
êÆ#(� >)�Ð«
www.nsmath.cn/jdzs

1n�8Ï¯K�))��:µ
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1�K ¦¤k��ê α, ¦�é?¿��ê n±9?¿¦È� 1��¢ê

a1, a2, . . . , an, Ñk
n∑
i=1

aαi
1− ai + aαi

≤ n.

,	¦¤k��ê α¦�þ¡Ø�ª����[�¤á.

(ì�N¥Æ) �fÍ FÓÐ øK)

) (�âøKö�)��n):

P f(α) =
n∑
i=1

aαi
1−ai+a2i

. 5¿�

n∑
i=1

aαi
1− ai + a2i

=
n∑
i=1

(a−1i )2−α

1− a−1i + (a−1i )2
,

q� a1, a2, · · · , an´¦È� 1��¢ê�, a−11 , a−12 , · · · , a−1n �´¦È� 1��

¢ê, ¤± f(α)� f(2− α)�d. u´�I�Ä α´��ê��/.

e¡©o«�/?Ø.

�/ 1: � α = 1�, dþ�Ø�ª,

f(1) =
n∑
i=1

ai
1− ai + a2i

≤
n∑
i=1

ai
ai

= n,

�Ò��=� a1 = a2 = · · · = an = 1���.

�/ 2: � α = 2�, e� a1 = 2, a2 = 1
2
, a3 = · · · = an = 1, K

f(2) = n− 1

3
< n;

e� a1 = · · · = an−1 = 2, an = 1
2n−1 , K

f(2) ≥ 4

3
(n− 1) > n

3 n ≥ 5�¤á. u´ f(2)Q�±�u n, ��±�u n.
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�/ 3: � α = 3�, P¼ê

g(x) =
x3

1− x+ x2
− 2 lnx, x > 0.

Ï�

g′(x) =
x4 − 2x3 + 3x2

(1− x+ x2)2
− 2

x

=
x5 − 4x4 + 7x3 − 6x2 + 4x− 2

x(1− x+ x2)2

=
(x− 1)

(
x2(x− 3

2
)2 + (x− 1)2 + 1 + 3

4
x2
)

x(1− x+ x2)2
,

¤± g(x)3 (0, 1)þüN4~, 3 (1,+∞)þüN4O, u´ g(x) ≥ g(1) = 1.

�

f(3) =
n∑
i=1

g(ai) ≥ n.

�/ 4: � α ≥ 4�, P¼ê

h(x) =
xα

1− x+ x2
, x > 0,

K

f ′(α) =
n∑
i=1

aαi
1− ai + a2i

· ln ai =
n∑
i=1

h(ai) · ln ai.

Ï�

h′(x) =
αxα−1(1− x+ x2)− xα(2x− 1)

(1− x+ x2)2

=
xα−1((α− 2)x2 − (α− 1)x+ α)

(1− x+ x2)2
,

q� α ≥ 3�,

α− 2 > 0, 4 = (α− 1)2 − 4α(α− 2) = −3(α− 1)2 + 4 ≤ 0,

¤± h′(x) ≥ 0, u´ h(x)3 (0,+∞)þüNØ~.

Ø�� a1 ≤ a2 ≤ · · · ≤ an, K

ln a1 ≤ ln a2 ≤ · · · ≤ ln an, h(a1) ≤ h(a2) ≤ · · · ≤ h(an).

ld ChebyshevØ�ª,

f ′(α) ≥ 1

n

(
n∑
i=1

h(ai)

)(
n∑
i=1

ln ai

)
= 0,

u´ f(x)3 [3,+∞)þüNØ~. � f(α) ≥ f(3) ≥ n.

nþ, ¦� f(α) ≤ nð¤á��ê α�k 1, ¦� f(α) ≥ nð¤á��ê

α�¤k�u�u 3½�u�u −1��ê. �
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µ5 (1). <�N¥�bëÓÆéu α ≥ 4���/�Ñ
Xe�{:

d HölderØ�ª,(
n∑
i=1

aαi
1− ai + a2i

)2( n∑
i=1

ai
1− ai + a2i

)α−3

≥

(
n∑
i=1

a3i
1− ai + a2i

)α−1

.

Ïdd f(1) ≤ n, f(3) ≥ n=� f(α) ≥ n.

ìÀ�¢�¥Æ�[)ÓÆéu α ≥ 4���/�Ñ
Xe�{:

dþ�Ø�ª, é 1 ≤ i ≤ n,

2 · aαi
1− ai + a2i

+ 2(1− ai + a2i ) + 1 + 1 + · · ·+ 1︸ ︷︷ ︸
α−4�

≥ αa2i .

é il 1� n¦Ú�,

2
n∑
i=1

aαi
1− ai + a2i

≥ (α− 2)
n∑
i=1

a2i + 2
n∑
i=1

ai − (α− 2)n.

2d
n∑
i=1

a2i ≥ n,
n∑
i=1

ai ≥ n=� f(α) ≥ n.

(2). �H��â½Hä¥Æ��, Ð�p?¥Æ¾¶�, ÉÇ½#³«1

�¥ÆÛ�#, �g¥Æ4Ùâ�ÓÆ��Ñ
�K��()�.

1�K �4ABC �	%ÚS%©O� OÚ I. 	��þl B̂AC �¥:

�N1, ∠BAC ¤é����3 BC þ��:�D1. ò4AN1D1�	��P�

Γ1, aq½Â Γ2,Γ3. - P � Γ1,Γ2,Γ3ùn����%, ¦y P 3�� OI þ.

(<�N¥Æ) ÂUì øK)

y² (�âøKö�)��n):

·�y², P ´ �O� �I �	 q¥%.

#½Â P ´ �O � �I �	 q¥%, �Iy² P � Γ1,Γ2,Γ3 ���

3 êÆ#(�



�.

ky²��Ún.

ÚÚÚnnn � TA ´ A−�S��� �O ��:, aq½Â: TB, TC , K

ATA, BTB, CTC �:u P .

y² dMonge½n, �O,�I 9 A−�S��üü�	 q¥% A,P, TA

��, = ATAL P . Ón, BTB, CTC þL P . Úny..

£��K. d�S���Ù�(Ø, N1, I, TA��, �T��� BC �u:

R.

e¡y², R3 Γ1þ, = A,N1, D1, R��.

¯¢þ, ��� N1O� BC �u:MA!� B̂C �u:M1, K A, I,M1�

�. dS%�5�9�K½n,

M1I
2 = M1C

2 = M1MA ·M1N1,

¤±4M1MAI ∼ 4M1IN1, u´

∠IN1A = ∠M1IN1 − 90◦ = ∠M1MAI − 90◦ = ∠IMAC.

qÙ� IMA � AD1, ¤±

∠AN1R = ∠IMAR = ∠AD1R,

� A,N1, D1, R��.

� ATA� �I �C TA��:�KA.

e¡y², KA3 Γ1þ, = A,KA, R,N1��.

Ù� TAD,TAA´ ∠BTAC ����, (Ü N1TA²© ∠BTAC, � N1TA²

www.nsmath.cn 4



© ∠DTAKA. qÏ� ID = IKA, ¤± ITA´�ã DKA�R�²©�. u´

∠AN1R = ∠ABTA = ∠RDTA = ∠RKATA,

� A,KA, R,N1��.

�â�c�í�, P � Γ1 ��� −PA · PKA. Ón, P � Γ3 ���

−PC · PKC . Ïd�Iy² PA · PKA = PC · PKC , = A,KC , KA, C ��.

Xã, P

∠1 = ∠CKATA, ∠2 = ∠KACTA, ∠3 = ∠AKCTC , ∠4 = ∠KCATC .

d4CTAA ∼ 4DTAB, �

sin∠1

sin∠2
=

TAC

TAKA

=
TAC

TAD
=
CA

BD
.

aq/,
sin∠3

sin∠4
=

TCA

TCKC

=
TCA

TCF
=
CA

BF
,
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¤±
sin∠1

sin∠2
=

sin∠3

sin∠4
.

qÏ�

∠1 + ∠2 = 180◦ − ∠KATAC = 180◦ − ∠KCTCA = ∠3 + ∠4 < 180◦,

¤± ∠1 = ∠3, � A,KC , KA, C ��.

nþ, ·K�y. �

µ5 ¤Ñ¢�	I�Æ��Ù¹, É²Æ�¥Æxg!�(, �H��

â½Hä¥Æ��"!î�;», H�½1�¥Æ��Ê, Hwn¥pùÖ, ì

�N¥�1è!Áäò, �[B�¥ë7ð, �g¥Æ4Ùâ!4�a!�f

|!±yÀ, <�N¥�bë, �½nÞ¥Æ�)��ÓÆ��Ñ
�K�

�()�.

1nK �½��ê n ≥ 4. �Ä¤kÚ� n ���ê��¢ê

x1, x2, . . . , xn. ¦�`�~ê C1(n)±9 C2(n), ¦�e¡Ø�ªð¤á:

C1(n) ≤
n∑
i=1

xi · {xi}
xi + 1

≤ C2(n),

Ù¥ {xi}� xi��êÜ©.

(�H��N¥Æ) g� øK)

) (�âøKö�)��n):

P S =
n∑
i=1

xi·{xi}
xi+1

.

k¦ S �e..

é 0 < ε < 1, � x1 = x2 = · · · = xn−1 = 1−ε
n−1 , xn = n− 1 + ε. K

S = (n− 1) ·
(1−ε)2
(n−1)2

1−ε
n−1 + 1

+
(n− 1 + ε)ε

n+ ε
→ 1

n
(ε→ 0),

¤± C1(n) ≤ 1

n
.

e¡y² C1(n) =
1

n
�Ø�ª¤á.

Ø�� x1 ≤ x2 ≤ · · · ≤ xn. Ï�� x ≥ 0�, x ≥ {x}, q¼ê y =
x

x+ 1
3 (0,+∞)þüN4O, ¤±

S ≥
n−1∑
i=1

{xi}2

{xi}+ 1
+
xn{xn}
xn + 1

≥

(
n−1∑
i=1

{xi}

)2

n−1∑
i=1

{xi}+ n− 1

+
xn{xn}
xn + 1

, (∗)
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Ù¥���Ú^�
�ÜØ�ª.

P
n∑
i=1

{xi} = k. Ï�
n∑
i=1

xi = n´�ê, ¤± k ´�ê, q xi þØ´�ê,

¤± k´��ê.

� k ≥ 2�, d {xn} < 1�
n−1∑
i=1

{xi} > 1, ¤±(
n−1∑
i=1

{xi}

)2

n−1∑
i=1

{xi}+ n− 1

≥ 1

n
⇔

(
n
n−1∑
i=1

{xi}+ n− 1

)(
n−1∑
i=1

{xi} − 1

)
≥ 0,

¤á. �d (∗),

S ≥

(
n−1∑
i=1

{xi}

)2

n−1∑
i=1

{xi}+ n− 1

≥ 1

n
.

� k = 1�, P
n−1∑
i=1

{xi} = m, K 0 < m < 1� {xn} = 1−m. qd xn��

� xn ≥ 1, ¤± [xn] ≥ 1, �

xn = [xn] + {xn} ≥ 2−m.

ld (∗),

S ≥ m2

m+ n− 1
+

(2−m)(1−m)

3−m
.



m2

m+ n− 1
+

(2−m)(1−m)

3−m
≥ 1

n

⇔m2(3−m)n+ (m+ n− 1)(m2 − 3m+ 2)n ≥ (m+ n− 1)(3−m)

⇔(n2 − n+ 1)m2 − (3n2 − 6n+ 4)m+ (2n2 − 5n+ 3) ≥ 0.

P¼ê

g(x) = (n2 − n+ 1)x2 − (3n2 − 6n+ 4)x+ (2n2 − 5n+ 3),

d n ≥ 4, �Ùé¡¶
3n2 − 6n+ 4

2(n2 − n+ 1)
≥ 1,

¤± g(x)3 [0, 1]þüN4~, u´

g(m) ≥ g(1) = (n2 − n+ 1)− (3n2 − 6n+ 4) + (2n2 − 5n+ 3) = 0

¤á.

nþ, C1(n)��`��
1

n
.
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2¦ S �þ..

é 0 < ε < 1
n−1 , � x1 = (n− 1)ε, x2 = · · · = xn−1 = 1− ε, xn = 2− ε. K

S =
(n− 1)2ε2

(n− 1)ε+ 1
+

(n− 2)(1− ε)2

2− ε
+

(2− ε)(1− ε)
3− ε

→ 3n− 2

6
(ε→ 0),

¤± C2(n) ≥ 3n−2
6

.

e¡y² C2(n) = 3n−2
6
�Ø�ª¤á.

Ø�� x1 ≤ x2 ≤ · · · ≤ xt < 1 ≤ xt+1 ≤ · · · ≤ xn. 5¿�� x ∈ [a, a + 1),

Ù¥ a ∈ N�,
{x}
x+ 1

=
x− a
x+ 1

<
1

a+ 2
,

¤±

S =
t∑
i=1

xi{xi}
xi + 1

+
n∑

j=t+1

xj{xj}
xj + 1

<
1

2

t∑
i=1

xi +
1

3

n∑
j=t+1

xj

=
1

2

t∑
i=1

xi +
1

3

(
n−

t∑
i=1

xi

)
=
n

3
+

1

6

t∑
i=1

xi.

�
t∑
i=1

xi ≤ n− 2�,

S <
n

3
+

1

6
(n− 2) =

3n− 2

6
.

�
t∑
i=1

xi > n− 2�, t = n− 1, ¤± xn ∈ (1, 2), d�

S =
n−1∑
i=1

x2i
xi + 1

+
xn(xn − 1)

xn + 1
.

Ï�

(xn−1, xn−2, · · · , x2, x1) ≺ (1, 1, · · · , 1︸ ︷︷ ︸
n−2�

, 2− xn),

�´� y = x2

x+1
3 (0,+∞)þ´eà¼ê, ¤±d KaramataØ�ª,

n−1∑
i=1

x2i
xi + 1

≤ n− 2

2
+

(2− xn)2

3− xn
.

u´�Iy²
(2− xn)2

3− xn
+
xn(xn − 1)

xn + 1
≤ 2

3
.

z{�, ù�du

5x2n − 13xn + 6 ≤ 0,

= 3
5
≤ xn ≤ 2, d 1 < xn < 2=y.

nþ, C2(n)��`�� 3n−2
6

. �
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µ5 S��N¥���, <�N¥�bë, ÉÇ½#³«1�¥ÆÛ�#,

�g¥Æ4Ùâ�ÓÆ��Ñ
�K��()�.

1oK ��ê x1 ≤ x2 ≤ · · · ≤ x27÷vù
êvk�u 1�úÏf, �z

� xiþ�Ø§��Ú. e x27´���ê, ¦ù��ê�¤k�U�.

(3��Æ � 
 øK)

) (�âøKö�)��n):

k5¿�é?¿��ê p ≤ 26, Ñk�|÷vK¿���ê, ¦� x27 = p.

¯¢þ, -

xi =

1, i ∈ {1, 2, · · · , p}

p, i ∈ {p+ 1, p+ 2, · · · , 27}

=�.

e¡y²��Ún.

ÚÚÚnnn éu��ê a ≤ b, «m [b, (b− a + 2) · 2a − 2]¥�z��Ûê cÑ

�±L«�
b∑
i=1

2ai �/ª, Ù¥ a1, a2, · · · , ab´Ø�L a��K�ê.

y² Äk, 8By²«m [b, (b− a+ 1) · 2a − 1]¥�z���ê cÑ�±

L«�Ún¥�/ª.

� c = b�, ��¤k� aiÑ´ 0.

b� c ≤ (b−a+1) ·2a−2� c�(Ø¤á,� c =
b∑
i=1

2ai ,Ù¥ a1, a2, · · · , ab
´Ø�L a��K�ê. 5¿��õk b− a� ai�u a, ¤±��k a� ai�

u a. e�u a� aipØ�Ó, KTk a� ai�u a, � 0, 1, · · · , a− 1���.

ù�,
b∑
i=1

2ai = (b− a) · 2a + (20 + 21 + · · ·+ 2a−1) = (b− a+ 1) · 2a − 1,

� c ≤ (b− a+ 1) · 2a − 2gñ! Ïd�3eI i1Ú i2, ¦� ai1 = ai2 = d, Ù¥

0 ≤ d < a. P a′i1 = d + 1, a′i2 = 0, Ù{ a′i = ai, K¤k a′iÑ´Ø�L a��K

�ê, � c+ 1 =
b∑
i=1

2a
′
i .

8By..

Ùg, � (b− a+ 1) · 2a ≤ c ≤ (b− a+ 2) · 2a − 2�, P

c′ = c− (b− a+ 1) · 2a + 1,

K 1 ≤ c′ ≤ 2a − 1. d c´Ûê, � c′´óê, ¤± c′�±L«�
a−1∑
i=1

si · 2i�/

9 êÆ#(�



ª, Ù¥ si ∈ {0, 1}. d�, �

ai =


0, i = 1

i− 1 + si−1, i ∈ {2, 3, · · · , a}

a, i ∈ {a+ 1, a+ 2, · · · , b}

,

K¤k aiÑ´Ø�L a��K�ê. q5¿�ok

si · 2i = 2i+si − 2i,

¤±
b∑
i=1

2ai =20 +
a−1∑
i=1

2i+si + (b− a) · 2a

=1 +
a−1∑
i=1

(si · 2i + 2i) + (b− a) · 2a

=1 +
a−1∑
i=1

si · 2i + (2a − 2) + (b− a) · 2a

=c′ + (b− a+ 1) · 2a − 1 = c.

Úny..

é�ê 27 ≤ p ≤ 157,é a = 4, b = 12A^Ún 1,Ï� (b−a+ 2) ·2a−2 =

158, ¤±·��±r p�¤ 12�Ø�L 2� 4g��Ú. d�rù 12�U

ìüNØ~�^SP� x1 � x12, 2- x13 = x14 = · · · = x27 = p, N´�y

x1, x2, · · · , x27÷vK¿.

�e5y², e�ê p > 183, K�½Ø�3÷vK¿���ê|, ¦�

x27 = p.

b��3, Ï� x27 |
27∑
i=1

xi, ¤±��
27∑
i=1

xi = kp, Ù¥ k ´��ê. Ïd

é?¿� 1 ≤ i ≤ 27, Ñk xi | kp. � i0 ´���¦� xi = p�eI, Ï�

x1, x2, · · · , x27vk�u 1�úÏf, ¤± i0 ≥ 2. Ï�

27∑
i=1

xi >
27∑
i=i0

xi = (28− i0)p,

¤± k ≥ 29− i0.

e¡©ü«�/?Ø.

�/ 1: k = 29− i0. d�
i0−1∑
i=1

xi = (29− i0)p− (28− i0)p = p.
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Ï�é 1 ≤ i ≤ i0 − 1, xi < p,  xi | kp, ¤± xi | k.

e x1, x2 < k, K x1, x2 ≤ k
2
, ¤±

i0−1∑
i=1

xi ≤ (i0 − 2)k.

eé 2 ≤ i ≤ i0 − 1, Ñk xi = k, Kéù
 i, x1 | xi. q
i0−1∑
i=1

xi = p, ¤±

x1 | p. u´ x1 = 1, ?
i0−1∑
i=1

xi ≤ (i0 − 2)k + 1.

lok

p =

i0−1∑
i=1

xi ≤ (i0 − 2)k + 1 = (27− k)k + 1 ≤ 13× 14 + 1 = 183,

gñ!

�/ 2: k ≥ 30− i0. d�é 1 ≤ i ≤ i0 − 1, Ek xi ≤ k. Ï�

i0−1∑
i=1

xi = kp− (28− i0)p = (k + i0 − 28)p,

¤±

(k + i0 − 28)p ≤ (i0 − 1)k.

Ïd

p ≤ (i0 − 1)k

k + i0 − 28
= i0 − 1 +

(i0 − 1)(28− i0)
k + i0 − 28

≤ i0 − 1 +
(i0 − 1)(28− i0)

2

≤ 26 +
272

8
< 118,

(∗)

gñ!

��, �I�2?Ø p = 163, 167, 173, 179, 181��/.

é p = 163, -

xi =


1, i = 1

9, i ∈ {2, 3, · · · , 19}

163, i ∈ {20, 21, · · · , 27}

;

é p = 167, -

xi =



2, i = 1

5, i = 2

10, i ∈ {3, 4, · · · , 18}

167, i ∈ {19, 20, · · · , 27}

;

11 êÆ#(�



é p = 173, -

xi =



2, i = 1

3, i = 2

12, i ∈ {3, 4, · · · , 16}

173, i ∈ {17, 18, · · · , 27}

;

é p = 181, -

xi =


1, i = 1

12, i ∈ {2, 3, · · · , 16}

181, i ∈ {17, 18, · · · , 27}

,

N´�y÷vK¿.

��y², é p = 179, Ø�3÷vK¿���ê|.

¯¢þ, XJ�3, Kd�c�?Ø, �3 2 ≤ i0 ≤ 27, ¦�

179(k + i0 − 28) ≤ (i0 − 1)k.

d (∗), � k ≥ 30− i0�Ø�3ù�� i0, Ïd k = 29− i0.

d�, 179 ≤ (i0 − 1)(29− i0), )� 11 ≤ i0 ≤ 19.

é�½� i0, ��=�k i0 − 1� 29− i0�Ïf¦�§��Ú� 179�k

ù����ê|. ,�·�u�
 11 ∼ 19�, ¿vkuy÷vþã�¦�

i0.

nþ, eò�êl���ü�� p1, p2, · · · , K�K��Y� p1, p2, · · · , p40
±9 p42. �

µ5 (1). éu 27 ≤ p ≤ 1739 p = 181��/, �H��â½Hä¥ÆÁ

p¸Ú��"ÓÆæ^
Ú���E�ª: - x1, x2, · · · , x13 ¥k a� 1!b�

3!c� 5!d� 15, Ù¥ a, b, c, d´�K�ê, �÷va+ b+ c+ d = 13

a+ 3b+ 5c+ 15d = p

,

2- x14 = x15 = · · · = x27 = p. [!Öö�g1Ö�.

(2). nÞ¥ÆÛ��!Y��, É²Æ�¥Æxg, <�N¥�bë, �

g¥Æ4Ùâ�ÓÆ��Ñ
�K��()�.
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