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I. ÁÁÁ KKK

1. ¦¤k¼ê f : R→ N∗,¦�é?¿¢ê x, yþk

f f(x)(y) = f(x)f(y),

Ù¥ fa(b)L« f 3 b?� agS�, = f 1(b) = b, fa+1(b) = f(fa(b)).

2. 4ABC S�u� Γ.L B,C ©O� Γ���,üö�u: X.3 BC

>þ���Ä: P ,L P � BX ²1�, CX ²1�.ùü^��©O�L A

:� Γ ����u: C1, B1. �� C1B1 � BC �u: R, 4PBB1 	��

�4PCC1	��2g��u Q.¦y: PQ� RX �:�½:.

3. é��ê n, � A1, A2, · · · , An � n �pÉ� {1, 2, · · · , n + 1} ��

�f8. ¦y: �3ü�pÉ� {1, 2, · · · , n + 1} �f8 S Ú S ′, ¦�é?

¿ 1 6 k 6 n,þk |Ak ∩ S| = |Ak ∩ S ′|,Ù¥ |T |L«8Ü T ����ê.

4. �� n× n���Ld n2�ü���¤,Ù¥ n���ê.z�ü��

?¾FÏ: 2021-01-20.
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�¤k>Ñ�±Ñ,Ù¥�
ü���é����±Ñ,¿�?¿��ü��¥

�õk�^é���±Ñ,?¿ü�kú�>�ü��¤±é�� (XJk�

{) ��ØÓ.¦ n�¤k�,¦��3�«±��{,�±lÙ�e��º:

Ñu,�)±�Tã/ (=z^>½öé��T²L�g).

5. é��ê m,e�3���Xêõ�ª P (x),¦�é?¿��ê x,þ

km�Ø (P (x))m − x,Ò¡mé¤.

(i)y²¤ké¤�êþØ¹²�Ïf;

(ii)é��ê n,� PnL«¤k÷v n 6 p 6 2n��ê p�¦È,¦¤k�

�ê n,¦� Pné¤.

6. 4ABC S�u� Γ,ÙS%� I,	%� O.� ω � AB,AC,Γþ��,

Ù¥ ω� Γ�:�X. BC�R�²©����AX�u: S.L I�BC�²

1��4AIX	��Ω�u:K.��KS�Ω2g��u T .e P �4TAO

	%,¦y: TP �4BCT �	����.

///. )))������µµµ555

1. ¦¤k¼ê f : R→ N∗,¦�é?¿¢ê x, yþk

f f(x)(y) = f(x)f(y),

Ù¥ fa(b)L« f 3 b?� agS�, = f 1(b) = b, fa+1(b) = f(fa(b)).

) � f ���� S,K S ⊆ Z+, S 6= ∅. é?¿ a, b ∈ S,� f(x) = a,

f(y) = b,KdK�� f f(x)(y) = f(x)f(y),= f f(x)−1(f(y)) = f(x)f(y),½=

fa−1(b) = ab. (∗)

e�3 a ∈ S, a 6= 1,e¡y²é?¿ k ∈ Z+,

f (a−1)k(a) = ak+1. (∗∗)

� k = 1�,3 (∗)¥� b = a=�¤á.

b� f (a−1)k(a) = ak+1¤á,K ak+1 ∈ S.

�	 f (a−1)(k+1)(a),3 (∗)¥� b = ak+1 ∈ S, k

f (a−1)(k+1)(a) = fa−1
�
fk(a−1)(a)

�
= fa−1

�
ak+1

�
= a · ak+1 = ak+2,

d8B{=� (∗∗)¤á.

AO/,3 (∗)¥� k = 1 ,� a2 = f (a−1)(a) ∈ S. � k = a+1 ,� fa
2−1(a) =
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aa+2.3 (∗)¥^ (a2, a)�O (a, b) ,� fa
2−1(a) = a · a2 = a3,=k aa+2 = a3,

ù3 a 6= 1�Ø¤á!

� S = {1},=é?¿ x ∈ R, f(x) = 1 ,ùw,´÷v^��). �

µ5 �KI�éK8�§k�½�n)��{,N´uy (∗)´��,�e

5��{Ò´Ïé��¥�ê�\ (∗).uy (∗)�m>3 S ¥,u´Øäò (∗)

ªm>����\�>=�.

2. 4ABC S�u� Γ.L B,C ©O� Γ���,üö�u: X.3 BC

>þ���Ä: P ,L P � BX ²1�, CX ²1�.ùü^��©O�L A

:� Γ ����u: C1, B1. �� C1B1 � BC �u: R, 4PBB1 	��

�4PCC1	��2g��u Q.¦y: PQ� RX �:�½:.

y² 1 ky²e¡�Ún.

ÚÚÚnnn Γ1, Γ2�²¡þü�,é²¡þ?�: P ,� f(P ) =�P,Γ1 −�P,Γ2 ,

= P �� Γ1, Γ2 ����. K f(P ) ��5¼ê, =?¿��n: A,B,C,

k f(A)−f(B)
f(B)−f(C)

= AB
BC

,Ù¥ AB, BC L«k��ã�.

y² � Γ1, Γ2�%©O� O1, O2,�»©O� R1, R2,K

(i)e O1 = O2,K f(P ) = R2
2 −R2

1�½�,w,�Ún¤á.

(ii)e O1 6= O2,� O1O2 ¥R�� l,^ dP L«: P � l�k�ål, O2

�ý��.� H � P 3 O1O2þ��K,K

f(P ) =
�
PO2

1 −R2
1

�
−
�
PO2

2 −R2
2

�
=
�
PO2

1 − PO2
2

�
−R2

1 +R2
2

= HO2
1 −HO2

2 −R2
1 +R2

2

=
�
HO1 +HO2

�
·
�
HO1 −HO2

�
−R1

2 +R2
2
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= 2dP ·O1O2 −R2
1 +R2

2,

� f(A)−f(B)
f(B)−f(C)

= dA−dB
dB−dC

= AB
BC
¤á!

£££������KKK.é²¡þ�: S,½Â f(S) =�S,�(BPB1) −�S,�(CPC1).

� QP ∩XR = T ,K T 3 �(BPB1)� �(CPC1)�¶þ,� f(T ) = 0.d

Ún�
f(X)

f(R)
=
XT

RT
.

d��½n, f(R) = RP ·RB −RP ·RC = RP ·BC.

� XB � �(BPB1)u U 6= B, XC � �(CPC1)u U 6= C,K ∠UBP =

π − ∠PBX = π − ∠PCX = π − ∠CPB1 = ∠BPB1.� UB1PB ���F/,

K UB = PB1.Ón UC = PC1,�

f(X) = XB ·XU −XC ·XU

= (XB2 +XB ·BU)− (XC2 +XC · CU)

= XB · (BU − CU)

= XB · (PB1 − PC1).

� P 3$Ä�,�� RP,RAØC, PC1, PB1 ��ØC,� RPB1C1 o:/G

ØC,Ïd PB1

PR
, PC1

PR
þ�½�,�

f(X)

f(R)
=
XB · (PB1 − PC1)

RP ·BC
=
XB

BC
·
�
PB1

PR
− PC1

PR

�

�½�,� XT
RT
�½�,= T ©½�ã XR'~�½�,� T �½:. �
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µ5 T){�ÄÅ3u�y²�(Ø´�^�¶©�^½�ã�'~�

½�,u´g,/������5ù�Ù�(Ø.

y² 2 � RA©O� �(BPB1)� �(CPC1)u,�: U, V ,K ∠CV A =

∠BPC1 = ∠XBC = ∠BAC,Ïd 4CV A ∼ 4CAB , V �� P Ã'�½:.

Ón4BUA ∼ 4BAC, U �� P Ã'�½:.

� BU ∩CV = K,KK �½:. ∠BUQ+∠CV Q = ∠CPQ+∠BPQ = π,

� KUV Q��,T��½�. ∠UQP = π − ∠UBP = π − 2∠ABC �½�,

� QP �½� �(KUV )�,��:�½:,�T:� T .

ey X,T,R��.

d∠TKU = π−∠TQU = ∠UBC,�KT �BC,�∠KTV = π−∠BUA =

π−∠BAC = π−∠BCX = 〈KT,CX〉,ÏdCX�TV ,ÓnBX�TU .�UT, V T

©O��� BC uM,N ,K

BM

MR
=

sin∠BUM
sin∠RUM

· sin∠URB
sin∠UBR

=
sin∠ARB

sin 2B
· sin∠KUT

sin 2C
,

ùp^� ∠RUM = ∠V KT = ∠KCB.

Ón,
CN

NR
=

sin∠ARC
sin 2C

· sin∠KV T
sin 2B

,

� BM
MR

= CN
NR

.� UM, V N ©O� XRu T1, T2,K

XT1

T1R
=
BM

MR
=
CN

NR
=
XT2

T2R
,

� T1 = T2,� T 3 XRþ. �
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µ5 T){¥, '%$ÄL§¥�ØC�þ, 5¿� PC1, PB1 �Y

3 RB,RAm��ØC��ã,|^_²1�*:=�uy½: U, V ,?u

y ∠UQP,∠V QP �½�,� �(UQV )�½�,� QP �T½�,��:�½

:,��y²T½:3 XRþ,=z���.¯K,N´)û.

3. é��ê n, � A1, A2, · · · , An � n �pÉ� {1, 2, · · · , n + 1} ��

�f8. ¦y: �3ü�pÉ� {1, 2, · · · , n + 1} �f8 S Ú S ′, ¦�é?

¿ 1 6 k 6 n,þk |Ak ∩ S| = |Ak ∩ S ′|,Ù¥ |T |L«8Ü T ����ê.

y² ^ãØ��óQãù�¯K:

n + 1�:�¤�{üã G,>ê� n,¦y: �3º:�f8 S 6= S ′,¦

� G¥z�^>�ü�º:,�oþ3 S � S ′¥,�oþØ3 S � S ′¥,�o

Tk��3 S ¥,�Tk��Ø3 S ′¥.

� Gk k�ëÏ©| G1, G2, · · · , Gk, Gi�º:ê� vi,>ê� ei, vi > 1,

ei > 0,K
kX
i=1

vi = n+ 1 > n =
kX
i=1

ei,

Ïd�3 i, ¦vi > ei, � ei 6 vi − 1. (Ü Gi ëÏ� Gi ���ä(�±��

��á:½�^>),K Gi ����Üã,�üÜ©º:� U, V , U ∩ V = ∅,

|U ∪ V | = vi 6= 0,#N U, V ����.� S = U, S ′ = V ,Ké Gi ¥�z�^

>,Tk�:3 S ¥,,�:3 S ′¥,é Gi±	�z�^>,Ùüº:þØ3 S

� S ′¥,÷v�¦. �

µ5 lK8¥���8�é��ãØ,=z�ãØ¯K�Ò�*
Nõ,

�¡�?n�{�©~5.

4. �� n× n���Ld n2�ü���¤,Ù¥ n���ê.z�ü��

�¤k>Ñ�±Ñ,Ù¥�
ü���é����±Ñ,¿�?¿��ü��¥

�õk�^é���±Ñ,?¿ü�kú�>�ü��¤±é�� (XJk�

{) ��ØÓ.¦ n�¤k�,¦��3�«±��{,�±lÙ�e��º:

Ñu,�)±�Tã/ (=z^>½öé��T²L�g).

) ¤¦ n� 1, 2, 3,�E±�:�º:�ã.Xã¤«,��z�:Ýêþ

�óê,��ëÏã,���)x.

ey: n > 4�Ø�3��)x�±{.
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l��m©O� n = 1, 2, 3��/

n > 4��/

b� n > 4¦ n × n�3�«��)x�±{(Ø'%�)x�å:),K

òÙw�±�:�º:�ã(Xã).ã¥ÛÝº:Ø�L 2�,Ïd�3þ!

e!�!m>.(Ø¹o��þ�º:)��,¦T>.þ n − 1�:�Ýêþ

�óê,Ø����>..�	�þ�º:e��:,�gP� A1, A2, A3, · · · ,

K A1, A2, A3ÑA´óÝ.Ïd A1, A2, A3ÑA2ëÑ�^é��.e A1¤ëé

����mþ,K A2¤ëé���U�ÙØÓ�,��me,d� A3Ø�2x

Ñé��,gñ! e A1¤ëé����me,K A2Ã{ëÑé��,gñ!

� n > 4þØ÷v. �

µ5 1�Ú=z��ÄÛÝ:�©w,,>.þ�:��Ý� 3,�\}

Á=�.

5. é��ê m,e�3���Xêõ�ª P (x),¦�é?¿��ê x,þ

km�Ø (P (x))m − x,Ò¡mé¤.

(i)y²¤ké¤�êþØ¹²�Ïf;

(ii)é��ê n,� PnL«¤k÷v n 6 p 6 2n��ê p�¦È,¦¤k�

�ê n,¦� Pné¤.

(i)y² �mk²�Ïf,� p2 | m, p��ê.emé¤, P (x) ∈ Z[x]÷
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vé?¿ x ∈ Z+, m | P (x)m − x,K� x = p,u´k p2 | P (p)m − p, m > 2.

e p | P (p),K p2 | P (p)m,� p2 - P (p)m − p,gñ! e p - P (p),K p - P (p)m,

� p2 - P (p)m − pgñ!

(ii)) ·�y²: é?¿ n ∈ Z+, n 6= 2, PnÑé¤ (±eÓ{ª¥�©ê

þUêØ�ên)).

� n > 3�, �	z���ê p, n 6 p 6 2n ,e�3 0 6 i < j 6 p− 1,¦�

iPn ≡ jPn (mod p),K i 6= 0. u´�
i

j

�Pn

≡ 1 (mod p),

(Ü �
i

j

�p−1

≡ 1 (mod p),

� �
i

j

�(Pn,p−1)

≡ 1 (mod p).

 Pn¥�z���Ïfþ3 [n, 2n]¥, p−1
2
��ÏfþØ�L p−1

2
6 2n−1

2
< n,

� (Pn, p− 1) = 1. Ïd i ≡ j (mod p) ,� i = j,gñ!

� 0Pn , 1Pn , · · · , (p−1)Pn(mod p)pØ�Ó,TÐ� 0, 1, 2, · · · , p−1�ü�,

�é?¿ i ∈ {0, 1, · · · , p−1},�3 ai ∈ {0, 1, · · · , p−1},¦� aPn
n ≡ i (mod p).

��Xêõ�ª

Qp(x) ≡
p−1X
i=0

Y
06j6p−1,j 6=i

x− i
j − i

· ai (mod p),

Ké?¿ 0 6 i 6 p− 1,k

Qp(i)
Pn ≡ aPn

i ≡ i (mod p).

�

p | Qp(x)Pn − x, ∀x ∈ Z.

� [n, 2n]¥�Ü�ê� p1, p2, · · · , pt ,Kù��� t�õ�ª

Qp1(x), Qp2(x), · · · , Qpt(x),

÷vþã^�.

éù
õ�ª¥��Ógê���Xê©O¦^¥I�{½n,��3�

Xêõ�ªP (x) ,¦�P (x)�Qpi(x)éA�Xêmod piÑÓ{, i = 1, 2, · · · , t.

�é?¿ x, i,k pi | P (x)pn − x,� Pn | P (x)pn − x,= Pné¤.

n = 1�, P1 = 2 ,� P (x) = x=� P1 = 2é¤.
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n = 2�, P2 = 6 ,du?Û²�êmod 3Ø{ 2 ,� 6 - P (2)6− 2 ,� P2 = 6

Ø´é¤�.

nþ,¤¦ n�¤kØ�u 2 ���ê. �

µ5 1 (ii)¯¥�ê�eZ�ê�È,g,��©)��ê©O?n,�E

õ�ª�|^ Lagrange ��õ�ª�´~��{,����þÒ´�y² xPn

(mod p)��H�X,�êþ��Ïf(��ß,u´ØJ���Ä�.

6. 4ABC S�u� Γ,ÙS%� I,	%� O.� ω � AB,AC,Γþ��,

Ù¥ ω� Γ�:�X. BC�R�²©����AX�u: S.L I�BC�²

1��4AIX	��Ω�u:K.��KS�Ω2g��u T .e P �4TAO

	%,¦y: TP �4BCT �	����.

y² 1 �løBC ¥:M ,lúBAC ¥: N ,dS��5�� N, I,X ��.

∠AIK = 〈AM,BC〉 = ∠ANM = 90◦ − ∠AXI.

⇒ IK L � (AIX)�%,= IK ��»

⇒ ∠IAK = ∠IXK = 90◦

⇒ N,A,K ��, M,X,K ��, SM · SN = SX · SA = ST · SK

⇒M,N,K, T ��

⇒ ∠SMT = ∠SKN = ∠SXT

⇒ S,M,X, T ��

⇒ ∠KAT = ∠KXT = ∠MST

⇒ N,A, T, S ��
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⇒ ∠ATM = ∠ATS − ∠MTS = π − ∠ANS − ∠MNK = π − 2∠ANO =

π − ∠AOM

⇒ A,O,M, T ��

⇒ ∠ATO = ∠AMO = 90◦ − ∠MNA = ∠AKI = ∠ATI

⇒ O, I, T ��.

(Ü OA = OM, � OA2 = OM2 = OI ·OT

⇒ OB2 = OC2 = OI ·OT

⇒4OBI ∼ 4OTB, 4OCI ∼ 4OTC

� PT � � (BTC)��

⇔ ∠PTC = ∠TBC

⇔ ∠PTO − ∠OTC = ∠OBT − ∠OBC

⇔
�
π
2
− ∠OAT

�
− ∠OCI + ∠OCB = ∠OIB

⇔ π
2
− ∠SMT + ∠BCI = ∠IBC + ∠TIK

⇔ π
2

= ∠SMT + (∠ABC
2
− ∠ACB

2
) + ∠TXK

⇔ π
2

= (∠SMT + ∠TSM)− ∠AMN

⇔ π
2

= (π − ∠STM)− (π
2
− ∠ANM)

⇔ ∠STM = ∠ANM

⇔ N,M, T,K ��,¤á. �

µ5 Ty²c�Ü©|^ã¥ S ��%9�«�Ý'X���þ�

�!��,�y²�(Ø'�3u�x TP, TB, TC ���. TP 3 4AOT ¥

|^�>�����x,J:3u TB, TC ���.ùpuy O, I, T ��¿(

Ü A,O,M, T ¤��¥l¥:�(�uy OM2 = OI · OT ,l|©/?n


 TB� TC.

,	,3�Ñ O, I, T �����^�üC�?n:

y² 2 Óy 1,� A,O,M, T ��, O, I, T ��, OM2 = OI ·OT .

±�O�Ä���üC�,KT ↔ I,:B,C,A�/þ�g�,��(TBC)↔

�(BIC).

�: O 3 �(AOT )¥é»:� Q , OP � AM u R , O 'u AM é¡:

� L.d OM = OA,�

OQ ⊥ AM

⇒OM2 = OR ·OQ = OL ·OP
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⇒P ↔ L

⇒PT ↔ �(OIL).

5¿� �(OIL) � �(BIC) ÑL: I, �Ñ'u AI é¡, �ü���u

: I,= PT � �(TBC)�u: T . �
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