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I. ÁÁÁ KKK

1. ò 2020���êü¤�1, Ù¥?¿���n�ê¥, 1n�êÑU�

cü�ê±9cü�ê�Ú�Ø. ¦��������.

2. 3b���>n�/ABC�n^pAD,BE,CF þ©O�:K,M,N ,

¦� AK = BM = CN = R, Ù¥ R´4ABC �	���». y²: 4KMN

��%=�4ABC �S%.

3. 3��Ã¡��Ú�þ, k 40�ü���IP. ´Ä�½�±éÑ��

Ý/, ¦�Ù¥�IP�ü���êT� 20?

4. éÃ¡ê� a1, a2, · · · ,�§����©� a′n = an+1−an,1 k��©�

a(k)n = a
(k−1)
n+1 − a(k−1)n . e��ê���9Ù¤k��©þ��ê, Ò¡ù�ê�

´“Ð�”. y²: eê� a1, a2, · · · ; b1, b2, · · ·Ñ´Ð�, Kê� a1b1, a2b2, · · ·�

´Ð�.

5. 3�»� 1�¥�¥¡þ���¥¡n�/, §�n^>þ�¥¡þ�

»� 1, �ÝØ�L π�l(=ùãl¤3�²¡L¥%), Ù¡È�Ð´¥¡È

� 1
4
. y²: òù�¥¡n�/E� 4°, �±CX��¥¡.

?¾FÏ: 2021-01-14.
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6. ò N �ùÚ, xÚ½7Ú�á�N�3��þ. Åì<l��þ�,�

 �Ñu, ^��£Ä¿�1Xeö�, ����e��á�N��: Åì<v

¤gCc���CgC�ü�á�N, ¿ò��á�N��3gC��, Tá

�N�ôÚd�v¤�ü�á�Nû½: eùü�á�NVÚ�Ó, K���

�á�NôÚ�¦���Ó, eùü�á�N�ôÚØÓ, K����á�N

�ôÚ�§�þØÓ. e��Ðá�N�, ÃØÅì<l=� �Ñu, �ª�

��á�NôÚÑØC, Ò¡ù���{´“Ð�”. eé�ê N , ¤k���{

Ñ´“Ð�”, Ò¡ N ´“¤õ�”. ¦¤k¤õ� N .

///. ))) ���

K 1 ò 2020���êü¤�1, Ù¥?¿���n�ê¥, 1n�êÑU

�cü�ê±9cü�ê�Ú�Ø. ¦��������.

) Pù 2020���ê� a1, a2, · · · , a2020,Ké?¿� n ∈ {3, 4, · · · , 2019},

P an
an−1

= pn. dK¿�,

an | an+1, an + an−1 = (pn + 1)an−1 | an+1.

¤±,

[an, (pn + 1)an−1] = [an−1pn, (pn + 1)an−1] = an−1pn(pn + 1)

� an+1��ê. Ïd

an+1

an
=
an+1

an−1
· an−1
an
≥ pn(pn + 1) · 1

pn
= pn + 1,

u´, pn+1 ≥ pn + 1.

Ï� a2 | a3, �e a2 = a3, K a1 + a2 > a3, a1 + a2 - a3, gñ. � a3 > a2,

u´ p3 ≥ 2, �é?¿ n ∈ {3, 4, · · · , 2020}, k pn ≥ n− 1, ¤±,

a2020 = a2p3p4 · · ·P2020 ≥ 1 · 2 · · · · 2019 = 2019!.

é 2020���ê 1, 1!, 2!, 3!, 4!, · · · , 2019!, cn�w,÷v�¦, �?��

�cü��Ø, é?¿��ê n, n! + (n + 1)! = n!(1 + n + 1) = (n + 2)n!�

(n+ 2)!��ê, Kd 2020���ê÷vK¿.

nþ��, ��������� 2019!. �

µ5 é���¹��
&¢��c n�� 1, 1, 2, 6��Z. uy5Æ��

�Y� n!��Äk ak | ak+1, ak+ak−1 | ak+1,^8Bu���
ak+1

ak
�e.=�.
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K 2 3b���>n�/ ABC �n^p AD,BE,CF þ©O�:

K,M,N , ¦� AK = BM = CN = R, Ù¥ R´4ABC �	���». y²:

4KMN ��%=�4ABC �S%.

y² �: I´n�/ABC�S%,Ï�∠BAD = 90◦−∠ABC = ∠OAC,

AK = OA = R, q ∠BAI = ∠CAI, ¤± ∠KAI = ∠OAI, u´: O,K 'u

AI é¡, ¤± OI = IK.

Ón��, IO = IM, IO = IN .

¤±, IK = IN = IM , =: I � �KMN ��%. �¯K�y. �

µ5 |^º:�R%!	%����'X9K¥>��u R�^�é�

�é¡. �ãuy: O�3 �KMN þ=�y.

K 3 3��Ã¡��Ú�þ, k 40�ü���IP. ´Ä�½�±éÑ�

�Ý/, ¦�Ù¥�IP�ü���êT� 20?

) �ÄXãIP���.

b��±éÑ��Ý/, 3�
¥�fÝ/� a1 b�, K 20 ≤ ab ≤ 22.

e¡©�¹?Ø:

(1) e ab = 20, du1�þ�u 10, Ïd, {a, b}{4, 5}, �?� 41 5�½

ö 4� 51þ���IP��, Ø¤á.

(2)e ab = 21,du1�êþ�u�u 7,u´ {a, b} = {3, 7}, a ≤ 7, b ≤

6, K a = 7, b = 3, Xd�ÑfÝ/¥T 1�����. e�1 3�, K� 2�.
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eØ�1n�, K�Ø�, gñ.

(3) e ab = 22, �´ a, b ≤ 7, u´ 11Ø�Ø ab, gñ.

nþ��, b�Ø¤á, �Ø�½�±�Ñ. �

µ5 �K�'�3ußÑ��E�~f, òIP��½3¦þ��«

�(6× 7)��I�Ä 4× 5, 3× 7��¹, ��}Á=�.

K 4 éÃ¡ê� a1, a2, · · · , �§����©� a′n = an+1 − an, 1 k �

�©� a(k)n = a
(k−1)
n+1 − a(k−1)n . e��ê���9Ù¤k��©þ��ê,

Ò¡ù�ê�´“Ð�”. y²: eê� a1, a2, · · · ; b1, b2, · · ·Ñ´Ð�, Kê�

a1b1, a2b2, · · ·�´Ð�.

y² Ï� a1, a2, · · · ; b1, b2, · · · �"��©��, K a1, a2, · · · ; b1, b2, · · · þ

��ê, u´ a1b1, a2b2, · · · �Ñ��ê.

e¡8By²: é?¿��ê k, éu��Ð� a1, a2, · · · ; b1, b2, · · · þk

a1b1, a2b2, · · · � k��©´��.

� k = 1 �, é?¿��ê i, du ai+1 − ai > 0, bi+1 − bi > 0, Ïd,

ai+1bi+1 > aibi, = k = 1�¤á.

b�ê� a1b1, a2b2, · · · ,��u k��©��. e¡�Ä k��©��¹.

dué?¿��ê i, k

ai+1bi+1−aibi =
1

2
bi(ai+1−ai)+

1

2
bi+1(ai+1−ai)+

1

2
ai(bi+1−bi)+

1

2
ai+1(bi+1−bi).

du a1, a2, · · · ; b1, b2, · · · ´Ð�, Kê� {ai+1 − ai}, {bi+1 − bi}�´Ð�.

d8Bb� 1
2
b1,

1
2
b2, · · · ; a2 − a1, a3 − a2 · · · þ�Ð�, K 1

2
bi(ai+1 − ai)� k− 1

��©��. é 1
2
b2,

1
2
b3, · · · ; a2− a1, a3− a2, · · · ^8Bb�, � 1

2
bi+1(ai+1− ai)

� k − 1��©��. Ón�� 1
2
ai(bi+1 − bi), 12ai+1(bi+1 − bi)� k − 1��©�

��.

¤±(5¿� k��©´�\�)

(anbn)
(k) = ((an+1bn+1)

(k−1) − (anbn)
(k−1))

=
�
1

2
bn(an+1 − an)

�(k−1)
+
�
1

2
bn+1(an+1 − an)

�(k−1)
�
1

2
an(an+1 − bn)

�(k−1)
+
�
1

2
an+1(bn+1 − bn)

�(k−1)

> 0.
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= k�, ·K¤á.

nþ��, é����ê k, a1b1, a2b2, · · · � k ��©´��, l

a1b1, a2b2, · · · ´Ð�. �

µ5 �
|^K8¥�^�, N´5¿��Iò {aibi}��©©�ê�

ai,bi��©�È���Ú��|^8Bb��¤y².

K 5. 3�»� 1�¥�¥¡þ���¥¡n�/, §�n^>þ�¥¡þ

�»� 1, �ÝØ�L π�l(=ùãl¤3�²¡L¥%), Ù¡È�Ð´¥¡

È� 1
4
. y²: òù�¥¡n�/E� 4°, �±CX��¥¡.

y² (ÜÜÜ���,,,) é¥¡þ�?¿n: A,B,C, P S(øAB,øBC,øCA) L«
øAB,øBC,øCAn^�%�¥%�l3¥¡þ�Ñ�n�/�¡È. TK¥�n

�/þ�¥¡n�/. ¥%� O.

�K¥¥¡n�/� ABC. e A,A0 �é»:, é¥¡þ�: X, Y , P

S(ûAXA0,ûAY A0, T )L«üãl3¥¡þ�¤�²L: T �ã/�¡È. dK

¿ S(øAB,øBC,øCA) = 1
4
. Ø��: C 3²¡ AOB�þ�, �4ABC S�: I.

½Â�¹:W �løXY ,øXZ �Y��Ù3L: X ��²¡þ�ÝK�þ

�
−−→
XY ,

−−→
XZ, ò

−−→
XY ²LW 7: X =�

−−→
XZ ²L(¤3²¡�¹¥% O)��

Ý, KY�� θ�üã��l�¤�ã/¡È�¥¡� θ
2π
(0 < θ < 2π)�.

Äky²:�¹: I �l�Y�÷v ∠ACB + ∠CBA+ ∠BAC = 360◦.

¯¢þ, � A,B,C �é»: A0, B0, C0, KL: A�zã±¥%��%�

lL: A0, é: B,C kÓ��(Ø.

du A0, B0, C0�é»:, ¤±4ABC ∼= 4A0B0C0, u´

S(ûBAB0,ûBCB0, I) + S(ûCAC0,ûCBC0, I) + S(ûABA0,ûACA0, I)
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= 3S(øAB,øBC,øCA) + S(ùAB0,ùB0C,øCA) + S(øBC,ùCA0,öA0B) + S(øAB,ùBC0,ùAC0)

= 2S(øAB,øBC,øCA) + S(ùAB0,ùB0C,øCA) + S(øAB,øBC,øCA) + S(øBC,ùCA0,ùA0B)

+ S(úA0B0,úB0C0,úA0C0)

= 2S(øAB,øBC,øCA) + S =
1

2
S¥ +

1

2
S¥ = S¥.

¤±, ∠ACB + ∠CBA+ ∠BAC = 360◦.

�løAB �¥: M , ± MO �¶ò¥^= 180◦, d�, : C ^=�:

C
′
, u´ C,O,C

′
,M o:�¡, du (C,C

′
), (A,B) ©O'u OM é¡, ¤

±ùC ′A = øCB,ùC ′B = øCA, 4ABC ∼= 4BAC ′ . �: M �é»: M0, Kl

Y� ∠CAB + ∠C
′
AB = ∠CAB + ∠CBA = 360◦ − ∠ACB. dlùCC ′ L:

M0, lY� ∠CAC
′
(M03�S) = ∠ACB, �øAC = øAC, ùAC ′ = øBC, ¤±,

4CAC ′ ∼= 4ACB. Ón��, 4ACB ∼= 4CBC ′ . ¤±, ¥¡n�/E� 4°,

�CX��¥¡.

�¯K�y. �

µ5 5¿�¥¡þnl��½�¥¡n�//G�½. ØJ��CX�U

|^¥¡þaq²£½öé¡�ö��¤, ,�2|^º:n�/���5î

>�y²=�. I5¿>(l)�Y�, ¥¡þ�AÛC��Lã�v
>&.

K 6. ò N �ùÚ, xÚ½7Ú�á�N�3��þ. Åì<l��þ�

,� �Ñu, ^��£Ä¿�1Xeö�, ����e��á�N��: Åì

<v¤gCc���CgC�ü�á�N, ¿ò��á�N��3gC��,

Tá�N�ôÚd�v¤�ü�á�Nû½: eùü�á�NVÚ�Ó, K�

���á�NôÚ�¦���Ó, eùü�á�N�ôÚØÓ, K����á

�N�ôÚ�§�þØÓ. e��Ðá�N�, ÃØÅì<l=� �Ñu, �

ª���á�NôÚÑØC, Ò¡ù���{´“Ð�”. eé�ê N , ¤k��

�{Ñ´“Ð�”, Ò¡ N ´“¤õ�”. ¦¤k¤õ� N .

) (ÜÜÜ���,,,) Äky²: e N � 2��, K N ´¤õ�.

¯¢þ, P N = 2n, n ∈ N. � n = 0�, w,¤á, e� n > 0, e|þ�

{ 2k �á�N, PôÚ�ù!x!7�á�N� ak, bk, ck, k ∈ N∗ �. Åì<

1Ä 2k−1 g, zgò���ü�á�NC���á�N, duzgòc¡ü

�á�NC�����á�N, KÅì<1Ä 2k−1 g�z��á�Nþ�v

¤, z�#á�Nþ3�, d�, |þ�{ 2k−1 �á�N. Pù!x!7�k
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ak−1, bk−1, ck−1�. �Äù 2k + 2k−1�á�N(�)#�±9�5�á�N), e

v¤ü�ÓÚ�á�N, Kq)¤��TôÚ�á�N, u´dôÚ��Oê 3

g, � 3�Ø. ev¤ü�ÉÚ�á�N, K)¤��1n«ôÚ�á�N, d

�, n«ôÚþ�Oê 1g. ¤±,

ak + ak−1 ≡ bk + bk−1 ≡ ck + ck−1(mod 3).

due ak ≡ bk(mod 3), K ak−1 ≡ bk−1(mod 3), ���� a0 ≡ b0(mod 3),

u´ a0 = b0 = 0, K{e�á�Nþ�7Ú, Ón��Ù{�/.

eÐ©�, k 2 «ôÚ�á�N��ê� 3 �Ó, K���Ð�, e

an, bn, cnüü� 3ØÓ{, 2n = an + bn + cn ≡ 0 + 1 + 2 ≡ 0(mod 3), gñ.

¤±, ���{Ñ�Ð�, = N ´¤õ�.

2y: é��Ø� 2��� N , N Ø´¤õ�.

ò N − 1�xÚá�NÚ��ùÚá�N�3�þ.

Ï� N ���ê, u´
�
dN

2
e, N
�
¥k 2 ��,  N Ø� 2 ��, Ïd,�

dN
2
e, N − 1

�
¥k 2��, Ø�P� 2α, KÅì<d�?m©, ²LN − 2αgö

�, ¦�|þ�{ 2α�á�N, �å© �c���á�N��ö�(ù´du

N
2
6= 2α, K 2α > N

2
). Ïd, dùá�Nc�Åì<, =1�gv¤��ùá�

NÚ��á�N,����7á�N,�¡Ñ´vx¤ü�xá�N����x

á�N. ¤±, �{ 2α�á�N�, �{ 1�7á�N9 2α − 1�xá�N. 

dùá�N��Åì<,zgv¤ü�xá�N���xá�N,�{��ùá

�N9 2α− 1�xá�N. du 2α�á�NØ�Åì<Ð© ��UC�ªá

�N�ôÚ, �éóê α, 2α − 1 ≡ 0(mod 3). ü«�/Ð©(2α�á�N)�©

O� aα ≡ bα(mod 3)½ö bα ≡ cα(mod 3), ���7!ùá�N���. éÛ

ê α, 2α − 1 ≡ 1(mod 3), ü«�/Ð©(2α�á�N)�©O� cα ≡ bα(mod 3)

½ö bα ≡ aα(mod 3), ���7!ùá�N���. �ok N Ø´¤õ�.

nþ��, ��¤õ� N = 2n, n ∈ N. �

µ5 daö�¯KI�Ïé��ØCþ. òn«ôÚ?Ò� 0,1,2, KN´

5¿�K¥ö�9� 3¿Âe�\{2�K§�=|þk 2k �á�N�Óö

��?Ò�Ú���ê� 3. Á�����¹�, �uy� 2k ��´Ø1�. |

^éö���z8� 2k ~fN´�Ñ�~.
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