, ,�Ó�Ø±2.

5¿�
x

2
<
x+ 1

2
≤ x,

��Ò3 x� S �����Ø¤á, �ùL§k�ÚS7ª�, ���ê¥k

Ûê�kóê.

XJ S ¥kõu 2k �óê, é§�d8Bb���÷v^�� T , K T ¥

��þ�óê. 3 T ¥?¿\\�� S ¥�Ûê a (dc¡¤ã� a�3), �

www.nsmath.cn 22



�8Ü T ′. d�ekm9

x1 < · · · < xm ∈ T ′, y1 < · · · < ym ∈ T ′

¦� x1 + · · ·+ xm = y1 + · · ·+ ym, �ÄT�ª���Ûó5��, �o�Òü

>��þáu T ; �oü>þk a, ��K a��{�þáu T . d8Bb��

ü>áu T ���Ó, � xi = yi, i = 1, 2, . . . ,m. u´ T ′´÷v^��f8.

aq/, XJ S ¥kõu 2k �Ûê, é8B¤��8Ü\\?¿�� S ¥

�óê=�. duõu 2k+1 ��ê¥, Ûê½óê7k�«õu 2k �, dþã

?Ø�� k + 1��(Ø¤á. y.. �

µµµ555.|^Ûó55`²f8��ÚüüØÓ?1z8, ùp�Ã{´²;

�. ^aqÃ{�±)ûe¡ü�¯K:

1.®� 2n + 1��ê÷v:?¿�KÙ¥��ê, �e� 2n�êÑ�©�

ü|, z| n�ê,�ü|ê�Ú��.y²: ù 2n+ 1��ê���.

2.y²:é?¿eZ�üüØÓ���ê, o´�±ò§�Uì,«gSü

���, ¦�Ø�3l��m�(Ø�½ëY)n�¤��ê�.

d	, 5¿éê|C��cJ´C���ØK�(Ø.

1998.1 ´Ä�3Ã¡��êê�÷vÙ?ü��mØp�, Ã�ê'X,

�Ø�3�u1��ê�Øùê��z��?

))). �3ù��ê�. ·��Äê�

a1 = 2× 3, a2 = 2× 5, an = 3× 5× (22n + 1) (n ≥ 3).

du gcd(a1, a2, a3) = gcd (6, 10, 15× (28 + 1)) = 1, �vk�u1��ê�Øê

�¥z��.

é n > m > 2, w, gcd(am, an) 6= 1,�du

22n + 1 =
(
22m
)2n−m

+ 1 ≡ 2 6≡ 0(mod22m + 1),

� am, anÃ�ê'X.

é m ∈ {1, 2}, n > 2, am, an kúÏf3½5. qÏ� 2 - an, 2 | am, an > am,

�§��mÃ�ê'X.

qw, a1, a2Øp��Ã�ê'X, �dê�÷v^�. �

µµµ555.·�¢Sþ´ÅÚ/V\��±÷vn�^�, z�^�ÑN´÷

v. ,	ò)�¥¤êê 22n + 1��Ü·/ª��ê, ½���÷vK���
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E.

1998.2 y²: é?¿��ê n, �3���Xêõ�ª3: 1, 2, . . . , n?�

��üüØÓ�2��.

yyy²²².� n!��Ïê©)¥2��g� α, K k = n!
2α
´Ûê.

� ϕ´î.¼ê, �Äõ�ª

P (x) = 2α

(
n∑
j=0

(
x

j

)(
2ϕ(k) − 1

)j)

=
n∑
j=0

(
n!

(
x

j

)
· 2α

n!

(
2ϕ(k) − 1

)j)
,

5¿�� j = 0 �, 2α
(
x
j

)(
2ϕ(k) − 1

)j
= 2α ; � j ≥ 1 �, dî.½n� k |

2ϕ(k) − 1, �

n! = 2αk
∣∣∣2α(2ϕ(k) − 1

)j
Ïd P (x)´ n!

(
x
j

)
(0 ≤ j ≤ n)��Xê�5|Ü, l´�Xêõ�ª.

Ó�, é 1 ≤ i ≤ n, k

P (i) = 2α

(
n∑
j=0

(
i

j

)(
2ϕ(k) − 1

)j)

= 2α

(
i∑

j=0

(
i

j

)(
2ϕ(k) − 1

)j)

= 2α+iϕ(k),

¤± P (i)´2���, y.. �

µµµ555.ð�ª
∑n

j=0

(
i
j

)
= 2i(i = 1, 2, . . . , n)���KJøg´, ��>¿

Øo´'u i��Xêõ�ª, ÏdI�ìT/ª?1�E�N�.�K��

^Lagrange����{), JÝ¥�.

1998.3 é=
�ê N(N ≥ 3)�±é�²¡þ N �:, ¦�Ù¥?3�:

Ø��, ¿�?¿��dÙà�þ3�:�¤�n�/¥Tk���½:?

))). ¤¦� N ��NØ�u4�óê, ½=¤k/X N = 2n− 2(n ≥ 3)�

�ê.

��¡, �¤k N �:�à�´��à n>/ G, n ≥ 3. Ù� G�dé

��y©� n − 2�n�/, d®�, z�ù��n�/ST¹k���½:,

� N = n+ n− 2 = 2n− 2.
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,��¡, eyéz� n ≥ 3, þ�3÷v^�� N = 2n− 2�:.

�Ä��� n>/ G, Xã� G�º:IÒ.

ù� G�y©¤ n − 2�n�/ Ti = 4vi−1vivi+1 (2 ≤ i ≤ n− 1). éz

� i, 3 TiSÜål vi¿©C�?�: ui, � u2, . . . , un−1. e¡y² 2n− 2�

: v1, . . . , vn, u2, . . . , un−1÷v�¦.

¯¢þ,ù 2n−2�:�à�w,´G,é?��n�/4vavbvc (a < b < c),

d ui ��{���U ua, ub, uc 3ùn�/¥, � ua 7Ø3 4vavbvc ¥, Ä

K a ≥ 2, K: ua � 4vavbvc (�SÜ)3�� vava+1 üý, gñ! Ón uc Ø

34vavbvc¥, (Ø�y. �

µµµ555.��K��¿£� N Ù¢�±����, ���¯��´�E. �E

��{´òSÜ:�>.º:éA, ¿�òSÜ:��AÏ¦�´u�½z�

SÜ:3=
n�/¥.

1997.1 � p > 2��ê, L��I²¡þîp�Iþ��u p��K�ê

�:|¤�8Ü. y²: �3 L¥ p�:, Ù¥?¿n:Ø��.

yyy²²².�Ä: (x, y) ∈ L, Ù¥ 0 ≤ x ≤ p− 1, y ≡ x2 (modp). ·�y²ù�

�Ñ� p�:÷v�¦.

ekÙ¥n: (xi, yi) (1 ≤ i ≤ 3)��, K

y1 − y2

x1 − x2

=
y2 − y3

x2 − x3

.

� p�
x2

1 − x2
2

x1 − x2

≡ x2
2 − x2

2

x2 − x3

(modp) ,

= x1 + x2 ≡ x2 + x3 (modp) ⇒ x1 ≡ x3 (modp) ⇒ x1 = x3,? y1 = y3, gñ.

Ïd¤�Ñ�?n:Ø��, ÷v�¦. �

µµµ555. Fp´�, Ïd�±òÙa'�²¡�Ä. ²¡¥�Ô�þ?¿n:Ø

��, ù´�K�E�5.
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1997.2 �4ABC 	%� O, S%� I, S����:n�/�4A1B1C1.

q�H ´4A1B1C1�R%, y²: O, I,H ��.

yyy²²².��ãB1C1, C1A1, A1B1�¥:©O� L,M,N ,q�N1�4LMN

�	%, K N1 ´ 4A1B1C1 �Ê:��%, � I,H,N1 ��(= 4A1B1C1 �î

.�).

�Ä±S�� �I �Ä���ü, K A,L p�, B,M p�, C,N p�,

� � (ABC)� � (LMN)p�.

lùü���%ë� ON1 ÏL�ü¥% I. � O, I,N1, H ��, (Ø�

y. �

µµµ555.�K�'�´5¿� IH ´4A1B1C1 �Euler�, ¿�Ä�ü. �K

´²;K.

1997.3�{üãG´��²¡ã, y²: �±òG�º:/�3«ôÚ,¦

�Ù¥Ø�3º:ÓÚ��.

yyy²²².� V,E, F ©O� G�º:, >, ¡�8Ü, éº:ê |V |58By²

�3ù��/Ú�{. |V | = 1�²�, b� |V | − 1�¤á, �Ä |V |���/.

Äky²�3�: x, deg x ≤ 5. (∗)

�Ä8Ü

S =
{

(f, e)
∣∣f, e ©O� G �¡Ú>, e´ f �>

}
,

©Od¡!>ùü��Ýé |S|Oêk

2 |E| = |S| ≥ 3 |F | ,

dEulerúª�

|F | = |E| − |V |+ 2,
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�

2 |E| ≥ 6 + 3 |E| − 3 |V | ,

dd�3 |V | > |E|, Ïdk�: x0�Ýê

deg x0 ≤
∑

x∈V deg x

|V |
=

2 |E|
|V |

< 6,

l (∗)¤á.

y3é G�÷v (∗)��º: x, �Äl G¥í� x (9Ù���>)��

ã G′. w, G′ �´²¡ã, º:ê� |V | − 1, Ïdd8Bb��é G′ �º:

?1/Ú, ¦�Ù¥Ø�3üÚ�. é G/Ú�, Ø x±	º:�/Ú���

U G′�/Ú?1.

y�Ä x�/Ú. d deg x ≤ 5�� x�,�Ú c��Øê�õ�k��,

� x/þ c, ´�y���/ÚÎÜ�¦. nþ¤ã, 8By.. �

µµµ555.·�~~8B/(í�º:)±��ã�/Ú, ù«�{�±��ã�

ÚêØ�uº:���Ýê\1�²;(J. XJ�¦Ø�3ÓÚ�, �\g�

���|^ù«�{. dK¥�êâíäÑ (∗)�U¤á, 'u²¡ã·�

kEulerúª�Eâ|±, ù¦� (∗)�y²¿ØJ.

1996.1 y²: 3��é���pR��F/¥, ü��Ý�ÈØ�uü.

>�Ý�È.

yyy²²².�TF/� ABCD, AD ‖ BC, é���:� O. �> ABÚ CD�

¥:©O�M Ú N , K

AB2 + CD2 = OA2 +OB2 +OC2 +OD2 = AD2 +BC2. (1)

qdu

AB + CD = 2 (OM +ON)

≥ 2MN

= AD +BC, (2)
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�ò (2)ü>²�~� (1)� AB · CD ≥ AD ·BC, d=�y�(Ø. �

1996.2 A,BüIðm¬Æ, üI���
�Óê8��¬ö, Ù¥�
3

d�c®@£. y²: �3 AI�¬ö���f8 C ¦e�Qã��¤á:

(1) BIz��¬ö@£ C ¥óê�<;

(2) BIz��¬ö@£ C ¥Ûê�<.

yyy²²². � A,B üI�¬ö<êþ� n. é?¿ C ⊆ A, � f (C) =

(c1, c2, . . . , cn), Ù¥ ci� B¥1 i �¬ö3 C ¥@£�<ê�2�{ê.

K f ´ A ���f8x� {0, 1}n �¼ê, b½Ø�3 C ¦ f (C) =
−→
0

½ (1, 1, . . . , 1), K f ���kØ�L 2n − 2���. Ï� f �½Â�k 2n − 1

���, �dÄT�n��3 C1, C2 ⊆ A,C1 6= C2¦ f (C1) = f (C2).

� C = C1∆C2 6= ∅, = C ´Táu C1, C2����N�¬ö�8Ü, Kk

f (C) = f (C1∆C2) ≡ f (C1) + f (C2) ≡ −→0 (mod2) ,

= f (C) =
−→
0 ,�b�gñ, �·K�y. �

µµµ555.ò@£'X^�þL«Ñ5, ¢y
,«�êz,�\�*Ú´un

). �y{(ÜÄT�n?1�E�g´�´²;�.

1996.3 � n, k´?¿�K�ê, b�®3��à n>/S�Ñ 2kn + 1^

ØÓé��, y²: �l¥�Ñ 2k + 1^é��, §�/¤�^²Lz�:�õ

�g�ò�. ¿`²��Ñ kn^é���(ØØ�½¤á.

))).ky²�r�(Ø: �Ñ 2kn + 1^ØÓé����±l¥�Ñ 2k + 1

^/¤Øµ4, �²Lz�:�õ�g�ò�, ¡ù��ò��“Ð�”.

é k8B, k = 0�(Øw,¤á. b�3 k − 1(k > 0)�(Ø¤á, �Ä k

���/. éz�ëké���º:, À�ÙëÑ�ü^é��¦§��Y�

��, ¿òùü^é��/ù(XJTº:=ëÑ�^é��, Kòù�^é�

�/ù.#Nòé��E/ù). u´���õ/ù
 2n^é��, �{��

k

2kn+ 1− 2n = 2(k − 1)n+ 1

^é����/ù.

d8Bb�, �3 2k − 1^��/ù�é��/¤Ð�ò� A1A2 . . . A2k.

duTò�²Lz�:�õ�g, � A1A2 �àõ>/�é��, �Tò�á
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3 A1A2��ý.

u´d/Ú�ª���3�^± A1 �à:/ù�é�� A0A1, Ù�ò�

©? A1A2üý. aq/, �3é�� A2kA2k+1, Ù�ò�©? A2k−1A2k üý.

Ï� A1A2 . . . A2kØµ4, � A1 6= A2k, l´� A0A1Ú A2kA2k+1Ãú�

:(S:½à:). Ïd A0A1A2 . . . A2kA2k+1´d 2k + 1^é��|¤�Ð�ò

�. 8B�y.

2y²��Ñ kn^é���(ØØ�½¤á.

Ø��àõ>/�� n>/. ¡�^é���Ý� l, XJÙòàõ>/©

¤üÜ©, >ê���@�Ü©TÐkàõ>/� l^>.

� n �Ûê�, éz�º:, �Ñ±Ù�à:��Ý��� 2k ^é�

�; � n�óê�, éz�º:, �Ñ±Ù�à:Ø
�»�	�Ý��� 2k

^é��. ù����Ñ kn ^é��, eÀ�Ù¥,
|¤Øg���ò

� A0A1 . . . At, ��y² t ≤ 2k.

e n�Ûê, � n = 2m+ 1. duò�á3 A0A1��ý, �á3 At−1At�

�ý, ùü^é��Ø��, Ïdò�á3ùü^é���m�àõ>/«�

S(¹>.). �ö�õk

n− 2(m− k) = 2k + 1

�º:, Ïd t ≤ 2k.

e n�óê, � n = 2m. Ï� kn ≤
(
n
2

)
− n, � k ≤

[
n−3

2

]
= m− 2. ´�=

kXeü«�/.

1. �3 i 6= 1, t¦�ò�3é�� Ai−1Ai��ý, Kaqþã©Û�

t ≤ n− 3(m− 1− k)− 1 = 2k + 2− (m− k) ≤ 2k,

(Ø¤á.

2. ò� A0A1 . . . AtXã¥“�”i/.

e�õ>/�¥% O3 A0A1, At−1At�m�àõ>/«�	, KT«��
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õk

m− (m− 1− k) = k + 1

�º:, � t ≤ k ≤ 2k.

e O3 A0A1, At−1At�m�àõ>/«�SÜ½>.þ, ÏÀ��é��

þØ´�», ��3 1 ≤ i ≤ t− 1¦� O34Ai−1AiAi+1SÜ. l Ai�é»

:Ø´ò��º:, aq/k,

t ≤ n− 2(m− 1− k)− 1− 1 = 2k,

(Ø�y. �

µµµ555.ò·K\r�Øµ4�ò�±?18BLÞ, ò�Øg�ù�^��

��ïÄÙ/GJø
Ð�^�. �~��EK�ég,, ��`²Ù�1I

�[��?Ø©Û, k�½JÝ.

1995.1 �½²¡�:�äþ����:Ý/, Ù>²1u��>, òTÝ

/y©�eZ�¡È� 1
2
��:n�/.

y²: Ù¥��n�/��ê��´Ý/á>�Ý�ü�.

yyy²²².ky²��Ún.

ÚÚÚnnn.XJ�:n�/4ABD,4CBD�¡Èþ� 1
2
, A,C 3 BDüý,� BD

3ùü�n�/¥þ���>, K ABCD´²1o>/, � AC ≤ BD. �Ò

¤á��=� ABCD´����/.

¯¢þ, dPick½n�ào>/ ABCD SÜÚ>.þvkÉuº:��
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:. � C 'u BC ¥:�é¡:� C, e C ′ 6= A, K C ′ ��:, � AC ′ ‖ BD.

d BD ��� A,C ′ 3 BD þ�ÝK3�ã BD SÜ, ��3�ã BD S�

: T , ¦ B, T,C ′, A�¤²1o>/�o�º:. u´ T ��:, �> BDSÜ

Ã�:gñ. Ïd C ′ = A, = ABCD´²1o>/.

,��¡, b� AC ≥ BD, Kd ABCD´²1o>/�� ∠BAD ≤ 90◦.

du BD´4ABD���>, � ∠BAD ≥ 60◦. Ïde AB,ADØ�� 1, K

§������
√

2, ��

S4ABD =
1

2
· AB · AD · sin∠BAD ≥ 1

2
· 1 ·
√

2 ·
√

3

2
>

1

2
,

gñ. Ïd7k AB = AD = 1, ´�ù� ABCD´��/, �Ò¤á. Ún�

y.

(ÜÚn�±wÑ, XJ©y¥ü�n�/÷vÚn�^�, ò§��ú�

>���¤¤²1o>/�,	�^é��, K3Ø
1,2ü«~	e, Ñ��

Ó�õ��n�/�y©, �n�/±�Ú~�.

~	1:

~	2:

Ù¥IP
�Ý1�>�pR�.

u´, zgÀ��cy©¥Øáu~	 1, 2¤«�é��, �Ø3���/

>.þ����ã(XJ�3). �Ä±Ù�ú�>�ü�n�/, dÙ����

U
éÙUþã�{�U©y�ª. ��n�/�êØO, ¤kn�/�±�

Ú~�.

Ï±�Úw,��k�, Ïdk�Ú�Ê�, y©¥��~	2±9��n

�/.

é��/>.þz�^��1���, k����n�/½~	2¥�²1

o>/±Ù��>. e��ö, K±T��3²1o>/¥�é>�OT��
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?Ø. ±daí�ª���X��~	2¥�²1o>/, ��3����n�

/?Ê�(�/1), ½-�,�>(�/2).

�/1:

�/2:

e��/á>þ�¤k��þ��/1, w,ØÓá>þ��éA���n

�/pÉ, (Ø¤á.

e�3á>þ�^����/2, �Ä��/�>þ���, §�7þ��

/1 (Ï��/2¥²1o>/ó¤{	), Óþ(Ø¤á.

�

µµµ555.�Ñy~	1,2¤ã�(��´n��©�.ù�(ÜK8�¦, �l

z^3���/>.þ�ü �ãé���éA���n�/. éu����

¹, ÏLUCy©�ªuy�z8�cã�/.�Kk�½JÝ.

1995.2 �Ä��¢Xê n�õ�ª, ®�3¤kCþ� ±1�, õ�ª�

�3 −1��ê�óê�´��, 3 −1��ê�Ûê�´K�.

y²: Tõ�ª�gê��´ n ( n�õ�ª�gê´�Ü¿Óa���,

�ü�ªCþ�ê�Ú����).

yyy²²².é n8B, n = 1²�, � n− 1�¤á, �Ä n��/: � x1, . . . , xn

�õ�ª f 3 x1, . . . , xn� ±1�, f ��3 −1��ê�óê�´��, 3 −1

�ê�Ûê�´K�, 5y² deg f ≥ n.

ØJwÑ f �±L«� f = xnf1 + f2, Ù¥ f1, f2 ´ x1, . . . , xn �õ�ª,

÷vÙz�ü�ª¥ xn�gê�óê, ^mL« x1, . . . , xn−1 ∈ {−1, 1}� −1

��ê.
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� m �óê, d fi (x1, . . . , xn−1, 1) = fi (x1, . . . , xn−1,−1), �òù�P

� gi, i = 1, 2. u´d^�

1 · g1 + g2 > 0,

(−1) · g1 + g2 < 0,

� g1 > 0,aq���m�Ûêk g1 < 0,u´d8Bb�õ�ª f1 (x1, . . . , xn−1, 1)

��k n− 1g, ù�Ñ f = xnf1 + f2��k ng, 8By.. �

µµµ555.õ�õ�ª�Ø�(ØÑ´8By²�, ù��±zg�?n���

¹.3ùp·�|^^�U
g,LÞ.

1995.3 o: A,B,C,D ¥?3:Ø��, E = AB ∩ CD,F = BC ∩ DA.

^ k1, k2, k3©OL«±�ã AC,BD,EF ��»��.

y²: k1, k2, k3n��:½öüüÃú�:.

yyy²²².·��^y² k1, k2, k3´�¶�.

Äk5¿�dÚî�½n, k1, k2, k3 �%(= AC,BD,EF �¥:)��, �

e k1, k2, k3 Ø�¶, K§�üü�n^�¶p�²1, k1, k2, k3 ��%(=�ù

n����:)Ø�3.

,��¡, �Ä 4BEC �R% H, H �ùn�/n>éA�ÝK©O

´ B1, E1, C1. Ù�

HB1 ·HB = HE1 ·HE = HC1 ·HC,

ùL² H ´ k1, k2, k3��%, gñ, y.. �

µµµ555.·��� 4AED,4EBC,4ABF,4CDF �R%��, =Kãn�

��¶.ù�(�ó�¬^�.

1994.1 �½¢ê λ > 1, ®���²1o>/���>�Ý�'� λ, ¦Ù

é��Y�����.
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))).Ø��3²1o>/ ABCD¥, AB = 1, AD = λ > 1, BC ¥:�M ,

·�¦ ∠BMA���.

5¿� AD
AB

= λ > 1, l A3± B,D �½:, AD
AB

= λ�Apollonius�þ,

�e�T��%� O, K O3 DBò��þ.

�� O��� DB�u: X, Y,Ù¥ X 3 DBSÜ. � BD = a, K

BX =
a

λ+ 1
, BY =

a

λ− 1
,

l� O�»

R =
1

2
XY =

1

2
(BX +BY ) =

λa

λ2 − 1
,

�

OM = OX +XM =
λa

λ2 − 1
+
a

2
− a

λ+ 1
=

λ2 + 1

2 (λ2 − 1)
a.

w,3 AM ��O���, ∠BMA��, d� sin∠BMA = R
OM

= 2λ
λ2+1

,

= ∠BMA = arcsin 2λ
λ2+1

= 2 arctan 1
λ
, lüé��Y������ 2 arctan 1

λ
.

�

µµµ555.ò AÀ�Ä:, A�;,´�, lY���=����/. ù�|

^ Apollonius �?1?n5;
Lõ�n�O�.

1994.2 y²: eÞ�� n>/¥� n − 3^é��, E,�3�e�é�

�¥� n− 3^üüSÜØ�, ��±Þ�Ù¥ n− 2^é��¦þã(ØØ¤

á.

))). é n 8By², í�Ø�L n − 3 ^é����é�{eé��¥

� n− 3^üüSÜØ�.

n = 3�·K²�, � n ≥ 4, �·Ké n− 1¤á.

�Ä n>/ A1 · · ·An, ¡/X AiAi+2�é���“��”, ¿ò Ai+1��é
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A. ��é��w,� n^, �Ù¥7k��í��, ?�Ú, ·�`²�3 i¦

� AiAi+2��í�� Ai+1´,^�í��é�����à:.

eØ�3ù�� i,?� j ¦� AjAj+2 ��í�, u´ Aj+1 �ë�é��

þ�í�. AO/, Aj+1Aj+3 ��í�, u´� Aj+2 �ë�é��þ�í�,

. . . ,X´ín��Ãé���í�, gñ.

Ø�� A2An��í�� A1Ax�í�, �3 A1 · · ·An�í�� n− 3^é

��¥, á3àõ>/ A2 · · ·An¥��õk n− 4^, é A2 · · ·An^8Bb�,

l{e�é��¥�Ñ n − 4^Ø��, 2Vþ A2An, =� A1 · · ·An � n − 3

^üüØ���í��é��.

e¡�Ñ n− 2��E, Äké k8BN´y²eãÚn.

ÚÚÚnnn. é?¿�ê k ≥ 39�� k>/, �õ�3ù� k>/¥�Ñ k − 3�Ø

��é��.

y3íØ� A2�ë�¤ké��, 2í� A1A3,� n− 2^é��.u´�

�í��é��þ´ n− 1>/ A1A3A4 · · ·An�é��.dÚn, lù
é��

¥, �õÀÑ (n− 1)− 3 = n− 4�üüØ��, =y. �

1994.3 �½8Ü A1, . . . , An, Ù¥ Ak ´¢¶þ k �Ø�«m�¿( k =

1, 2, . . . , n ).

y²: lù
«m¥, �±À�
[
n+1

2

]
�¦§�3üüØÓ� Ak ¥, ¿�

ù
«müüØ�.

yyy²²².ky²��Ún.

ÚÚÚnnn. � L1, . . . , Lm÷v� Liþ���m (�k�)�üüØ�«m�¿, K�

lz� Li¥ÀÑ��«m Ii, ¦ Ii (1 ≤ i ≤ m)üüØ�.

ém8By²Ún, m = 1�w,, b�m ≥ 2�·Kém− 1¤á.

�Äz� Li ¥�«mmà:���ö ai, Ø�� am = min
1≤i≤m

ai, � am

´ Lm¥«m Im�mà:. y3l Li (1 ≤ i ≤ m− 1)¥rþ¡�Ñ ai�«m

�K�� Li
′, K Li

′¥���m− 1�«m, ÷vm− 1��^�, d8Bb�,

�3 Li
′�«m Ji(1 ≤ i ≤ m− 1), ¦ J1, J2, . . . , Jm−1 üüØ�. d Im�½Â,

é 1 ≤ i ≤ m−1, Ji��à:�u ai ≥ am. Ïd Ji∩Im = ∅,� J1, . . . , Jm−1, Im

=��é�m�üüØ��«m, Úny..

£��K.�m =
⌈
n+1

2

⌉
(=Ø�u n+1

2
����ê),éAn, An−1, . . . , Adn+1

2 e
A^Ún=y�K. �
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µµµ555.N´w�XJ8B/Àmà��öq�Us�, �´«m��8Üé

dqk{N, ¤±�Kù
8Ü2�ÄÚn=�. �K�Qã��ùX
ù�

��.

1993.1 �½��ê a, b, y²: �õkk���ê n, ¦� an2 + b

� a(n+ 1)2 + bþ�²�ê.

yyy²²².P t = an (n+ 1) + b > 0, K

t2 = a2n2(n+ 1)2 + ab
(
2n2 + 2n

)
+ b2.

(
an2 + b

) (
a(n+ 1)2 + b

)
= a2n2(n+ 1)2 + ab

(
(n+ 1)2 + n2

)
+ b2 = t2 + ab,

Ïd� |n|¿©�, ¦� ab < 2t+ 1�, k

t2 <
(
an2 + b

)
·
(
a(n+ 1)2 + b

)
< (t+ 1)2,

� (an2 + b)�
(
a(n+ 1)2 + b

)
�ÈØ´��²�ê, l§���Ø´��²

�ê, (Ø=y. �

µµµ555.- p(x) = ax2 + b, d^�·��Ä p(x)p(x + 1), d�§´���p

�Xê���²�ê�óêgõ�ª.Ïd·�F"^��õ�ª�²�5[

Ü§, ±Bu|^��²�ê�5�.

��/,�±y²:é�Xêõ�ªQ(x),�3Ã¡õ��ên¦�Q(n), Q(n+

1)þ�²�ê��=� Q(x)´���Xêõ�ª�²�.

1993.2 � 4ABC �Ø�>n�/, ÙS��©O�> BC,CA,AB u

: K,L,M .L B � LM �²1�� KL�u D, L C � LM �²1�� KM

u E.

y²: DE L�ã LM ¥:.
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yyy²²².� I ´4ABC �S%, 5¿�

∠KEC = ∠KML = ∠KIC,

� E, I, C,K ��.

u´

∠EIC = ∠MKB = 90◦ − 1

2
∠B = 180◦ − ∠AIC,

Ïd A, I, E ��, Ón A, I,D��.

� DE =� ∠BAC �²©�, �·K¤á. �

µµµ555.XJ¦^O�Ãã(XMenelaus½n),�K��±�, �@�K��


 A, I,D��ù�`{�y3~~^���..

1993.3 �½��ê n, � x´¢ê,¦f (x) =
2n∑
t=0

(2n+ 1− t)xt����.

))).5¿�

f = x2n + 2x2n−1 + · · ·+ (2n)x+ (2n+ 1)

=
(
xn + xn−1

)2
+ 2
(
xn−1 + xn−2

)2
+ · · ·+ n(x+ 1)2 + (n+ 1)

≥ n+ 1,

� x = −1� f = n+ 1,� fmin = n+ 1. �

µµµ555.�ÏL n����¹ßÿÑ�Y, ¿�w� f ����q�þ3 −1

?��, �7d?1��=�.

1992.1é n��½��¢ê, ½ÂÙÛÉ²þ��ù n�ê�²�ÚØ±

ù n�ê�Ú. é n = 2, �ye¡(Ø´�(��´�Ø�.

(1)ÛÉ²þ�Ø�u 3g�²þ�.

(2)ÛÉ²þ�Ø�u 3g�²þ�.

(3)ÛÉ²þ��U�u 3g�²þ�, ��U�u 3g�²þ�, ù�6

u¤��ê.

?�Ú�Ä n = 3�ù
(Ø��(5.

))).é n = 2, 1��(Ø�(, =é a, b > 0ðk

(
a2 + b2

a+ b

)3

≥ a3 + b3

2
.
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¯¢þ, dàg5, Ø�� b = 1, Ðm��Ø�ª�du

(a− 1)4 (a2 + a+ 1
)
≥ 0,

ùw,¤á.

é n = 3, 1n�(Ø�(, �d�^�Ä

(a, b, c) = (1, 1, 2) , (a, b, c) = (2, 2, 3)

©O�\��=�. �

µµµ555. n = 2��z����¹N´�y; n = 3�·��E~f, �¦{z

��-ü�Cþ��, lz����¹2?Ø.

1992.2 é?¿��ê k, ½Â f1 (k)´ k3 10?�e�êèÚ�²�, �

é?¿�ê n > 1,½Âfn (k) = f1 (fn−1 (k)) .

¦ f1992 (21991) .

))).Äk5¿�����ê�êèÚ�Ù��� 9Ó{, �é k ≥ 18B´

� f2k−1 (21991) ≡ 7 (mod9) ,

f2k (21991) ≡ 4 (mod9) .
( ∗)

ey f1992 (21991) = 256.

5¿� f1 (21991) = f(4995 × 2) < (1000× 9)2 < 108,

⇒ f2

(
21991

)
< f1 (99999999) = 722 < 9999,

⇒ f3

(
21991

)
< 362 < 1999,

⇒ f4

(
21991

)
< 282 < 900,

⇒ f5

(
21991

)
< 900.

d f6 (21991) = (9t+ 7)2, Ù¥ 9t + 7´��²�ê�êèÚ, �� f6 (21992) ∈

{49, 256, 625},

⇒ f7

(
21991

)
= 132 = 169, f8

(
21991

)
= 256,

⇒ f9

(
21991

)
= 169,

...

⇒ f1992

(
21991

)
= 256.

�
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µµµ555.�K´éêèÚ��Ä, $^
�Ä���OÚÓ{�Ã{.

1992.3 �½²¡þÃn:���k��:. y²: �±�ù
:�/Ú,

¦�Ø�3���²¡T¹Ù¥n�:¿�§�ÓÚ.

yyy²²².�¤k�½:�8Ü� S, ò S �à��º:8ÜP� U .

ò S\U ¥�:/ù, U ¥�:/7, �e5kgS/N�/Ú: Äk S\U

¥�:©ª�±ùÚ.

¡ U ¥?���/ÚG�e��: B´��, XJ

1. 4ABC SÃ S ¥�:;

2. A,B,C þ�7Ú.

Ù¥ A,C ´ B3± U �º:8Ü�àõ>/¥��:.

y3b�/ÚN�?1�?���, eØ2k�:, Kª�L§, ÄKÀ

�(�cG�e)���:, ò§/ù.

duù:êzgN��O\, �ùL§7ª�,eyª�G�÷v�¦.

b��3�²¡ Γ,Γ� STkn�ú�: A,B,C, � A,B,CÓÚ.N´�

� A,B,C ¥����áu U , Ø� B ∈ U .

1. A,B,C Ó�7Ú, K A,B,C 7� U þëYn:. 5¿� 4ABC ¹

u ΓS, �4ABC SÃ S ¥�:, ù�� A,B,C ¥k�:, gñ!

2. A,B,C Ó�ùÚ, � B 3 U ¥��:� D,E. d B �ùÚ� B ´N

�/Ú�,�����:, Ïd4BDE SÃ S ¥�:. � A,C � B3 DE ü

ý, ØJwÑù�� D,E ��áu Γ, gñ!

nþ, ¤`/Ú�1. �

µµµ555.�Ä��²¡T¹n:�ùn:¤3 ��©a, ·��Ä�:, Å

Ú�K�:, ��Ò��K8��¦.�Kk�½JÝ.

1991.1 � n´��ê, ¢ê a, b, c÷v a, b ≥ 1, c > 0. y²:

(ab+ c)n − c
(b+ c)n − c

≤ an.

yyy²²². n = 1�, �yØ�ª´�ª.

n ≥ 2�, 5¿� (b+ c)n ≥ 1 + cn > c, ò�Ø�ªÏ©�n, �Ù�du

c (an − 1) ≤ (ab+ ac)n − (ab+ c)n.
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5¿� c (a− 1) = (ab+ ac)− (ab+ c) ≥ 0, ��^y

(ab+ ac)n−1 + (ab+ ac)n−2 (ab+ c) + · · ·+ (ab+ c)n−1 ≥ an−1 + an−2 + · · ·+ 1,

w,þª�>z�Ø�um>�éA�, =y. �

1991.2 ��àõ¡N�L¡d2�n�/Ú3�o>/�¤. ë�Ù¥��

n�/�z�º:Ú���é�o>/é���:, y²: ùn��:.

yyy²²².´�÷v^��õ¡N�eã�(�, aquncI.

XãIPTõ¡N���º:. ¿� AB1 ∩ BA1 = C0, aq½Â B0, A0,

K�y² AA0, BB0, CC0�:.

¯¢þ, 5¿ BB0� CC0þ3²¡ A1BC þ, � C03�ã A1Bþ, B03

�ã A1C þ, � BB0� CC0��, ��:� T .

aq� AA0, BB0, CC0 üü��. �e AA0 ØÏL T , K AA0 ⊂ ²

¡ A1BC. ùw,Ø�U, ·K�y. �

µµµ555.5¿��m¥üü���n^���on��¡, �on��:. �

K�)�=´Äuù�:�Ñ�.

1991.3 �½²¡þ 998�ù:, Ù¥Ãn:��. ·�F"� k�7:÷

v: 3z�±ù:�º:�n�/SÜÑk��7:. ¦ k����¦�é?

¿Ãn:��� 998�ù:Ñ�3÷v�¦�7:�À��{.

))).P n = 998, ky²��� 2n− 5 = 1991�7:.

��¡, ���ù:n�/ P1P2P3, 2�g�Ñù: P4, . . . , Pn, ¦� Pi

3 4P1P2Pi−1 SÜ, 4 ≤ i ≤ n. ò Pi � Pi+1 �ë, 3 ≤ i ≤ n − 1, 2ò Pi

� P1, P2 �ë, 4 ≤ i ≤ n.·�w�§ëÑ��ã��ò 4P1P2P3 ¿©¤


 (n+ 1− 4)× 2 + 1 = 2n− 5�SÜüüØ��n�/, z�n�/S��k

��7:, � 2n− 5�7:.
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,��¡, ·�`² 2n− 5�7:´v
�.�¤kù:� P1, . . . , Pn, Ùà

�º:/¤àõ>/ Ω��Üº:. ?��^�� l, ¦�Ø�?ü:�më�

²1. L�: Pi� l�²1� li, Ø�� ΩY3 l1� l2�m, w, P1, P23 Ωþ.

yé ΩþØ P1, P2�?�: Pi, 3 liþ, Ω�SÜ, � PiéC?���7:;

é ΩSÜ?�: Pi, 3 liþ, Ω�SÜ, � PiéC�üý����7:. ù�·

��Ñ�7:ê�

2n− 2− Ωþ:ê ≤ 2n− 2− 3 = 2n− 5.

é?��ù:n�/ PiPjPk, w,�3 u ∈ {i, j, k}, ¦ luÏL4PiPjPk�S

Ü.�â�:�{�d Pu�Ñ�,�7:34PiPjPk S, ÷v�¦.

nþ, k�����1991. �

µµµ555.�E¥� kÙ¢´���é����, ùL²y²��“ØO¤�”/

3�õ�C�:NC��7:.à��À�´�
²(Cþ?1�O.| �¢

Sþ´3��e��ü�7:¤��`z.�KJÝ¥�.

1990.1 � p�Û�ê, n´��ê. y²: pn2 �õ�k���Ïf d÷

v n2 + d´��²�ê.

yyy²²².b� n2 + d = m2, m´��ê, ·�y²m = p+1
p−1

n. (∗)

5¿�e��ê t�Øm,n,K t2 | d,l�^ n
t
, m
t
, d
t2
�O n,m, d5?Ø.

��y (∗)Ø�� (m,n) = 1, u´ (m2 − n2, n2) = 1. dd9 (m2 − n2) | pn2

�� (m2 − n2) | p, �m2 − n2 = 1½ p.

em2 − n2 = 1, w,ùÃ��ê);

em2 − n2 = p, = (m+ n)(m− n) = p. d p´�ê�

m+ n = p, m− n = 1,

ùíÑ (∗)¤á.

Ïdm�õk����, éA� d = m2 − n2��õ��. �

µµµ555.�Ñm�|^úÏê½ÂíÑm2−n2 = (m,n)2,m2−n2 = p(m,n)2

ùü«�¹, 25¿��|^²��úªò�>©), m>©)��, l7

éA��, )Ñm=�.

1990.2 � I ´ 4A1A2A3 �S%, Ji ´Tn�/� Ai ¤é�%, Bi ´

> Ai+1Ai+2� ∠Ai+1IAi+2�²©���:, i = 1, 2, 3, eI�3�Ä. y²: n
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� BiJi(i = 1, 2, 3)�:.

yyy²²².5¿ Ai ∈ Ji+1Ji+2, �4JiAi+1Ai+2 ∼ 4JiJi+2Ji+1, lk∏
1≤i≤3

sin∠Ai+1JiBi

sin∠BiJiAi+2

=
∏

1≤i≤3

BiAi+1

BiAi+2

· Ai+2Ji
Ai+1Ji

=

( ∏
1≤i≤3

IAi+1

IAi+2

)( ∏
1≤i≤3

JiJi+1

JiJi+2

)

= 1× 1 = 1,

�dCeva½n, BiJi (i = 1, 2, 3)�:. �

1990.3 ·�k��% £�M1, òÙ���¡�þ�VÇ� p. òù

qM1�� kgk 2k «�U(J, rù 2k «(J©��100�¯f, z«(J

T©���¯f. 3ý�/�¤ kg���, ©����(J�¯f¼�.

y²: �±·�/À� p ∈ (0, 1)±9��ê k, ¦�z�¯fk�Ó�¼

�VÇ.

yyy²²².=�y²�3 p ∈ (0, 1)Ú��ê k¦��ò±e 2k �ê:(
k

j

)
� pj(1− pk−j), j = 0, 1, . . . , k

©¤100|, ¦�z|êÚ��.

� k = 199, p�½, ·�y²�±ò 2199�ê:(
199

j

)
� pj(1− p199−j), j = 0, 1, . . . , 199

©¤200|, z|Ú��.

d199��ê� 199
∣∣∣(199

j

)
, j = 1, 2, . . . , 198, Ïd�±òù 2199 − 2�êþ

©�199|, z|¥ pj(1− p)199−j � 1
199

(
199
j

)
� (j = 1, . . . , 198).

{eüê (1− p)199Ú p199, ò§�,���|, ��200|. ù200|ê÷v
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^���=�

(1− p)199 + p199 =
1

199

(
1− (1− p)199 − p199

)
,

½=

(1− p)199 + p199 =
1

200
. ( ∗)

P (∗)�>� f (p), K f (0) = 1,

f

(
1

2

)
= 2 ·

(
1

2

)199

<
1

200
,

ÏddëY0��n, �3 p ∈
(
0, 1

2

)
÷v (∗), y.. �

µµµ555.��òê8
(

199
j

)
?1©´�K�'ï�{, ù��{øUO��

{,Ï©��ê�é��þ p�Ãõ��.�KI��½|g.

1989.1 �½²¡þü^���� a, bÚ��� a, bÃú�:�� ω. é

� b²1�� ω��uü:��� l, � A´ l� a��:, B,C ´ l� ω��

:, ¦� B3�ã AC þ. Á�E�� l¦� BC
AB
�����.

))). XJ b ⊥ a, w,- lL ω�% O� BC
AB
��.

e� b� aØR�, L O� b�R�, � au: X. L: X � �O�ü^

�� xU , xV , �:©O� U, V , U ��C a.  y UV �¤¦� l.

é���� b²1�� ω��uü:��� l,�BC¥:� J , U1 = l∩xU ,

UV ∩ a = N , UV ¥:�M . du ω��/ u U1X �ý, �� B 3�ã U1J

þ. lk
MU

UN
=
JU1

U1A
≥ JB

BA
,

= UV
UN
≥ BC

BA
.dd��� UV =�¤¦� l. �
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µµµ555.3�K¥�� l �� ω���u�¥:kûÐ5�(3½��þ£

Ä), r BC
BA
�ù=z��, ò½:X �Ñ�Bu'�, ù�ÒØJuy¦ BC

BA
�

4�� l�k'5�.

1989.2 é��ê n, ^ S (n)L« n3�?�L«e�êèÚ. ¦¤k��

�êM ¦� S (Mk) = S (M)é¤k�ê 1 ≤ k ≤M ¤á.

))). ¤¦� M = 1 ½ M = 10t − 1 (t ≥ 1). � M = 1 �(Ø²�. e

� M > 1, K�3 t ≥ 0 ¦� 10t − 1 < M ≤ 10t+1 − 1. qw, M 6= 10t,

�M ≥ 10t + 1.

� k = 10t + 1, q�M = mtmt−1 · · ·m1m0, K

kM = 10tM +M = m′2t+1 · · ·m′tmt−1mt−2 · · ·m0, (1)

Ù¥m′2t+1 · · ·m′t+1m′t = mt · · ·m1m0 +mt,m
′
2t+1 ≥ 0.�d®�,

0 = S (kM)− S (M) = m′2t+1 + · · ·+m′t −mt. (2)

l7km′2t ≤ mt.

em′2t = mt, Km2t+1 = m′2t−1 = m′2t−2 = · · · = m′t = 0, ��

m′2t+1m
′
2t · · ·m′t+1m

′
t < mtmt−1 · · ·m1m0 +mt,

� (1)gñ.

�m′2t < mt, Km′2t, . . . ,m
′
tþþk? , l7k

mt = · · · = m1 = 9,mt +m0 ≥ 10,

m′2t+1 = 1,m′2t = · · · = m′t+1 = 0,m′t = mt +m0 − 10.

(Ü(2)��m0 = 9, �M = 10t+1 − 1.

,��¡, eM = 10t − 1 (t ≥ 1), é 1 ≤ k ≤M , ��

k = kt−1 · · · k1k0, k0 = · · · = ki−1 = 0, ki 6= 0,

ùp i��0, L« k�"��". K

kM = kt−1 · · · (ki − 1) 9 . . . 9︸ ︷︷ ︸
i

(9− kt−1) . . . (9− ki) 0 . . . 0︸ ︷︷ ︸
i

,

dd�wÑ S (kM) = 9t = S (M). �

µµµ555.é����¹Á�N´uy5Æ, y²���� k¦� kM �M k

éõ�Ó�êè,Bu©Û S(kM)Ú S(M),¤±�� 10t + 1/ª. M = 10t−1

�÷v�¦´²;(Ø.
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1989.3 3���I²¡þ?1XeiZ. 3?¿�Ú, �±d (x, y)£Ä

�: (x, y ± 2x)½ö: (x± 2y, y),�´Ø#NrüÚ£�Ó�:(=�ò).

y²: l:
(
1,
√

2
)
m©, ØUdk�Ú(���Ú)£�T:.

yyy²²².5¿�zg£Ä�±w¤ R2þ����5C�, b�3ù
C��

EÜF ekF
(
1,
√

2
)

=
(
1,
√

2
)
. 5¿F 7/XF (x, y)→ (ax+ by, cx+ dy) , a, b, c, d ∈

Z, �7k  a+
√

2b = 1

c+
√

2d =
√

2
⇒ (a, b, c, d) = (1, 0, 0, 1) ,

Ïd F �ð�C�. �·�Ø2�Ä: (1,
√

2), ´���/�Ä (1, 0)3

ù
C�e��, §��E,´ (1, 0).

Ã��1�Ú´ (x, y) → (x, y + 2x), K (1, 0) → (1, 2). ,·�y²,

3Kãö�e, ed: (x, y) ²�ÚC�� (u, v), K7k max {|u| , |v|} >

max {|x| , |y|}, ù�d®kýé��2�©þ�Ø�Ud (1, 0)£�g�, �b�

gñ.

¯¢þ, Ø� |x| > |y| (5¿�ü©þÛó5oØ�Ó, � x 6= y ), x ≥ 0.

¿�=?Ø y ≥ 0 �/( y ≤ 0 aq). b�,�ÚÄgk max {|u| , |v|} ≤

max {|x| , |y|} . (∗)

� (x, y)þ�Ú3 (r, s), d (x, y)�½Â� |x| > max {|r| , |s|}, �7kx = r + 2s,

y = s.

u´ s 6= 0, � y > 0.

d (∗)9 |y + 2x| > |x| , |y − 2x| > |x| , |x+ 2y| > x�ku = x− 2y,

v = y,

�� (u, v) = (r, s), �ØU�ògñ! �

µµµ555.Ãnê
√

2r¦·�uy F ¢Sþ�±w�é��²¡�ð�C

�.Ïd�±Ø2�ÄK8¥¤��:
(
1,
√

2
)
, ÀJ5��Ð��: (1, 0)5

ïÄ. ù���A^ |Ü�
�?nÃãJø
^�.�Kk�½JÝ.

1988.1 y²: XJ3ào>/ ABCD S�3�: P ¦ 4PAB,4PBC,

4PCD,4PDA�¡È�Ó, @o ABCD��^é��²©To>/�¡È.
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yyy²²².XJ P /∈ AC, K P � AC ¥:M ØÜ. d

S4APD = S4CPD

� D,P,M ��, d

S4APB = S4CPB

� B,P,M ��. � B,M,P,Do:��, = P ∈ BD.

þã?ØL² P �½3o>/�,^é��þ§dd´�·K¤á. �

1988.2 ®�8Ü T ⊂ {1, 2 . . . , n}3 äkXe5�: é T ¥?¿ØÓü

: (a, b, c)� (x, y, z),þk a < b < c,� a = x, b = y, c = z¥�õ���ª¤á.

¦ |T |����.

))). é (a, b, c) ∈ T , ·��Ä�½ b�ù��éfkõ�|.

d^��� a ∈ {1, 2, . . . , b− 1} , c ∈ {b+ 1, . . . , n},�éz� a ∈ {1, 2, . . . , b− 1},

�õk�� c¦� (a, b, c) ∈ T . Ó�/éz� c ∈ {b+ 1, . . . , n}, �õk�� a

¦ (a, b, c) ∈ T . ��½ b�, éf (a, b, c) ∈ T Øõumin {b− 1, n− b}�. (∗)

l

|T | ≤
n−1∑
b=2

min {b− 1, n− b} =


n(n−2)

4
, 2 | n,(

n−1
2

)2
, 2 - n,

=

[
(n− 1)2

4

]
.

·��Ñ���Ò�~fXe: -

T = {(a, b, a+ b) |1 ≤ a, b, a+ b ≤ n} ,

´� T ÷vKã5�. 5¿ù� (∗) éz� 2 ≤ b ≤ n − 1 Ñ¤á�Ò,

� |T | =
[

(n−1)2

4

]
. �

µµµ555.é T ¥���©aOê, Ñué¡5, ·�� b��©aIO. ~f

��E¦^
Ú�©2002.3�aq��{, 4z��Ñ�:�n�©þ÷v,
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��§, ±Bu��ØÓ:�m�ú�©þ.

�K���A~´2011cém13K:

� a1, a2, . . . , an(n ≥ 4)´�½��¢ê, a1 < a2 < · · · < an.é?¿�¢

ê r, ò÷v
aj − ai
ak − aj

= r (1 ≤ i < j < k ≤ n)

�n�ê| (i, j, k)��êP� fn(r). y²: fn(r) < n2

4
.

1988.3 �o>/ PQRS ´�:ào>/, é����u: E. y²:

e ∠P + ∠Q < 180◦, @o3 4PQE SÜ½Ù�>þ¹k��Éu P,Q��

:.

yyy²²². ^�y{, b��3¡È���Kãào>/ PQRS, ¦�4PQE

SÜ½>.þvk��Éu P,Q��:.

Ø�� R� PQ�ålØ�u S� PQ�ål. �Ä R'u SQ¥:�é

¡: R′, Kd R, S,QÑ´�:� R′´�:.

d SR′ ‖ QR,∠P + ∠Q < 180◦ ±9 P,R3 SQüý� P,Q3 SR′ üý.

Ón S, P 3 R′Qüý, Ïd R′34PQS SÜ.

db�, R′Ø34EPQSÜ½>.þ,�R′34SPESÜ,Ïd�ãR′Q

� PRk�:, �� E ′. Ï 4E ′PQ ⊂ 4EPQ, �cöSÜ½>.þÃ�:,

� R′3 PQRS S, � SPQRR′ < SPQRS, ���5gñ! �

µµµ555.�K|^4à�n±9ÏL²1o>/�Ñ#�:�Ã{é²;, ^

aq��{�±y², �:àÊ>/�Ê^é���Ñ�Ê>/¥��k��

�:.

1987.1 ¦¤k÷v a + b = cd, ab = c + d �pÉ��ê|¤�4�

| (a, b, c, d).

))).dé¡5, Ø�� a > b, c > d, cd ≥ ab.
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K a+ b = cd ≥ ab, � 1 ≥ (a− 1)(b− 1) ≥ b(b− 1), � b = 1.

l a+ 1 = cd, a = c+ d, K 1 + c+ d = cd, =

2 = (c− 1)(d− 1),

d c− 1 > d− 1� c− 1 = 2, d− 1 = 1, l

d = 2, c = 3, a = cd− 1 = 5.

ù| a, b, c, d÷v^�.

l¤k÷v^��4�|�

(5, 1, 2, 3), (5, 1, 3, 2), (1, 5, 2, 3), (1, 5, 3, 2), (3, 2, 1, 5), (3, 2, 5, 1), (2, 3, 5, 1), (2, 3, 1, 5).

�

1987.2 ´Ä�3���m¥�:8¦�§�?Û²¡��Ñ´��k�

8?

))).�Ä:8

T =
{(
xi, xj, xk

) ∣∣x ∈ R, i, j, k ´ 1, 2, 3�ü�
}
,

ey T ÷v�¦.

¯¢þ, é?¿��²¡ τ : ax+ by + cz + d = 0 ( a, b, c, d ∈ R, a, b, c Ø�

�"), �Ä�§

axi + bxj + cxk + d = 0. ( ∗)

5¿�, �½�3 i, j, k� 1, 2, 3�ü�¦�ù��§�ng�§, lù�n

g�§��k��¢ê).

éÙ¦ 1, 2, 3�ü� i, j, k (k��), ÙéA�§ (∗)�kk��).

ùÒ`²
 T � τ��´��k�8, =y. �

µµµ555.�K\Ã�U¬lAÛþ�Ä, ��y�ØJuy�´�/Ï�êÃ

ã()�§)5)û.�
4�§�)o´�3�´u��ê8, ·�é��ng

�§, ¯KBHA).

1987.3 �� 3n+ 1�<�èWÜ¥?¿ü<?1®	¥, �¥½eÚ¥�

T�«'m. ®�?¿��<ÚÙ{ n�<�®	¥, Ú n�<��¥, Ú n�

<eÚ.y²: �±lèWÜ¥ÀÑ 3�<, ¦�ù 3�<�m 3«'m�8Ñ

?1
.
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yyy²²².b�Ø�3¤`�n<, O�Xe�éfê8:

S = {(A, {B,C}) | B � A,C � A'm��8ØÓ}.

��¡, l A��Ý, z�¤
 Aë\
n«�8� n|, �

|S| = 3n2 (3n+ 1) .

,��¡, ?�n<, d�y{b�´�ùn<� S Jø�õ 2�éf. n<

|k
(

3n+1
3

)
«ÀJ, �

|S| ≤
(

3n+ 1

3

)
· 2.

Ïdk

0 ≤ 2

(
3n+ 1

3

)
− 3n2 (3n+ 1)

=
1

3
(3n+ 1) (3n) (3n− 1)− 3n2 (3n+ 1)

= (3n+ 1)
(
n (3n− 1)− 3n2

)
= − (3n+ 1)n.

ùw,Ø�U. �

µµµ555.�K^�
�üg�²;�{.ò{üã�>�/Ú, Kã¥n>ü

üÉÚ!k>ÓÚ�n�/©O�z
�½êþ�kú�º:�ÉÚ>éf,

/d�òº:�Ý�n>üüÉÚ�n�/ê8ïáéX.

1986.1 y²±eü�·K�d.

(1) 3d��:ÚÑ� 3^��þ�±©O�Ñ±T:�à:�n^�ã,

¦��3±ùn^�ã�¡é�����N;

(2)ù 3^��üü�m�Y�þ�b�, �ù 3��Ú� 180◦.

yyy²²². e(1)¤á, ���N� ABCD − EFGH, Ù¥ AC,AF,AH �n^

��. ë� HF,CF .
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du HF = DB = AC,AH = BG = CF,AF = AF, l 4AHF ∼=

4FCA, � AH � AF �Y��u FC � FAY�, = ∠CFA.

Ón, AC � AH Y��u CA� CF Y�, = ∠ACF .

 AF � AC �Y�=� ∠FAC, Ï�4ACF n�S��Ú� 180◦, �(

Üþã�� AH,AC,AF üüY��Ú� 180◦.

qdu

AC2 + AF 2 = AB2 + CB2 + AB2 +BF 2 > CB2 + FB2 = CF 2,

� ∠CAF �b�.Ón AH,AF Y�, AG,AH Y�þ�b�. �(2)¤á.

,��¡,e(2)¤á,�là:AÚÑ�n^��©O� l1, l2, l3. � l1� l3

�Y�� α, l1� l2Y�� β, l2� l3Y�� γ, α, β, γ ∈ (0◦, 90◦), α + β + γ =

180◦.

3 l1 þ��: C ¦ AC = sin γ, 3 l2 þ��: H ¦ AH = sinα, 3 l3 þ

��: F ¦ AF = sin β. 5¿�d�u½n, �3��± AC,AH,AF �n>

>��n�S�� α, β, γ�b�n�/, � CF = sinα = AH.

d��Ä±√
sin2α + sin2β − sin2γ

2
,

√
sin2α + sin2γ − sin2β

2
,

√
sin2β + sin2γ − sin2α

2

�>����N A∗B∗C∗D∗ − E∗F ∗G∗H∗, Ù¥

A∗B∗ =

√
sin2β + sin2γ − sin2α

2
, B∗F ∗ =

√
sin2α + sin2β − sin2γ

2
,

B∗C∗ =

√
sin2α + sin2γ − sin2β

2
.

K A∗C∗ = sin2γ = AC, A∗F ∗ = AF , C∗F ∗ = CF .

u´�3��N ABCD − EFGH ′ ���N A∗B∗C∗D∗ − E∗F ∗G∗H∗ �

�, � H ′� H 3¡ AFC Óý.

dc¡y²��, A∗H∗ � A∗F ∗, A∗C∗ �Y�©O� γ, β, � A∗H ′

� AF,AC Y�©O� γ, β.  AH � AF,AC �Y�©O� γ, β, � AH ′ =

AH, � H = H ′.

ùÒ`²
(1)¤á, �K�y. �

µµµ555.(ØJ«·�ATò 3^Ø�¡��üü�m�Y�=z���n

�/¥�, ùdAÛN�é¡5N´¢y, �E��ÿ2ò��N��=�.
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1986.2 �½��ê n > 2, ¦���¢ê hÚ���¢ê H ¦�

h <
a1

a1 + a2

+
a2

a2 + a3

+ · · ·+ an
an + a1

< H

é?¿�êa1, a2, . . . , an¤á.

))).��¡, - ai = εi (i = 1, 2, . . . , n) , ε > 0, K
n∑
i=1

ai
ai + ai+1

=
n− 1

1 + ε
+

εn

εn + 1
.

©O� ε→ +∞Ú ε→ 0��Lk h ≤ 1Ú H ≥ n− 1.

,��¡, d
n∑
i=1

ai
ai + ai+1

>

n∑
i=1

ai
a1 + · · ·+ an

= 1,

±9
n∑
i=1

ai
ai + ai+1

=
n∑
i=1

(
1− ai+1

ai + ai+1

)
= n−

n∑
i=1

ai+1

ai + ai+1

< n−
n∑
i=1

ai+1

a1 + · · ·+ an

= n− 1,

�� h = 1, H = n− 1÷v^�.

�nþ¤ã, hmax = 1, Hmin = n− 1. �

µµµ555.y²©ªØ�ª�, ��~^��{´Ú�©1.ùp·�ÏL²�

�� �¢yT�{.

1986.3 �½�ê k (1 ≤ k ≤ 100), AÚ B?1XeiZ: 3 {1, 2, . . . , 100}

¥�Å� k�ê, Ú�óêK A�, ÄK B�. é=
�ê k, AÚ B¼�VÇ

�Ó?

))).�Äõ�ª
100∏
i=1

(
1 + (−1)ix

)
.

��¡, Ï�
100∏
i=1

(
1 + (−1)ix

)
=

∑
I⊆{1,2,··· ,100}

∏
a∈I

(−1)ax|I|,

ùp5½
∏
a∈∅

(−1)ax|∅| = 1. K�±wÑÙ¥ xk (0 ≤ k ≤ 100) �Xê�

l {1, 2, · · · , 100} ¥� k �ê, ©O¦�Ú�óê�Ú�Ûê�ü«�{
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ê��. l AÚ B¼�ÅÇ�Ó��=� xk �Xê� 0.

,��¡,
100∏
i=1

(
1 + (−1)ix

)
= (1− x)50(1 + x)50 =

(
1− x2

)50
=

50∑
t=0

(−1)t
(

50

t

)
x2t.

� xk (0 ≤ k ≤ 100)�Xê�u 0��=� k �Ûê. nþ, é 0 ≤ k ≤ 100,k

÷v^���=� k�Ûê. �

µµµ555.ùp·�^)¤¼ê�{5O�ü«�{ê��. k'ù«�{, �

±ë� [6]?1ÆS.

1985.1 ��ê n ≥ 2, ë�à n + 1>/ P0P1 · · ·Pn ��
üüvkú�

S:�é��,òÙ¿©� n− 1�n�/.

y².�±�¿©¤��z�n�/IP 1, 2, . . . , n − 1¥���ê, z�

êÑ^�, ¦�éz� i ∈ {1, 2, · · · , n− 1}, Pi´IP i�n�/���º:.

yyy²²².é n¦^êÆ8B{.

n = 2�(Ø²�.b��u n(n ≥ 3)�(Ø¤á, �Ä n���/. du

¿©��
 n− 1�n�/, §�¹ n+ 1>/�¤k>, l�3��n�/,

¹ n + 1>/��� 2^>, ?d n ≥ 3�§TÐ¹ n + 1>/� 2^>. u

´��Tn�/�4Pi−1PiPi+1 (eI� n+ 1n)).

d��e� n− 2�n�/¹ n + 1>/� n− 1^>, l��3��n

�/¹ n+ 1>/���ü^>, ����4Pj−1PjPj+1. u´ Pi 6= Pj, ´� Pi

� Pj Ø��, l i 6= 0, n� j 6= 0, n¥��¤á��, Ø��cö¤á.

ò4Pi−1PiPi+1IP i.d�éà n>/ Pi−1Pi+1Pi+2 · · ·Pi−2, P0� Pn3Ù

¥��,�Ù�é��¿©� n − 2�n�/.d8Bb�, �±�ù n− 2�n

�/IP {1, 2, . . . , n− 1} \ {i}¥êi¦éuz� j ∈ {1, 2, . . . , n− 1} \ {i}, Pj
´IP j �n�/���º:.

nþ, n�·K¤á.l(Ø�y. �

µµµ555.5¿�n�¿©�A:, ��|^8B{, ��5¿��÷vzgí

:��, ØI�/Ú�ü:��=�.

1985.2 éz��ê n ≥ 2, ½Â n�“�Ú”Xe: é n�z��Ïf p, �

Ä�����ê k¦ pk ≤ n, ¿ò¤kù
 pk ¦Ú=��Ú.

y². �3Ã¡õ���ê n¦� n��Ú�u n.
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yyy²²².ey 15k (k ∈ N)��Ú�u 15k, P n = 15k.

¯¢þ, é�ê p | 15k, � pjp ≤ n < pjp+1, K pjp > n
p
, l 15k��ÚØ

�u

2j2 + 3j3 + 5j5 >
n

2
+
n

3
+
n

5
> n.

�

µµµ555.d�Ú½Â���Ú�u

 ∑
p|n,p��ê

1

p

 · n, ��- n�ØÓ�Ïf

�êÚ�u 1=�, ·���?ê
∑
p��ê

1

p
uÑ, �þã�¦´N´÷v�.

1985.3 ò��n�/�z�º:'ué>���, y²: dn���:�

¤�n�/¡È�u�n�/¡È� 5�.

yyy²²².|^)ÛAÛ.

��n�/� ABC, A,B,C 'ué>���:©O� A∗, B∗, C∗. Ø��

3²¡���IX¥, C(−1, 0), B(1, 0), A(s, t)(t > 0), K S4ABC = t, A∗(s,−t).

� B∗(u, v), C∗(z, w), K

S4A∗B∗C∗ =
1

2
|uw − zt+ sv + ut− zv − sw| .

ØJ)�

u =
(s+ 1)2 − 3t2

(s+ 1)2 + t2
, v =

4t(s+ 1)

(s+ 1)2 + t2
, z =

3t2 − (1− s)2

(1− s)2 + t2
, w =

4t(1− s)
(1− s)2 + t2

,

�\þªz{�

S4A∗B∗C∗ =
t

((s+ 1)2 + t2)((1− s)2 + t2)
·
∣∣5s4 − 10s2 − 3t4 − 14t2 + 2s2t2 + 5

∣∣
=

t

s4 − 2s2 + 2s2t2 + t4 + 2t2 + 1
·
∣∣5s4 − 10s2 − 3t4 − 14t2 + 2s2t2 + 5

∣∣ .
��¡,N´wÑ

5s4 − 10s2 − 3t4 − 14t2 + 2s2t2 + 5 < 5
(
s4 − 2s2 + 2s2t2 + t4 + 2t2 + 1

)
,

,��¡, k

(
5s4 − 10s2 − 3t4 − 14t2 + 2s2t2 + 5

)
+ 5

(
s4 − 2s2 + 2s2t2 + t4 + 2t2 + 1

)
= 10s4 − 20s2 + 12s2t2 + 2t4 − 4t2 + 10.

e 3s2 ≥ 1,K

þª ≥ 10(s2 − 1)2 + 2t2 ≥ 1.
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e 3s2 < 1,K

þª ≥ 10(s2 − 1)2 + 2(t2 − 1)2 − 2

> 10(
1

3
− 1)2 − 2 > 0.

ùB`²
 S4A∗B∗C∗ < 5t = 5S4ABC , (Ø�y. �

µµµ555.�K��±^ã/�Ö�AÛ�{5�, �@�KI�64ABC �

/G?Ø�þ�¹, þã){±�½þ�O���. ly²L§¥ØJwÑ, ~

ê5´�Z�.

1984.1 UÏ~�ª�ÑPascaln�/c 41¿3ç���¦Ú��Xã¤

« 7�êi.éc 10241�aq�ö�,¯��� 2047�ê¥kõ��Ûê?

1

1 1

1 2 1

1 3 3 1

1 1 4 3 4 1 1

ùp, Pascaln�/´ù����n�/ê
: 1m1km�ê, �T1l

��m1 k�ê�u��ªXê
(
m−1
k−1

)
(m ∈ N∗, 1 ≤ k ≤ m).

))). é�K�ê n, �éc 2n 1�Kãö����Ûêê8� an, K a0 =

1, a1 = 3.

e¡y² an+1 = an + 2an−1.

dLucas½n, ´�é?¿m, k, n ∈ N, m, k < 2n, þk(
m+ 2n

k

)
≡
(
m

k

)
(mod2) .

(ÜPascaln�/¶é¡�5�, XJòc 2n1� 2����K�{U� �

ü¤n�
Mn, KMn+1�±y©�/G�Ó�o¬, Ù¥n¬�Mn�Ó, �

{�¬SÜ��". (∗)

�éc 2n1�Kãö����l��m� i�ê� S
(n)
i (1 ≤ i ≤ 2n+1 − 1),

½Â S
(n)
0 = 0, n = 0, 1, . . ., Kd (∗)�wÑ

S
(n+1)
i + S

(n+1)

i+2n+1 ≡ 2S
(n)
i + S

(n)
|2n−i| ≡ S

(n)
|2n−i| (mod2)

(
1 ≤ i ≤ 2n+1 − 1

)
.

Ïde S
(n)
|2n−i|�Ûê, K S

(n+1)
i , S

(n+1)

i+2n+1 �Û�ó,ù�� ik an− 1�(~�1´

Ï� S
(n)
2n ´Ûê, �Ø�3 1 ≤ i ≤ 2n+1 − 1¦� |2n − i| = 2n ).
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eS
(n)
|2n−i|�óê,KS

(n+1)
i , S

(n+1)

i+2n+1ÓÛó,Ó�d (∗)ØJwÑS
(n+1)
i , S

(n)
i

ÓÛó. Ïde S
(n+1)
i , S

(n+1)

i+2n+1 Ó�Ûê, K S
(n)
i �Ûê. ù� S

(n)
|2n−i| + S

(n)
i ≡

1 (mod2).

� 1 ≤ i ≤ 2n − 1�,

S
(n)
|2n−i| + S

(n)
i = S

(n)
2n+i + S

(n)
i ≡ S

(n−1)

|2n−1−i| (mod2) ,

� 2n ≤ i ≤ 2n+1 − 1�,

S
(n)
|2n−i| + S

(n)
i = S

(n)
i−2n + S

(n)
i ≡ S

(n−1)

|3·2n−1−i| (mod2) .

Ïd� S
(n−1)

|2n−1−j|´Ûê�, ·K“ S
(n)
|2n−j|�Ûê, S

(n)
j �óê”�·K“ S

(n)
|2n−j|�

óê, S
(n)
j �Ûê”TÐ¤á��. ddØJwÑ÷v S

(n+1)
i , S

(n+1)

i+2n+1 Ó�Ûê

� iTk an−1�.

qÏ�þ¡��Ä S
(n+1)

2n+1 ù�Ûê, Ïdk

an+1 − 1 = an − 1 + 2an−1 ⇒ an+1 = an + 2an−1.

dA���{� an = 1
3

(
2n+2 + (−1)n+1). �

µµµ555.ïÄ��ªXê� 2��{k4í!1¼ê��{.�){|^
 (∗)

ù�Pascaln�/��5�, �±ò S(n+1)��Ü©=z� S(n)�Ä, �U=

z�Ü©|Ü/�� S(n−1)¥ê�éA, ùI��½�*	.

1984.2®�4A1B1A2,4B1A2B2,4A2B2A3, . . . ,4B13A14B14,4A14B14A1

Ú4B14A1B1´�m¥��X��>n�/, �©O�÷�� A1B1, B1A2, . . . ,

A14B14Ú B14A1=Ä.

¯: ´Ä�±·�=Ä¦ù 28�n�/��3Ó��²¡¥?

))).b��±ò§���3Ó��²¡¥. �Äµ4ò�L = A1B1A2 · · ·B14A1,
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P A15 = A1, B0 = B14.

é 1 ≤ i ≤ 14, Ï AiBi, BiAi+1´�>n�/4AiBiAi+1�ü>, �§�Y

�� 60◦. Ón��Bi−1Ai, AiBi�Y�� 60◦.

Ïd�3���>n�/���, ¦� LdT���eZü ��|¤.

,N´ò���>Iþ 1, 2, 3,¦�é?¿n^�º:�ë��� x, y, z, e x

� y, y� z�Y�þ� 60◦, K x, y, zIÒüüØÓ.

Ïd Lþ��ãIÒ± 3�±ÏÌ�, � 3 - 28,ùØ�U. �

µµµ555.84“��ü>Y�ð� 60◦ ”ù�A��±wqE,��m¯K{

z�ïÄ²¡þ�ò�.é�>n�/���/Ú±íä� 35���{´²

;�.

1984.3 �½ n��ê(Ø�½pØ�Ó)±9 2���ê p, q.eù n�ê¥

k�Ó�ê, �Ù¥�Óüê¿ò��\þ p, ,��~� q. eEk�Ó�ê,

Eù�ö�.

y²: 3k�gö��¤k n�êpÉ.

yyy²²².�åÐ n�ê¥���ê´M , ���ê´m.

é r8By²3?¿gö����u�uM + r (p+ q)�êk�� r�.

r = 0�·K¤á; b��u r�(Ø¤á, r�, b�3,gö�c(Ø¤

á.

eTgö�´éü��uM + r (p+ q)½�u�uM + (r − 1) (p+ q)�

êö�,Kw,(ØE,¤á.

eTgö�´éü��uM + (r − 1) (p+ q)��u�uM + r (p+ q)�

êö�, d8Bb�, d�k�� r − 1�ê ≤M + (r − 1) (p+ q). 3ö��O

\���u�uM + r (p+ q)�ê,2\þ r − 1�Ø�uM + (r − 1) (p+ q)

�ê,·K¤á.

Ïd?¿ö��ù
êØ�uM + n (p+ q).

Ón�yù
ê3?¿gö��Ø�um− n (p+ q).

d²£ØC5Úé¡5, Ø��m− n (p+ q) > 0, p ≥ q.

�Ä¤kê�²�Ú, �gö�²�ÚUCþ�

(a+ p)2 + (a− q)2 − 2a2 = 2 (p− q) a+ p2 + q2 ≥ p2 + q2 (a > 0) ,

²�ÚØ�u n(M + n (p+ q))2. lk�Ú�ö�(å, d� n�êüü

ØÓ.
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�

µµµ555.'�´�y²3?¿gö��¤kêk., ù�K¥8B�y�·K

Ò´N´���, �¡2|^�ØCþ`²ö�k�g=�.

1983.1 �knê x, y, z÷v:

x3 + 3y3 + 9z3 − 9xyz = 0,

y²: x = y = z = 0.

yyy²²².dàg5±9 x, y, zþ�knê, Ø�� x, y, zþ´�ê.

XJ x, y, z¥k��´0, ´�,	ü�Ñ´0, l x = y = z = 0, ·K�

y.

e¡�^y�§Ã¦ x, y, zþ�0�)(¡ù��)��²��).

¯¢þ, eù��)�3, � (x0, y0, z0)´¦ |x|+ |y|+ |z|����²�),

du 3|3y3
0 + 9z3

0 − 9x0y0z0, � 3 |x3
0 , � 3 | x0.

�� x0 = 3x1, x1 ∈ Z\ {0}, u´

y3
0 + 3z3

0 + 9x3
0 − 9x0y0z0 = 0

L² (y0, z0, x1)�´�|�²�), l

|y0|+ |z0|+ |x1| ≤ |x0|+ |y0|+ |z0|

�Ñ 3 |x1| ≤ |x1|,� x1 6= 0, gñ. ��K�y. �

µµµ555.b� x, y, z ∈ ZÒ�±?1�Ø5�©Û
. 3�� 3|x��r x
3
�

Ñ5�\��§, z{���§���§/ª��, u´4ü{Ò^n¤Ù.

e5¿��ª�>äk u3 + v3 +w3 − 3uvw�/ª, òÙ©)� 1
2
(u+ v +

w)((u− v)2 + (v − w)2 + (w − u)2), �X2|^ 1, 3
√

3, 3
√

93 Qþ�5Ã', ½

��Ñ(Ø¤á.

1983.2 ®��K¢Xêõ�ª f(x) = xn + a1x
n−1 + · · · + an−1x + 1k n

�¢�. y²: f(2) ≥ 3n.

yyy²²².� x1, . . . , xn´ f � n�¢�,5¿�� x ≥ 0� f (x) > 0, �z� xi

þ�u". Ïd yi = −xi > 0, i = 1, 2, . . . , n.
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d��½n,
n∏
i=1

yi = 1. ?d HölderØ�ª��

f (2) =
n∏
i=1

(2− xi)

=
n∏
i=1

(1 + 1 + yi)

≥

1 + 1 + n

√√√√ n∏
i=1

yi

n

= 3
n

.

�

µµµ555. (Ø¥ n g��/ªr¦·�|^ f 'u��L«?1�O, u

´ ai ≥ 0�5�Ò�g,/fz� f �z�¢�þ�Kê, ��^ HölderØ�

ª=��¤y².

1983.3 �½²¡þÃn:��� n+ 1�: P1, P2, . . . , Pn, Q. ®�é?¿

ü�ØÓ�: Pi, Pj, þ�3Éuùü:�: Pk ¦: Q34PiPjPk S.

y²: n´Ûê.

yyy²²².^�y{, b� n´óê.

5¿�, ò: Pi £Ä��� QPi (Ø�à:)þ�?�:�, Q ´Ä

3 4PiPjPk SäkØC5, �Ø�� P1, . . . , Pn ^gü�3± Q ��%�

� ωþ.

Ø��¹k P2�l P1Pn
2

+1´�l. ^�L², é?¿ 1 ≤ i ≤ n
2
, (Ø¹Ù

§ Pj �)l PiPi+1þ��¹k�� Pk �é»: P
′

k, �= Pk ∈ P ′iP ′i+1, Pù Pk
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� Ri.

u´d �'X´� P1, P2, . . . , Pn
2

+1, R1, R2, . . . , Rn
2
´ P1, P2, . . . , Pn ¥

�
(
n
2

+ 1
)

+ n
2

= n+ 1�pÉ:, gñ, y.. �

µµµ555.ò“: Q34PiPjPk ”?1=z=���Bug���ß�(�, �

��ínØJ.

1982.1 �m¥�����N���¡� 4�º:þ´�:, �T��N�

NÈ���ê. y²: �e� 4�:�´�:.

yyy²²².�T��N�>�� d, w, d2 ∈ Z, d^�� d3 ∈ Z, � d ∈ Z.

e¡�^y²: � a, b ∈ Z3,a · b = 0, |a| = |b| = d ∈ N∗, K� a, bþR�

���� d��þ c ∈ R3�´��þ, = c ∈ Z3.

¯¢þ, a = (x1, y1, z1)� b = (x2, y2, z2)��þÈ

a× b =

∣∣∣∣∣∣y1 z1

y2 z2

∣∣∣∣∣∣ ,
∣∣∣∣∣∣z1 x1

z2 x2

∣∣∣∣∣∣ ,
∣∣∣∣∣∣x1 y1

x2 y2

∣∣∣∣∣∣


� a, bþR�, Ù��� |a| · |b| · sin 〈a, b〉 = d2, Ïd c = ±a×b
d

.

·��^y² d�Ø a× b�z��©þ.

¯¢þ, d

x2
1 + y2

1 + z2
1 = d2 (1)

x2
2 + y2

2 + z2
2 = d2 (2)

x1x2 + y1y2 + z1z2 = 0 (3)

��

(x1x2 + y1y2)2 = (z1z2)2 =
(
x2

1 + y2
1 − d2

) (
x2

2 + y2
2 − d2

)
.

dù�� d2�Ø (x1y2 − x2y1)2, = d

∣∣∣∣∣∣
∣∣∣∣∣∣x1 y1

x2 y2

∣∣∣∣∣∣ . Ón d��Ø a× b�,	ü�

©þ, y.. �

µµµ555. Ø
)�þÈ�{��±����§ò c ���©þ)Ñ5, �

� d

∣∣∣∣∣∣
∣∣∣∣∣∣x1 y1

x2 y2

∣∣∣∣∣∣ �y²�I^n�ªf (1), (2), (3)�� z1, z2��=���.

1982.2 y²: é?¿��ê k > 2, �3Ã¡õ���ê n ÷v n, n +

1, . . . , n+ k − 1���ú�ê�u n+ 1, n+ 2, . . . , n+ k���ú�ê.
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yyy²²². P t = k − 1 > 1, M = [n+ 1, n+ 2, . . . , n+ t]. � n = l · t! − 1,

l ∈ N∗, u´ (n, n+ i) = (n, i) = 1, 1 ≤ i ≤ t. Ïd [n, n+ 1, . . . , n+ t] =

n · [n+ 1, . . . , n+ t] = n ·M .

5¿�, t |[n+ 1, n+ t+ 1], � t |(M,n+ t+ 1), u´

[n+ 1, n+ 2, . . . , n+ t+ 1] = [M,n+ t+ 1]

=
M · (n+ t+ 1)

(M,n+ t+ 1)

≤ M · (n+ t+ 1)

t
.

¤±
[n, . . . , n+ t]

[n+ 1, . . . , n+ t+ 1]
≥ tn

n+ t+ 1
,

� n¿©��, m>�u1,=y. �

µµµ555.ùp·���{¢Sþ�^�y:

1. (n, n+ i) = 1, 1 ≤ i ≤ k − 1;

2. (n+ k, (n+ 1) · · · (n+ k − 1)) > 1

=�.

1982.3 é¤k��ê^ 100 «ôÚ/Ú, ¦�z«ôÚÑ^�.éu�

Ý�Ó�à:þ��ê�ü�«m, 'X«m [a, b]Ú [c, d], e a� c, b� d

©O/k�Ó�ôÚ, K��«m [a, b] � [c, d] /ÚéA�Ó(=é�ê x,

� 0 ≤ x ≤ b− a�, �ê a+ x� c+ x/Ú´�Ó�).

y²: −1982Ú 1982ØÓÚ.

yyy²²².^ c (x)L«ê x�/Ú.

é?¿ëY101��ê t, t + 1, . . . , t + 100, dÄT�n,�½�3Ù¥ü�

ê x, x+ r, ÷v c (x) = c (x+ r).

ézëY101���ê�þã�Ä, d 1 ≤ r ≤ 100 �,� r ��Ñ

Ã¡õg, �éAud r � x �g� x1, x2, · · · .u´éz� i > 1, �Ä

«m [x1, xi] , [x1 + r, xi + r] , d c (x1) = c (x1 + r), c (xi) = c (xi + r) 9^�

� c (j) = c (j + r), x1 ≤ j ≤ xi. (∗)

l c (j) = c (j + r)é?¿ j ≥ x1¤á.

Ón�3 r′ ∈ {1, 2, . . . , 100}� xi, ¦� c (j) = c (j + r)é?¿ j ≤ xi ¤

á.
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PM = rr′, u´ c (j) = c (j +M), � j ≤ xi −M ½ j ≥ x1�¤á.

Ócãaq��éZ�/Ú´�M?1�(=em ≡ n (modM)K c (m) =

c (n) ). ����D ∈ N∗¦Z�/Ú´�D?1�,eD ≥ 101,3 1, 2, . . . , 101

¥k i < j /Ú�Ó, u´ c (kD + i) = c (kD + j)é?¿ k ∈ Z¤á. la

q� Z�/Ú´� (j − i)?1�, � j − i ≤ 100 < D, gñ, Ïd D ≤ 100.

qÏ�z«ôÚÑ�^�, � D = 100. Ïd?¿ü�êÓÚ��=�§�

� 100Ó{, d 100 - 1982− (−1982)� 1982� −1982ØÓÚ, y.. �

µµµ555.w,K¥�/Ú´²£ØC�, �^�Ä� 1982− (−1982)� 100�

éX, ¿�5¿��y 1, 2, · · · , 100üüpÉ� mod100±Ï/Ú´�«÷v

^��/{.ù
Ñr¦·�y²/Ú��±Ï5.

|^ÄT�nwÑ(� (∗)����3 Z�,�ý/Ú´�±Ï�, Ón

,�ý�´Xd, (Üùü:2^�g^���/Ú3 Zþ´�±Ï�.?|

^ü�CålÓÚê�EÑy�Ñd�����, ùÒ�Ñ
^������

x.�KJÝ¥�.

1981.1 y²: é²¡þ?¿ 5: A,B, P,Q,Rk

AB + PQ+QR +RP ≤ AP + AQ+ AR +BP +BQ+BR.

yyy²²². P,Q,R¥k��ü:3 AB �ý(�)�� AB þ), Ø��� P,Q.d

�N´���ã AP � BQk�:½�ã AQ� BP k�:,Ø�b��ã AP

� BQ��, U ´Ù���:.

Kdn�Ø�ª��

AP +BQ = QU +BU + AU + UP = AU + UB +QU + UP ≥ AB + PQ,

AQ+ AR ≥ QR,BR +BP ≥ PR,

l

AB + PQ+QR +RP ≤ AP + AQ+ AR +BP +BQ+BR. �

µµµ555.eüX¦^n�Ø�ªuym>��ØÑ�>, ù���XJkào

>/ÒUk�Ð�� , |^ P,Q,Rù 3:¥�½k 2:3 AB�ýÒ��

ù��(�.

1981.2 ®� n��½�u 2�óê, � n× n���L�ü��^ 1
2
n2«

ôÚ/Ú, z«ôÚT/ 2���.
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y²: �±3 n�ØÓôÚ���¥�� n��, ¦�?ü��ØÓ1�

ØÓ�.

yyy²²².ò1 i11 j ����^ (i, j)L«.

é?¿��l {1, . . . , n}�g��V� S, ��� (i, S (i)) , i = 1, . . . , n, K

ù n���üüØÓ1�ØÓ�. ù��À��{ê�k n!«.

b�·KØ¤á, @oz�« S �À�Ñ¬¦� (1, S(1)), . . . , (n, S(n))¥

��k2�ÓÚ�, òù«ôÚ� S �é.

lk�«ôÚÑy3�� n!
n2/2

= 2
n

((n− 1)!)�éf¥.

,�¹TôÚ2����V� S �À{ê�õ� (n− 2)!,ù��

2

n
((n− 1)!) ≤ (n− 2)!,

= n ≤ 2, gñ!

lb�Ø¤á, ·K�y. �

µµµ555.Oê�{�±7m(��x�(J, 3Ù§g�Ñ¦�e��½N¬

kÛ�.�K��±^8B{y², þ¡�){5gAoPS.

1981.3é��ê n,^ r(n)L« n� 1, 2, . . . , nØ�{ê�Ú.y²: r(n) =

r(n− 1)éÃ¡õ���ê n¤á.

yyy²²².� f (n, k)L« nØ± k�{ê, 0 ≤ f (n, k) < k, K

r (n) =
n∑
i=1

f (n, i).

5¿�

f (n+ 1, i)− f (n, i) =

 1, i - n+ 1,

1− i, i | n+ 1.

�

r (n+ 1)− r (n) =
n∑
i=1

(f (n+ 1, i)− f (n, i))

= n−
∑
d|n+1
d6=n+1

d.

� n+ 1 = 2α, α ∈ N∗K∑
d|n+1
d6=n+1

d = 1 + 2 + · · ·+ 2α−1 = 2α − 1 = n,

l r(n+ 1) = r(n), ·K�y. �
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µµµ555.�Ä�þ¿z{/ª, ��=�¦ σ(n + 1) = 2n + 1 (Ù¥ σ´Ïê

Ú¼ê),N´w� n + 1�2��÷vTª. ¦¤k� n¦ σ(n + 1) = 2n + 1

K´���)û�¯K.

1980.1 ò�m¥�¤k:^Ê«ôÚ/Ú,z«ôÚÑ¦^. y²:�3�

�²¡�¹o�ØÓôÚ�:.

yyy²²².^�y{, �Ê«ôÚ� a, b, c, d, e.b�?¿²¡þ�õkn«ôÚ

�:.

e,^�� lþ��kn«ôÚ�:, ?�1o«ôÚ�: v, K�3��

²¡�¹ lÚ v, Ùþ��o«ôÚ�:, �b�gñ.

Ïd?¿��þ�õkü«ôÚ�:. é a, b, c, dz«ôÚ, ©O���

�AôÚ�: A,B,C,D, K A,B,C,DØ�¡, l�� AB� CDQØ��,

�Ø²1.

ØJ�����3²¡ Γ1 ⊃ AB,Γ2 ⊃ CD, Γ1 6= Γ2, ¦� Γ1 ‖ Γ2. Ï�

3 eÚ�:, � eÚ�:Ø�U�3 Γ1 þqÓ��3 Γ2 þ, �Ø���3�

� eÚ�: E, E /∈ Γ2.

l²¡ CDE 6=²¡ Γ2, Ï Γ2 ´���L CD�� AB ²1�²¡, �

²¡ CDE Ø²1u AB, =ùüö7k�: X. Ï X ∈ AB, �dc¡¤y, X

� aÚ½ bÚ, ��²¡ CDE þk��o«ôÚ�:, gñ, (Ø�y. �

µµµ555.é?n:þ�3��²¡�¹ùn:, Ïd3�yb�en�ÉÚ:

¤3²¡=kn«ôÚ.ù´ér�^�, Ï�ù¬¦k�8�²¡/Ú�©É
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�.é���kaq��þ.

1980.2 �½�u 1�Ûê n.y²:�3��ê x, y÷v

4

n
=

1

x
+

1

y

�¿©7�^�´ nk/X 4k − 1��Ïf.

yyy²²².�3��ê x, y¦�

4

n
=

1

x
+

1

y

⇔�3��ê x, y¦� x = ny
4y−n

⇔�3��ê y > n
4
¦ 4y − n | ny

⇔�3��ê y > n
4
¦ 4y − n | (4ny − n (4y − n)) = n2 (Ï� 4y − n�Û

ê).

� nk�Ïf p = 4k − 1 (k ∈ N∗)�, - y = p+1
4
n > n

4
, K y ∈ N∗, �

4y − n = (p+ 1)n− n = pn

´ n2�Ïê.

��3��ê y > n
4
¦ 4y − n | n2 �, 5¿�?¿� 4{ 3���ê7k

� 4{ 3��Ïf(ùd�y{´y). Ïde n ≡ 3 (mod4), K nk 4k − 1.

�Ïf; e n ≡ 1 (mod4), K 4y − n ≡ 3 (mod4), � 4y − nk 4k − 1.�Ï

f p. d 4y − n | n2� p | n2, ? p | n, (Ø�y. �

µµµ555. ò x )Ñ�¯K�d=z�
¹ y, n �ªf�m��Ø'X,

�4{3�ê7k�4{3�(�)Ïf´��©Û^��'�¯¢.

1980.3 ��I[k2��¥èWÜ,Ù¥©Ok1000Ú1001�¤
.¤k¤


¢åüüØÓ, �®��èWÜSÜ¤
¢å�ü¶. z|'mÀ�ü¶¤


é�, ¢år�<o´�}¢åf�<. y²: �±·�Sü11|'m, �â

�ª(J(½¤k<¥¢å11001r�<(�?1�'m�±�â®?1�'

m(J?1Sü).

yyy²²². ky²XeÚn: é?¿ n ∈ N, �ü��¥èWÜ�k 2n + 1

�¤
. ®��èWÜSÜ¤
�±©OU¢åüSü� a0, a1, . . . , a2n

Ú b0, b1, . . . , b2n , � a0ru b2n , b0ru a2n . K�Sü n+ 1|'m(½¤k<

¥¢å1 2n + 2r�<.
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é n8B, n = 0�(Øw,. b� n− 1�¤á, �Ä n��/.

Sü a2n−1 � b2n−1 'm. Ø�� a2n−1 �, Ké i = 1, . . . , 2n−1, k

a0, a1, . . . , a2n−1 ; b0, b1, . . . , b2n−1

¢åþru b2n−1+i, l b2n−1+i�¢åØ�U?3c 2n + 2r. Ó�

a2n−1 , a2n−1+1, . . . , a2n ; b2n−1 , b2n−1+1, . . . , b2n

¢åþfu ai−1, l ai−1�¢åØ�U?3� 2n + 2r.

dþãØJwÑ¤k<¥¢å1 2n + 2r�<�½´

a2n−1 , . . . , a2n ; b0, . . . , b2n−1

¥1 2n−1 + 2r�<. qÏ� a2n−1 ru b2n−1 , a2n fu b0, �2éù 2n + 2�

<A^ n− 1��8Bb�=�.

£��K, 3k1001<�èÎS\\1¶'¤k<Ñr�ÀÃÚ23¶'¤

k<Ñf�ÀÃ, 3k1000<�èÎS\\24¶'¤k<Ñr�ÀÃÚ1¶'

¤k<Ñf�ÀÃ. éùü|(�1025<)A^Ún n = 10��¹, �éÑÙ¥

11026r�ÀÃ. d<7��52001<¥11001r�, (Ø�y. �

µµµ555.ØJ��2001´d 211�5, Ïd·���8B{,�F"z|'mþ

�üØK��“1 2n + 2rö”�ÿÀ<, �:3u��z�|'m¤�5�&

E,ù�ÏL4ru�öÚfu}ö�<þ¦þõ¢y,

1979.1 ®���à�cI�.¡kÛê^>,Ùýc����,��ý¡�

m�Y�����.y²:Ù.¡�½´�õ>/.

yyy²²². �¤`cI�º:� P ,.¡àõ>/� A1A2 · · ·An, P l = PA1 =

· · · = PAn. � P 3.¡þ�K� H, PH = h, Kd��½n�

HAi =
√
PA2

i − PH2 =
√
l2 − h2 (1 ≤ i ≤ n)

� iÃ', �T�� r.

^ |A− l −B|L«�¡� A− l −B���. Kd®�, é?¿� iþk

|Ai−1 − PAi − Ai+1| = |Ai+2 − PAi+1 − Ai|,

qdé¡5w,

|H − PAi − Ai+1| = |H − PAi+1 − Ai|,

üª�~�

|Ai−1 − PAi −H| = |Ai+2 − PAi+1 −H|.
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ùp9±e, eIþ� nn).

��ã Ai−1Ai¥:�M,H 3 PAi, PM þ�K©O� U, V , Kk

PU · PAi = h2 = PV · PM,

�4PUV ∼ 4PMAi. d PM ⊥MAi� PU ⊥ UV , Ïd |Ai−1 − PAi −H| =

∠HUV .

´� HV ⊥²¡ PAi−1Ai,  UV ⊂²¡ PAi−1Ai, � HV ⊥ UV .

5¿�

HU =
hr

l
, HV =

h ·MH

PM
,

�

cos2∠HUV =
HV 2

HU2
=
MH2 · l2

PM2 · r2
=
r2 − AiA

2
i−1

4

l2 − AiA2
i−1

4

· l
2

r2

=

(
r2 − l2

l2 − AiA2
i−1

4

+ 1

)
· l

2

r2
.

Ón

cos2 |Ai+2 − PAi+1 −H| =

(
r2 − l2

l2 − Ai+2A2
i+1

4

+ 1

)
· l

2

r2
.

w, r 6= l, � AiAi−1 = Ai+2Ai+1.

Ï n´Ûê, �ddín� AiAi−1 (1 ≤ i ≤ n)���. qÏ�¤k� AiÑ

3± H ��%, r��»��þ,�.¡�� n>/. �

µµµ555.ýc���õ¡N.¡º:�½��, ùL²��¡�mY�=�û

uéA.¡u�.·����B´^u�L«ùY�, ùÙ¥^�
?n�¡�

�~^9Ï�ÚO��{.� n�óê�, dþã�{�.¡�m�u���,

ù��cI�,÷v��¡Y���.

1979.2 � f ´½Â3¢ê8þ�¢�¼ê, ÷vé?¿¢ê x, yþ¤á

f(x) ≤ x, f(x+ y) ≤ f(x) + f(y).

y²: f(x) = xé¤k¢ê x¤á.

yyy²²².- g (x) = x− f (x), K g (x) ≥ 0, �é?¿¢ê x, y, k

(x+ y − g (x+ y)) ≤ (x− g (x)) + (y − g (y)) ,

=

g (x+ y) ≥ g (x) + g (y) . ( ∗)
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3 (∗)¥± x+ y� x, �

g (x+ 2y) ≥ g (x+ y) + g (y) ≥ g (x) + 2g (y) ,

- x = −y, K

g (y) ≥ g (−y) + 2g (y) ,

= g (y) + g (−y) ≤ 0. q g (y) , g (−y) ≥ 0, �7k g (y) = g (−y) = 0.

l f (y) = y − g (y) = y, (Ø�y. �

µµµ555.d (∗)�±8BÑ g(x + ny) ≥ g(x) + ng(y)(n ≥ 1),U�� g(x) ≥

g(x− ny) + ng(y)��á=í� g(y) = 0. g(x)�Ú\k|u�*g�.

1979.3 3�� n× nL��z�ü��SW\��êi, ¦�?ü1þØ

�Ó(ü1�Ó´�ùü1¥Ó�ü�Wêo´�Ó).

y²: �±�K��¦��e�L�E÷v?¿ü1Ø�Ó.

yyy²²².�Äã G = (V,E), Ù¥ V = {1, 2, . . . , n} .

b�(ØØ,, é?¿ 1 ≤ j ≤ n, �K1 j �, L¥Ñkü1�Ó, �Ù

¥ü1, ��1 i1, i2 1.K3 G¥ò i1 � i2 �më�^>, ¿3ù^>þIP

ê j.

·�`²?ü1�m�õë�g>. eØ,, K�3 1 ≤ i1 < i2 ≤ n,

1 ≤ j1 < j2 ≤ n¦��K1 jk ��, 1 i1, i21�Ó (k = 1, 2) .

^ aij L1 i11 j ��Wê, Ï�K1 j1 �, 1 i1, i2 1�Ó, � ai1j =

ai2j (j 6= j1). Ón ai1j = ai2j (j 6= j2), � ai1j = ai2j (1 ≤ j ≤ n), ��åÐ1 i1

1�1 i21�Ó, gñ!

Ïd GTÐk n^>, z^>T�IP�ê, n�êpÉ, Ïd G¥k�,

�� i1i2 · · · im, > ik−1ik �Iê� jk (1 ≤ k ≤ m, i0 = im).

Ï jk 6= j1 (2 ≤ k ≤ m), ld1 ik �1 ik−1 T31 jk �ØÓ� aik,j1 =

aik−1,j1 . 48� aim,j1 = ai1,j1 , � j1½Âgñ!

�

µµµ555.ù´��²;�¯K, =3� þØÓ�ü1�m�±w�k,«é

ÜN�'X,�Äã G��u�*©ÛN��. þã)�¥z� j=À�^>T

Ð
^,�;�
k>IÒ�Ó�æ�.

1978.1 �½knê a, b, y²:e'u x, y��§ ax2 + by2 = 1k�|kn
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ê),K§Ã¡õ|knê).

yyy²²².� ax2 + by2 = 1��|knê)� (x0, y0),Ø�� a 6= 0, x0 6= 0.

é δ ∈ Q, aδ2 + b 6= 0, �Äknê|(
x0 −

2δ (aδx0 + by0)

aδ2 + b
, y0 −

2 (aδx0 + by0)

aδ2 + b

)
.

5¿�

a

(
x0 −

2δ (aδx0 + by0)

aδ2 + b

)2

+ b

(
y0 −

2 (aδx0 + by0)

aδ2 + b

)2

= ax2
0 + by2

0 +
4 (aδx0 + by0)2

(aδ2 + b)2 ·
(
aδ2 + b

)
− 4

(aδx0 + by0)

(aδ2 + b)
· (aδx0 + by0)

= ax2
0 + by2

0

= 1.

w,3 δ�H {δ ∈ Q | aδ2 + b 6= 0}�, 2δ(aδx0+by0)
aδ2+b

��Ã¡õ��, l��§

kÃ¡õ|knê). �

µµµ555.·�F"3��§)�Ä:þ?1²£��#�),²£�þ÷v�

�àg�g�§. d���- x, y²£�þ¤'~, ÒU���g�§, �±N

´/)Ñ²£þ.

1978.2 é��à n>/�º:?1/Ú, ¦�?¿ü���º:ØÓÚ.

y²: e n´Ûê,KTõ>/�±^(Ø��uS:)�é��¿©¤ n − 2�

n�/, ¦�vk�^é���ü�à:ÓÚ.

yyy²²².é n8B n = 3�(Ø²�. b�é�u n(n ≥ 5)�Ûê(Ø¤á,

éÛê n, �Tõ>/� P1P2 · · ·Pn.

ky²�3 i¦ Pi, Pi+2ÉÚ. ùp9±e, eI� n�Ä.

¯¢þ, eé?¿ i, Pi þ� Pi+2 ÓÚ, K P2k+1 � P1 ÓÚ, k = 1, 2, . . . .

 2k + 1(k = 1, 2, . . . )�H� n�X, l P1, P2, . . . , PnÓÚ, gñ.

u´Ø�� P1, Pn−1ÉÚ. ?�ÚØ�� P1�ùÚ, Pn−1�7Ú, Pn�x

Ú.

e P1� Pn−2ÉÚ, K�é�� P1Pn−1, P1Pn−2. ,�é P1P2 · · ·Pn−2A^

8Bb���eZ^é��,2\þ P1Pn−1, P1Pn−2=�.

e Pn−1� P2ÉÚ, Óþ��(Ø¤á.

e P1 � Pn−2 þ�ùÚ, Pn−1 � P2 þ�7Ú, K Pn � P2, Pn−2 ÉÚ.

é PnP2 · · ·Pn−2 A^8Bb���eZé��÷v�¦, 2\þé�� PnP2,
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PnPn−2=�.

l n�(Ø¤á.·K=y. �

µµµ555.'u¿©�¯K8B{´��Ð�ÀJ, ùp5¿���K 2�º

:!O\ 2^���±^�=�.

1978.3 ��n�/�S���»� r,	���»� R,���p��Ý

� H. y²: eTn�/´�ð�n�/, K H ≥ r +R, ¿¦�Ò¤á^�.

yyy²²². �Tn�/�n�º:©O� A,B,C, Ø�� ∠A ≤ ∠B ≤ ∠C.

XJ 4ABC ´�>n�/, w, H = r + R, e� 4ABC Ø´�>n�/.

�4ABC �S%� I, 	%� O, K O, I ü:ØÜ.

� AT ⊥ BC u: T , IL ⊥ ABu L, IK ⊥ AT uK.

w, O 3 ∠BAI S, (Ü IB � AB ��K�� AB+BC−AC
2

≤ 1
2
AB, �

� O34ALI SÜ(½>.), Ïd ∠AOI ≥ 90◦.5¿� ∠OAI = ∠IAK, �

AO ≤ AI cos∠OAI

= AI cos∠IAK

= AK.

Ïd R + r ≤ AK +KT = AH, �Ò¤á� AO ⊥ OI,�(Ï O34ALI SÜ

½>.) O ≡ L.

dO3ABþ��∠C = 90◦,?�ÑL ≡ O´>AB¥:,�AC = BC,

Ïd4ABC ´����n�/.

nþ¤ã H ≥ r +R, �Ò¤á��=�4ABC ´�>n�/½����

n�/. �

µµµ555.�
y² H ≥ r + R, ·�3ã/¥�EÑ H − r, ,�?Ø O� 
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�±�� OA� AK ��Ý'X.

1977.1 y²:Ø�3�ê n, ¦� n4 + 4n´�u 5��ê.

yyy²²².�^y²éu�ê n > 1, n4 + 4nØ´�ê.

e 2 | n, K n4 + 4nkýÏf2, ·Kw,¤á. e� n = 2k + 1, k ∈ N∗, u

´

n4 + 4n = n4 + 4 · 42k

=
(
n2 + 22k+1

)2 −
(
2k+1n

)2

=
(
n2 + 2k+1n+ 22k+1

) (
n2 − 2k+1n+ 22k+1

)
.

5¿� 1 <
(
n− 2k

)2
+ 22k = n2−2k+1n+ 22k+1 < n4 + 4n,� n2−2k+1n+ 22k+1

´ n4 + 4n�ýÏf, ·K�y. �

µµµ555.ùp·�y² n4 + 4n(2 - n)Ø´�ê´Äu�ª

m4 + 4k4 =
(
m2 + 2k2 − 2mk

) (
m2 + 2k2 + 2mk

)
¤�Ñ�©).

1977.2 � 4ABC R%� H, l A :ÚÑ�¥��Ù	��2�u

: A1,� A2´ A1'u> BC ¥:�é¡:. aq½Â B2, C2.

y²: H,A2, B2, C2o:��.

yyy²²². 5¿ AA1, BB1, CC1 ��u 4ABC �% G, ·���y² GH

´ � (A2B2C2)��», ù�^y² A2H ⊥ GA2.

� BC ¥:�M , A'u � (ABC)�é»:� D,Kd DC ⊥ AC, BH ⊥

AC � DC ‖ BH. Ón DB ‖ CH, � HBDC ´²1o>/.

dd�� H,M,D��� HM = MD. q A2M = MA1, � A2H ‖ DA1.

Ï DA1 ⊥ A1A, � A2H ⊥ A1A, d= A2H ⊥ GA2, y..
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�

µµµ555.% G3ùp���þ1Ê:, òÙ�(�éX.��/l�:ÚÑ

n^�ã, �¦y²¤�o:���, bXØÚ\Ù§�þ:, KØN´íÑ'

u�Ý�5�.

2006c8Ôè1 5K´�K�í2(AA1!BB1!CC1�u4ABC S?¿

�:,(ØÑ¤á).

1977.3k 3¤Æ��þk n�Æ),z�Æ)@£Ù§�Æ��o� n+1

�<.

y²:�3 3�5gØÓÆ��Æ)�p@£.

yyy²²².�n�Æ�©O� A,B,C, é?¿ X ∈ {A,B,C}±9Ø3 X ¥�

��Æ) p, ò p3 X ¥@£�<êP� dX (p). �

m = max
X∈{A,B,C}

p/∈X

{dX (p)} ,

¿Ø��k p ∈ C, ¦� dA (p) = m.

u´ dB (p) = n+ 1−m ≥ n+ 1− n ≥ 1, l p@£ B¥���< q.

·�y²7�3 r ∈ A, ¦� p, qþ@£ r. eØ,, K qØ@£?¿�� p

3 A¥@£�<, ��

dA (q) ≤ n− dA (p) = n−m.

? dC (q) = n+ 1− dA (q) ≥ n+ 1− (n−m) = m+ 1,�m���5gñ! �

µµµ555.ù´��²;�¯K. ¯¢þ3�yb�e?1ín, �uyé?

¿ p ∈ C, q ∈ B, p, q�@£, Ñk dC(q) > dA(p). ùÒÚÑ
)�¥��Û-�

4àþ�À�.

1976.1�²1o>ABCD	�: P ÷v∠PAB = ∠PCB,�A,C3 PB

Éý. y²: ∠APB = ∠DPC.

yyy²²². Xã¤«, L: P � CD ²1�, L: C � DP ²1�, ü��

u: P ′, K PP ′CD �²1o>/. � PP ′ ‖ CD ‖ AB,PP ′ = CD = AB,

K PP ′BA�´²1o>/.

l ∠PP ′B = ∠PAB = ∠PCB.

d^�´� DA3 BPCASÜ, l P ′, C 3 BP Óý, � P, P ′, C,B
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o:��. �

∠DPC = ∠P ′CD = ∠P ′BP = ∠BPA,

(Ø�y. �

µµµ555.ùp·��E
��²1o>/5=zK¥wqØÐ^��Ý^�.

ù´���©²;�¯K.

1976.2yk 55 (= 3125)Üç¦, zÜç¦þ�k 1, 2, 3, . . . , 90¥� 5�Ø

Óêi, ?¿üÜþ�� 5�êiØ��Ó, �?¿üÜþÑ��k���Ó�

êi.

y²:�±é� 4�êi¦�zÜç¦Ñ¹kùÙ¥����êi.

yyy²²².^�y{, b�é?¿ 4�êiÑ�3�Üç¦Ø¹ù 4�êi¥�

?Û��.?��Üç¦ L1,d®�, �{� 55 − 1Üç¦Ñ� L1k�Óêi.

l�3 L1¥���êi a, a3�{� 55−1Üç¦¥Ñy��
⌈

55−1
5

⌉
=

54g, l a3¤kç¦¥Ñyõu 54g.

db�, �3�Üç¦ L2Ø¹ a,du¤k¹ a�ç¦Ñ� L2kú�êi,

l�3 L2¥êi b, b3¹ a�õu 54Üç¦¥Ñyõu
[

54

5

]
= 53g.

du�3ç¦ L3 Ø¹ a, b,�¹ a, b�õu 53 Üç¦� L2 þkú�êi,

l�3 L3¥êi c, c3¹ a, b�õu 53Üç¦¥Ñyõu
[

53

5

]
= 52g.

q�3ç¦ L4 Ø¹ a, b, c,�¹ a, b, c�õu 52 Üç¦� L4 þkú�ê

i.l�3 L4¥�êi d, d3¹ a, b, c�õu 52Üç¦¥Ñyõu
[

52

5

]
= 5

g.

?�ÚÏ��3ç¦ L5Ø¹ a, b, c, d,K�3 L5¥�êi e, e3¹ a, b, c, d

�õu5Üç¦¥Ñyõu
[

5
5

]
= 1g.

du a, b, c, d, epÉ, lÑyüÜç¦�Ó,�^�gñ. lb�Ø¤

á,�·K�y. �
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µµµ555.^�¥� 55V«X�«U
ÅÚÀÑ����{.ØJw�, ��/,

ek nnÜ� n�êi�ØÓç¦÷v?¿üÜþÑk���Ó�êi,K�±

é� n− 1�êi¦�zÜç¦Ñ¹kÙ¥����êi.

1976.3 y²:eé?¿¢ê x, �gª x2 + ax + bþ��ê,KT�gª�

�¤ü�Xê�´�ê�õ�ª�û.

yyy²²².d^�� b > 0, a2 < 4b. 5¿�ò x^ ux (u > 0)�OØK�(Ø,

lØ�� b = 1, K a2 < 4. ��� a = −2 cos θ, θ ∈ (0, π).

e a > 0, K� x2 + ax+ 1 = x2+ax+1
1

=�.

e a = 0, � x2 + 1 = x3+x2+x+1
x+1

=�.

e� a < 0, K θ ∈
(
0, π

2

)
. Ïd�3�����ê n ¦� (1 + n) θ <

π ≤ (2 + n) θ, Ksin iθ > 0 (1 ≤ i ≤ n), sin (n+ 2) θ ≤ 0. 5¿�dsin jθ +

sin (j + 2) θ = 2 cos θ sin (j + 1) θ��(
x2 − 2 cos θx+ 1

) (
sin (n+ 1) θxn + sinnθxn−1 + · · ·+ sin θ

)
= sin (n+ 1) θxn+2 + (sinnθ − 2 cos θ sin (n+ 1) θ)xn+1+

n−1∑
j=1

(sin jθ − 2 cos θ sin (j + 1) θ + sin (j + 2) θ)xj+1+

(sin 2θ − 2 cos θ sin θ)x+ sin θ

= sin (n+ 1) θxn+2 − sin (n+ 2) θxn+1 + sin θ.

ù�·�®²r��gª�¤
ü�Xêþ�K�õ�ª�û, e¡�{òÙ

�¤ü�Xêþ��ê�õ�ª�û. ¯¢þ, ·�k(
sin (n+ 1) θxn+2 − sin (n+ 2) θxn+1 + sin θ

) (
1 + x+ · · ·+ xn+1

)
= sin θ + sin θx+ · · ·+ sin θxn+1 + sin (n+ 1) θxn+2+

· · ·+ sin (n+ 1) θx2(n+1) +G (x) ,

Ù¥ G (x) = − sin (n+ 2) θxn+1 (1 + x+ · · ·+ xn+1)��KXêõ�ª.

Ïdx2 − 2 cos θx+ 1�±�¤

(x2 − 2 cos θx+ 1) · (sin (n+ 1) θxn + sin θxn−1 + · · ·+ sin θ) (1 + x+ · · ·+ xn+1)

(sin (n+ 1) θxn + · · ·+ sin θ) (1 + x+ · · ·+ xn+1)
,

dþã��ù´ü�Xêþ��ê�õ�ª�û,=y. �

µµµ555.XJ�Ä (x2 − 2 cos θx+ 1)

(
r∑
i=0

aix
i

)
¬uyXêaq�����

54íê�, -ÙÐm�XêØÄ�þ´ 0Ò���¤k ai �À�, 2ò��
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��KXêõ�ª·�¦þ���Xêõ�ª=�.

1975.1 ®� a > c ≥ 0, b > 0, Áò�ª

ab2

(
1

(a+ c)2 +
1

(a− c)2

)
= a− b

z¤�{'�/ª.

))).òþª�n¤'u b��g�§

b2

(
2a(a2 + c2)

(a2 − c2)2

)
+ b− a = 0,

)T�g�§��

b =
−1± 3a2+c2

a2−c2
4a(a2+c2)

(a2−c2)2

.

q b > 0, a2 > c2, a > 0, �

b =
−1 + 3a2+c2

a2−c2
4a(a2+c2)

(a2−c2)2

=
a2 − c2

2a
,

= c2 + 2ab = a2. �

1975.2 y²½Ä½±e·K:?¿�½S�u��àõ>/�o>/,Ñ�

±é���S�uTàõ>/�>�Ø�uo>/�á>�Ý�!/.

yyy²²².·KØ¤á. �Äàõ>/���>�� 1�����n�/ ABC,

Ù¥ ∠C = 90◦.

ky², e!/ PQRS S�u4ABC, KÙ>� aØ�L 2−
√

2.

¯¢þ, dÄT�n, Ø�� P,Q34ABC �Ó�^>þ,  RS �T>

²1.

l. e P,QÓ3�> ABþ. Ø�� R3> BC þ, 2Ø�� ∠BQR ≥ 90◦,

K

a = QR ≤ BR.

Ïd� BR ≤ 2−
√

2�, a ≤ 2−
√

2.

� BR > 2−
√

2�, CR <
√

2− 1, �

a = RS = AB · CR
BC
≤
√

2 ·
(√

2− 1
)

= 2−
√

2.

2.e P,QÓ3��>þ, Ø��3> BC þ. 2Ø�� R3 AC þ, K

a = SP ≤ BS.

Ïd� BS ≤ 2−
√

2�, a ≤ 2−
√

2.
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� BS > 2−
√

2�, AS < 2
√

2− 2. �

a = RS = BC · 1√
2
<

2
√

2− 2√
2

= 2−
√

2.

y33> AB,BC,CAþ©O�: D,E, F,¦ AD =
√

2
2
, BE = CF = 1

100
,

K´�o>/ ADEP ��á>��u 2−
√

2.

��·KØ¤á. �

µµµ555.���àõ>/(¢kS�!/, �Ù>��¤�o>/�á>��

��'XØ´��, Ïd·�}Á�E�~.�
²(S�!/���>�,¤À

àõ>/A�{ü�Ð, 'X�n�/.

1975.3 ê� {xn}n≥1 ½ÂXe: x0 = 5,é?¿�K�ê n,k xn+1 =

xn + 1
xn

.

y²: 45 < x1000 < 45.1.

yyy²²².w, {xn}n≥1´î�4O���S�.
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d®�, x2
n+1 = x2

n + 1
x2n

+ 2, = x2
n+1 − x2

n = 2 + 1
x2n

. Ïd

x2
m =

m∑
i=1

(
x2
i − x2

i−1

)
+ x2

0 > 2m+ 25, m ∈ N∗.

AO/, x2
1000 > 2025, � x1000 > 45.

,��¡, �½m ∈ {1, 2, . . . , 1000}, ·�k

x2
1000 = 2025 +

999∑
i=0

1

x2
i

= 2025 +
m−1∑
i=0

1

x2
i

+
999∑
i=m

1

x2
i

≤ 2025 +
m

x2
0

+
1000−m

x2
m

≤ 2025 +
m

25
+

1000−m
2m+ 25

.

�m = 100, þª < 2025 + 9, u´ x2
1000 <

√
2034 < 45.1. �

µµµ555. *	ê�4íª�(�,·�òÙ²�±��~ê�å.dd��

Ñ x1000 �e..éuþ.��Ñ, ·�òÙ=z�
999∑
i=0

1

x2
i

��O�^©ã� 

5¢y�((Ü�½Xê{).

¿ØÙGù«©ã� �ÓÆ�±ë�±e¯K:

� n ��¢ê a1, a2, . . . , an �Ú� 1, é?¿��ê k, ^ Sk L«÷

v 1
2k
< ai ≤ 1

2k−1 (i = 1, 2, . . . , n)��ê. y²:∑
k≥1

√
Sk
2k
≤
√

2 +
√

log2n.
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