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(1. �S3�N¥¢�Æ�, 130021; 2. kSÄr��Æ, 15213)

USEMO´{IêÆc��� (USAMO)���öSm, 1 23 USEMOu

2020c 10� 24F!25FüU?1. �g'm� 6�K, Ù¥ 1,2,4,5JÝ·¥,

�·ÜémÔö; 3,6�J,·ÜImÔö. ·�3e©¥�Ñ
ùg USEMO�

)�ÚµÛ, �Öö1µ��.

I. ÁÁÁ KKK

1.¦¤kU��¤
[x, y] + [y, z]

[x, z]

/ª���ê, Ù¥ x, y, z´n���ê, [a, b]´���ê a, b���ú�ê.

2.`, ¯ü<
��iZ. Äk, ¯ÀJ8Ü {1, 2, · · · , 2020}��xf8 F ,

¿4`��ù�f8x´�o. ,�,`Ú¯Ó6l8Ü {1, 2, · · · , 2020}¥]À

êi, ®ÀL�êiØU2�]À. `k]À, ¯�]À, ��?1�¤kêiÑ

]��� (=z<] 1010Ó). XJ`U]� F ¥,�8Ü¥�¤k��, K`

I, ÄK¯I. Á¦¤kU(�¯k7�üÑ� F ¥, |F|����U�.

3. 3b� 4ABC ¥, O,H ©O´	%ÚR%. P Γ� 4ABC �	��,

N � OH �¥:. �Äd Γ3 B,C ?�ü^��±9L: H �R�u AN

���|¤�n�/, ¿PTn�/�	��� ωA, aq½Â ωB, ωC . y²:

ωA, ωB, ωC ��%3 OH þ.

4.�¼ê f : R+ → R+÷vé?¿ x, y ∈ R+, Ñk

f(x+ f(y) + xy) = xf(y) + f(x+ y).

y²:é?¿�¢ê x,þk f(x) = x.

?¾FÏ: 2021-02-07.
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5. à 200>/ A1A2 · · ·A200 �¤k>��m/æ¤
ù7üÚ. b�¤k

ù>ò����±/¤��� 100>/, ¤k7>ò�����±/¤���

100>/. y²: à 200>/ A1A2 · · ·A200 � 50^é�� A1A101, A3A103, · · · ,

A99A199�:.

6. y²: é?¿Ûê n > 1, þ�3ü���ê a, b,¦�õ�ª Q(x) =

(x+ a)2 + bÓ�÷vXen�^�:

(i) (a, n) = (b, n) = 1;

(ii) Q(0)�±� n�Ø;

(iii) Q(1), Q(2), Q(3), · · ·¥z�êþk��ØU�Ø n��Ïf.

///. ))) ���

K 1 ¦¤kU��¤
[x, y] + [y, z]

[x, z]

/ª���ê, Ù¥ x, y, z´n���ê, [a, b]´���ê a, b���ú�ê.

) 1 (!!!���ððð) P d0 = (x, y, z), d1 = (y,z)
d0
, d2 = (x,z)

d0
, d3 = (x,y)

d0
, �

x1 =
x

d0d2d3
, y1 =

y

d0d1d3
, z1 =

z

d0d1d2
,

´� x1, y1, z1þ��ê, �üüp�. ù`²:

[x, y] = x1y1d0d1d2d3, [y, z] = y1z1d0d1d2d3, [x, z] = x1z1d0d1d2d3,

dd�±��:
[x, y] + [y, z]

[x, z]
=
x1y1 + y1z1

x1z1
.

��¡, e x1y1+y1z1
x1z1

= m���ê, K x1 | (x1y1 + y1z1), z1 | (x1y1 + y1z1),

l
 x1 | y1z1, z1 | x1y1,d x1, y1, z1üüp���: x1 = z1 = 1,l


[x, y] + [y, z]

[x, z]
= m = 2y1

�óê.

,��¡, é?¿��óê n = 2k,� x = 1, y = k, z = 1,K

[x, y] + [y, z]

[x, z]
=
k + k

1
= 2k = n,

ù`², ���óê n, þU��¤ [x,y]+[y,z]
[x,z]

/ª.

(Ü±þü�¡��, ¤k�óê=�¤¦. �
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) 2 P v2(x) = α, v2(y) = β, v3(z) = γ,Ù¥ v2(a)���ê a��Ïf 2

��ê.

Äk, ·�y²: e [x,y]+[y,z]
[x,z]

���ê, KÙ7�óê.

dé¡5, Ø�� α ≥ γ. ©ü«�¹?Ø:

(1) β ≥ α, d�k β ≥ α ≥ γ. ´�

v2 ([x, y]) = max {v2(x), v2(y)} = max {α, β} = β.

Ón

v2 ([y, z]) = max {v2(y), v2(z)} = max {β, γ} = β.

�

v2 ([x, y] + [y, z]) ≥ β + 1.


 v2([x, z]) = max{v2(x), v2(z)} = max{α, γ} ≤ β,Ïd

v2

(
[x, y] + [y, z]

[x, z]

)
≥ β + 1− β = 1,

ù`² [x,y]+[y,z]
[x,z]

�óê.

(2) β < α.d�´� v2([x, y]) = α, v2([x, z]) = α.d [x,y]+[y,z]
[x,z]

���ê, ��

v2([y, z]) ≥ α. l


v2 ([y, z]) = max {v2(y), v2(z)} = max {β, γ} ≥ α,

5¿� α > β, α ≥ γ,� α = γ,�= v2([y, z]) = α,q v2([x, y]) = α,�

v2 ([x, y] + [y, z]) ≥ α + 1,

?


v2

(
[x, y] + [y, z]

[x, z]

)
≥ α + 1− α = 1,

ù`² [x,y]+[y,z]
[x,z]

�óê.

(Ü (1),(2)��, e [x,y]+[y,z]
[x,z]

���ê, KÙ7�óê.

Ùg, é?¿��óê n = 2k,� x = 1, y = k, z = 1,K

[x, y] + [y, z]

[x, z]
=
k + k

1
= 2k = n,

ù`²���óê nþU��¤ [x,y]+[y,z]
[x,z]

/ª.

nþ�, ¤k�óê=�¤¦. �

µ5 �K�{üK. ÏL�
}Á&¢ØJß��Y��N�óê¿�¤

�E. éuy²�Ü©, �«��ê��{´�Ñ¤k���ú�ê'X, l
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�\z{L�ª, `²§��óê�; ,�«�|Ü��{´é©f, ©1¥�

Ïf 2��êOê, `²§��óê�. 3�K¥, ü«){�s�.

K 2 `, ¯ü<
��iZ. Äk, ¯ÀJ8Ü {1, 2, · · · , 2020}��xf8

F , ¿4`��ù�f8x´�o. ,�,`Ú¯Ó6l8Ü {1, 2, · · · , 2020}¥

]Àêi, ®ÀL�êiØU2�]À. `k]À, ¯�]À, ��?1�¤kê

iÑ]��� (=z<] 1010Ó). XJ`U]� F ¥,�8Ü¥�¤k��,

K`I, ÄK¯I. Á¦¤kU(�¯k7�üÑ� F ¥, |F|����U�.

) (������©©©) P8Ü S = {1, 2, · · · , 2020},f8 Ai = {2i − 1, 2i} (i = 1, 2,

· · · , 1010).�Äf8x

|F| = {A | A ⊆ S, � A1, A2, · · · , A1010¥��k��´ A�f8}.

Äk, ·�O� |F|.d F �½Â��: é F ¥z��� A, þ�3��� i,

¦� Ai = {2i− 1, 2i} ⊆ A.
éz���� i,8Ü Aj = {2j− 1, 2j} (1 ≤ j < i)

¥�ü���k 3«÷v i�����{: þØ�, ½?�Ù�. 
8Ü S ¥

z��u 2i������Ø�, � 2«�{, þU÷v A�½Â. �éz��

i (1 ≤ i ≤ 1010), �éA
 3i−1 · 22020−2i� A. Ïd:

|F| =
1010∑
i=1

3i−1 · 22020−2i = 22018 ·
1009∑
i=0

(
3

4

)i
= 22020 − 31010.

Ùg, �Ñd�¯�7�üÑ: �`]À 2i− 1 (1 ≤ i ≤ 1010)�, ¯Ò]À

2i (1 ≤ i ≤ 1010);�`]À 2i (1 ≤ i ≤ 1010)�, ¯Ò]À 2i− 1 (1 ≤ i ≤ 1010).

¯¢þ, df8x F �½Â��, éz�8Ü A ∈ F ,þ�3�� i (1 ≤ i ≤

1010),¦� Ai = {2i − 1, 2i} ⊆ A. d¯�]êüÑ��, Ai ¥�ü���¥7

k��Ã{�`��, �`Ã{]� F ¥?Û��8Ü�¤k��. ¯7�.

��, ·�y²¤k÷v^�� F , þk |F| ≤ 22020 − 31010.

�Ä`c kg�]À�ª.

du`c kg]À� 2020 · (2020− 2) · · · (2020− 2(k − 1))«ÀJ. 
 S �

?¿ k�8Ü3±þÀJ¥�õÑy k!g (�ü��«aê), �`��U]�

2020 · (2020− 2) · · · (2020− 2(k − 1))

k!
= 2k · Ck

1010

� k�8Ü. é k (1 ≤ k ≤ 1010)Xþ�Ä, ��`��U]Ñ
1010∑
k=0

2kCk
1010 = (2 + 1)1010 = 31010

�8Ü. ù`² |F| ≤ 22020 − 31010.
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nþ, |F|����� 22020 − 31010. �

µ5 �K�¥�K. Äk, ·�I���õ�}Á&¢ßÑ�Y��E, �

«�U��ª´ò 2020U¤���ê, X 4,5,6,7,8��, ¿Á&¯ÀØÓ�f

8x¤��(J. 3ßÑ�Y�, �K�y²�´Ø@o²��. ¯¢þ, ·�

O�
`ÅÚ¤U���8Ü�ê�e., ?
�O
¯¤À8Üx�þ.. ù

��{´g,�, �´3g�¯K��ÿ, ù���%�{%N´��À. �K

��E�y²¶,U¤, QÑ�¿�, qÜ��n, ´��J��ÐK.

K 3 3b� 4ABC ¥, O,H ©O´	%ÚR%. P Γ� 4ABC �	�

�, N � OH �¥:. �Äd Γ3 B,C ?�ü^��±9L:H �R�u AN

���|¤�n�/, ¿PTn�/�	��� ωA, aq½Â ωB, ωC . y²:

ωA, ωB, ωC ��%3 OH þ.

y² (qqqfff���) Xã¤«,LH�AN,BN,CN�R�,©O�DE,DF,EF

u A2, B1, A1, C2, B2, C1 . P4ABC �n>�©O� a, b, c, 	���»� R.

P BC ¥: M ,AH ¥: L, KdÊ:��5��� LM � 4ABC Ê:

���», dÊ:��	��� q'� 1:2,�� LM = R. dkì½n�

�, LM � OA. ¤± LM ⊥ AB2,MC ⊥ AH,NC ⊥ B2H, l
k 4AHB2 ∼

4MCN . Ónk4AHC1 ∼ 4MBN .

u´k AB2

AH
= NM

MC
= R

a
, 5¿� AH = 2OM = 2R cosA,��:

AB2 =
2R2 cosA

a
=
R cosA

sinA
= R cotA.

5 êÆ#(�



Ón

AC1 = R cotA = AB2,

±9

BA1 = BC2 = R cotB,CB1 = CA2 = R cotC.

� AH � BC u: U ,ey A1, U, E n:��. N´��

A1D = BD −BA1 = R tanA−R cotB,

DE = DC + CE = R tanA+R tanB,

CU = b cosC = 2R sinB cosC, BU = 2R sinC cosB.

�

BA1

A1D
· DE
EC
· CU
UB

=
R cotB

R(tanA− cotB)
· R(tanA+ tanB)

R tanB
· 2R sinB cosC

2R sinC cosB

=
(tanA+ tanB) cotB cotC

(tanA− cotB) tanB cotB

=
tanA+ tanB

tanA tanB − 1
· cotC = 1,

3 4BCD ¥A^ Menelaus ½n�_½n, �� A1, U, E n:��. Ón,

A2, U, F n:��.

q´� ∠FBU = ∠ECU,�

FB

BU
=

R tanC

2R sinC cosB
=

1

2 cosB cosC
,

Ón
EC

CU
=

1

2 cosB cosC
,

�4FBU ∼ 4ECU,l
 ∠DFU = ∠DEU,� E,F,A1, A2o:��, u´

DA1 ·DF = DA2 ·DE,

ù`² D3 ωB, ωC ��¶þ.

� DU � EF u X,K

FX

XE
=
DF sin∠XDF
DE sin∠XDE

=
R(tanA+ tanC)

R(tanA+ tanB)
· BU
UC

=
(tanA+ tanC) cotB

(tanA+ tanB) cotC
=

tanA tanC − 1

tanA tanB − 1

=
tanC − cotA

tanB − cotA
=
R(tanC − cotA)

R(tanB − cotA)
=
FC1

EB2

.
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d'~5���
FX

XE
=
FC1

EB2

=
C1X

B2X
.

u´

FX ·B2X = EX · C1X,

ù`² X 3 ωB, ωC ��¶þ. � DU � ωB, ωC ��¶. Ón: EV � ωA, ωC

��¶, FW � ωA, ωB ��¶. d�F½n��: DU,EV, FWn��:u

ωA, ωB, ωC ��%, ½�4DEF �4UVW � q¥%. 25¿�O�4DEF

�S%, H �4UVW �S%, d q��: ωA, ωB, ωC ��%3 OH þ. �

µ5 �K�JK. Äkã¥kéõR�, �±�Ä^R��Ñ�q, ?
Ï

LO�(½ A1 �:�äN �; Ùgd°(ãuyü|��, ¿�±ÏLO�

y², l
(½�¶þ���: D; 2gd°(ã�� U �3�¶þ, �ØÐ�

�y², u´�Ä�Ñ DU þ,�: X, =
y² X 3�¶þ, l
�xÑ�

¶; ��·�ÏLÙ�� q�¤y².

K 4. �¼ê f : R+ → R+÷vé?¿ x, y ∈ R+, Ñk

f(x+ f(y) + xy) = xf(y) + f(x+ y). (1)

y²:é?¿�¢ê x,þk f(x) = x.

y² 1 (!!!���ððð) ·�©AÚ�¤y²:

e�3,� y0 > 0¦� f(y0) < y0,� x = 1− f(y0)
y0

, y = y0� xf(y) = 0,ù

� x > 0, f(y) > 0gñ! Ïd, ·���

(((ØØØ 1 é?¿�¢ê y, þk f(y) ≥ y.

½Â g(x) = f(x) − x, Kd(Ø 1� g(x)���� [0,+∞). d� (1)ª�

z�

g(x+ y + xy + g(y)) = (x− 1)g(y) + g(x+ y). (2)

d x, y�?¿5, �� x, y�

g(x+ y + xy + g(x)) = (y − 1)g(x) + g(x+ y). (3)

ò (2),(3)ª���

g(x+ y + xy + g(y))− (x− 1)g(y) = g(x+ y + xy + g(x))− (y − 1)g(x)

é?¿�¢ê x, yþ¤á.
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Ïd, e g(x) = g(y),Kk

(x− 1)g(y) = (y − 1)g(x).

ù`²

(((ØØØ 2 epÉ��¢ê a, b ,¦� g(a) = g(b),K g(a) = g(b) = 0.

3 (2)ª¥, �\ x = 1�

g (g(y) + 2y + 1) = g(y + 1) (4)

é?¿�¢ê yþ¤á. du g(y) ≥ 0,·�uy g(y) + 2y + 1 > y + 1. l
d

(Ø 2� g(y + 1) = 0é?¿�¢ê yþ¤á. Ïd, ·���

(((ØØØ 3 é?¿¢ê y > 1,þk g(y) = 0.

3 (2)ª¥, �\?¿ x = x0 > 1,K x0 + y + x0y + g(y) > 1,d(Ø 2�

0 = g(x0y + x0 + y + g(y)) = (x0 − 1)g(y) + g(x0 + y)

é?¿�¢ê yþ¤á. Ï� g�K, � x0 > 1,¤± g(y) = g(x0 + y) = 0é?

¿�¢ê yþ¤á, ùÒ�¤
y². �

y² 2 Ó{�, ·���(Ø 1,9 (2)ª. �e5·�æ^�y{y².

e�3�¢ê y0,¦� g(y0) > 0,3 (2)ª¥, - y = y0,K

lim
x→+∞

g(x) = lim
x→+∞

g (x(1 + y0) + (g(y0) + y0)) ≥ lim
x→+∞

(x− 1)g(y0),

�

lim
x→+∞

g(x) = +∞.

3 (2)ª¥, - x = 1,��

g (g(y) + 2y + 1) = g(y + 1). (3)

3 (3)ª¥, - y = x− 1,�

g (g(x− 1) + 2x− 1) = g(x). (4)

�XeS� {xn}+∞n=1 :

x1 = 2, xn+1 = g(xn − 1) + 2xn − 1 (n ≥ 1).

�E|^ (4)ª��: g(x1) = g(x1) = g(x3) = · · ·�½�, Ø�PT½�� c.

5¿� g(x) ≥ 0,� xn+1 ≥ 2xn − 1(n ≥ 1),
 x1 = 2,�S� {xn}+∞n=1üN

4O, � lim
n→+∞

xn = +∞.

d lim
x→+∞

g(x) = +∞ ��, �3 M , ¦� ∀x ≥ M, þk g(x) > c; du
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lim
n→+∞

xn = +∞,��3 xn > M,Ïd g(xn) > c. ù� g(xn)�½� cgñ.

nþ, é?¿�¢ê x,Ñk f(x) = x. �

µ5 �K�¥�K. ��¡, ·�l^�Ñu. ¼ê�½Â�¥vk 0, �

Ä x = 1, y = 1, x = y ���AÏ���wå5�Ø�U�Ð/z{^���

&E. 5¿�^�ªü>�z��Ñk f,¤±·�}ÁUÄ�KÙ¥��
�.

3ù�}Á�L§¥, ·�BØJ��(Ø 1. ,��¡, ·�l(ØÑu, ��

� g(x) = f(x) − x´g,�, 
�\^�ª�uy g�'X¥'u x, y�é¡

5�p, ¤±·�}Á�� x, y ��, �K�Ü©�, ·�B��
(Ø 2. ¯

¢þ, (Ø 2éÐ^, Ï�k
§§·��n g(a) = g(b)ÒU���þ&E, u

´�¤y²ÒØJ
. {�·�}Á^©Û�ó`²¯K. ��¡´� g(x)Ã

þ., ,��¡3�� g(x)Ø´ü��, ÏLS�����üN4OÃþ., �

g(x)3Ùþ�½��fS� {xn}+∞n=1, , l
�)gñ.

K 5. à 200>/ A1A2 · · ·A200�¤k>��m/æ¤
ù7üÚ. b�¤

kù>ò����±/¤��� 100>/, ¤k7>ò�����±/¤��

� 100>/. y²: à 200>/ A1A2 · · ·A200� 50^é�� A1A101, A3A103, · · · ,

A99A199�:.

y² Ø�P¤kù>ò����¤�� 100>/� X1X2 · · ·X100,¤k7

>ò����¤�� 100>/� Y1Y2 · · ·Y100,�

XiXi+1 ∩ YiYi+1 = A2i−1 = Bi, i = 1, 2, · · · , 100,

ùpeI mod 100?n. (�{üz, ·�± 10O� 100�Xe«¿ã)

9 êÆ#(�



�ùü�� 100 >/�^=�q¥%� O, ·�ä½ B1B51, B2B52, · · · ,

B50B1007�:u O.�d, ·�y²�r(Ø:

é?¿ i = 1, 2, · · · , 100,þk ∠BiOBi+1 = π
50
,ùp B101 = B1.

¯¢þ, 5¿� O�^=�q¥%, �k

4XiOXi+1 ∼ 4YiXYi+1,

dd��

∠Xi+1BiYi+1 = ∠Xi+1OYi+1,

ù`² O,Bi, Yi+1, Xi+1��.

Ón�� O,Bi, Xi, Yi��, l
k O,Bi, Yi+1, Bi+1, Xi+1��, Ïd

∠BiOBi+1 = π − ∠BiYi+1Bi+1

= π − ∠YiYi+1Yi+1

= π − 49

50
π =

π

50
, i = 1, 2, · · · , 100.

� B1B51, B2B52, · · · , B50B100 �:u O,�= A1A101, A3A103, · · · , A99A199 �:

u O.y.! �

µ5 �K�¥�K. ÄkK¥� 100>/´Ã{xã�, ù��AÛ¯K

¿Ø~�. 3)KL§¥, ·��ÐÁXò 100U¤ 3,4,5����ê�ã, ¿}

Á3ã/¥u÷­��|Ü. ���J�´, �y² 100^���:, ¤��:

é�U´,«|Ü:, XJ*	ã¥���ÛÜ B10B1B2X1X2Y1Y2,·�uy

ù´��ü��²;�., u´� (B1Y1X1B10)�� (B1X2Y2B2)�Éu B1 �

�: OB'é
´L�^= q&E, §Ò´“pÝ�¦”��:?. ¯¢þ, ·

���À�, UC O�½Â�ª, =�Äü� 100>/�^= q¥%, Ò�±

�N[º�)û¯K. ,	, �K��:y²Ü©, ��±ÏLEê{O�.

K 6. y²: é?¿Ûê n > 1, þ�3ü���ê a, b, ¦�õ�ª

Q(x) = (x+ a)2 + bÓ�÷vXen�^�:

(i) (a, n) = (b, n) = 1;

(ii) Q(0)�±� n�Ø;

(iii) Q(1), Q(2), Q(3), · · ·¥z�êþk��ØU�Ø n��Ïf.

y² � n�¤k�Ïfl����g� p1, p2, · · · , pk, ·�©AÚ�¤y

².
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(((ØØØ 1 �3�ê q1, q2, · · · , qk,¦�é?¿ 1 ≤ i ≤ k,k(
pj
qi

)
=

 1 (j 6= i),

−1 (j = i).

y² ?��� mod pj (1 ≤ j ≤ k)��g�{ dj,Ú�� mod pj ���

g�{ ej. d¥I�{½n9 Dirichlet½n, �3�ê qi÷v±eÓ{�§|
qi = 1 (mod 4),

qi = ei (mod pi),

qi = dj (mod pj) (j 6= i).

(Ü�gp�Æ, k(
pj
qi

)
=

(
qi
pj

)
· (−1)

(pj−1)(qi−1)

4 =

(
qi
pj

)
=

(
dj
pj

)
= 1 (j 6= i),(

pi
qi

)
=

(
qi
pi

)
· (−1)

(pi−1)(qi−1)

4 =

(
qi
pi

)
=

(
ei
pi

)
= −1.

y.!

- b = mq1q2 · · · qk,Ù¥��êm÷vÓ{�§|

m ≡ − di
q1q2 · · · qk

(mod pj) (j = 1, 2, · · · , k).

(((ØØØ 2 éþã b, ��3k����ê x, ¦� x2 + b ��Ïfþ3

{p1, p2, · · · , pk}¥.

y² � x2 + b = pα1
1 p

α2
2 · · · p

αk
k ,u´(

pα1
1 p

α2
2 · · · p

αk
k

q1

)
=

(
pα1
1 p

α2
2 · · · p

αk
k

q2

)
= · · · =

(
pα1
1 p

α2
2 · · · p

αk
k

qk

)
= 1.

d(Ø 1�� (
pα1
1

q1

)
=

(
pα2
2

q2

)
= · · · =

(
pαkk
qk

)
= 1.

5¿�
(
pi
qi

)
= −1 (1 ≤ i ≤ k),�

(−1)α1 = (−1)α2 = · · · = (−1)αk = 1,

ù`²

α1 ≡ α2 ≡ · · · ≡ αk ≡ 0 (mod 2),

Ïd

x2 + b =
(
p
α1
2
1 p

α2
2
2 · · · p

αk
2
k

)2
≥ (x+ 1)2,

l
 x ≤ b−1
2

. ���3k����ê x÷v^�.y.!

d(Ø 2��, é¿©����ê x, x2 + b þkØ�Ø n��Ïf.

11 êÆ#(�



(((ØØØ 3 �3��ê a, ¦� a2 + b ≡ 0 (mod n).

y² ·�y²�r(Ø:

é?¿� 1 ≤ i ≤ k,±9��ê l,�3��ê a,¦� a2 + b ≡ 0 (mod pli).

·�é læ^êÆ8B{?1y².

l = 1�, du
(
−b
pi

)
=
(
−mq1q2···qk

pi

)
=
(
di
pi

)
= 1,��3 a,¦� a2 + b ≡ 0

(mod pli).

e l�(Ø¤á, ���ê a÷v a2 + b ≡ 0 (mod pli).K l + 1�, �ÄX

e pi�ê:

a2 + b, (a+ pli)
2 + b, · · · , (a+ (pi − 1)pli)

2 + b,

§�þ� pli ��ê, � mod pl+1
i �{êpØ�Ó, �Tk 1�´ pl+1

i ��ê.

� l + 1�(Ø�¤á. dêÆ8B{��(Øé?¿��ê lþ¤á.

ò nIO©), éÙz���Ïf��g, A^�r(Ø, =��(Ø 3¤

á. y.!

d(Ø 2 9(Ø 3, ���3��ê a, b, ¦� a2 + b ≡ 0 (mod n), �é

u x ≥ a, x2 + b þkØ�Ø n ��Ïf. qd b �½Â9(Ø 3, w,k

(a, n) = (b, n) = 1,��3ÎÜK¿���ê a, b.y.! �

µ5 �K�JK, I�
)�gp�Æ¿ä�ér�êØnÜ©ÛUå.

�«�U�g��ª�l(�{ü� n\Ã�Ä, X n = p, n = p2, n = pq (ùp

p, q þ��ê). ù
g�éu·�éÏ�ê q1, q2 · · · , qk ¦�V4�ÎÒ
(
n
qi

)
�� vpi(n)k', ?
�Ñ'��(Ø 2. d�¯KBØJ)û
.
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