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¯K 1 �½��ê n, k, n ≥ k, ®� A1, A2, · · · , An�¢ê, é?¿¢ê x

Ñk

A1 cosx+ A2 cos 2x+ · · ·+ An cosnx ≤ 1,

¦ Ak ����.

¯K 2 �½��ê n, k, n ≥ k, ®� A1, A2, · · · , An�¢ê, é?¿¢ê x

Ñk

|A1 cosx+ A2 cos 2x+ · · ·+ An cosnx| ≤ 1,

¦ Ak ����.
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p�y²AT�N´�¥Æ)n).

I. ÌÌÌ���(((JJJ999yyy²²²

½n 1 �½��ê n, ®� A1, A2, · · · , An�¢ê, �é?¿¢ê xÑk

A1 cosx+ A2 cos 2x+ · · ·+ An cosnx ≤ 1,

K A1����� 2 cos π
n+2

.
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y² ·�k5)û n�Ûê��/, � n = 2m− 1,m ∈ N∗, � α = π
2m+1

.

·�k5y²��Ún:

ÚÚÚnnn 1 P

uj =

 1 + cosα, j = 0,

2 cos(2jα) + 2 cosα, 1 ≤ j ≤ m− 1.

K·�k

m−1∑
j=0

uj cos(2kjα) =


(2m+ 1) cosα, k = 0,

m+ 1
2
, k = 1,

0, 2 ≤ k ≤ m.

Ún�y²´{ü�, �´�
O�, '�´uyù
�ª.

y² éu 2 ≤ k ≤ m,
m−1∑
j=0

uj cos(2kjα)

=1 + cosα + 2
m−1∑
j=1

cos(2kjα) cos(2jα) + 2 cosα
m−1∑
j=1

cos(2kjα)

=1 + cosα +
m−1∑
j=1

cos(2(k + 1)jα) +
m−1∑
j=1

cos(2(k − 1)jα) + 2 cosα
m−1∑
j=1

cos(2kjα)

=1 + cosα +
(−1)k sin 2(k + 1)α− sin(k + 1)α

2 sin(k + 1)α

+
(−1)k sin 2(k − 1)α− sin(k − 1)α

2 sin(k − 1)α
+ cosα · (−1)

k−1 sin 2kα− sin kα

sin kα

=1 + cosα + (−1)k cos(k + 1)α− 1

2
+ (−1)k cos(k − 1)α− 1

2

+ (−1)k−12 cosα cos kα− cosα

=(−1)k(cos(k + 1)α + cos(k − 1)α− 2 cosα cos kα) = 0.

éu k = 0, 1��ÿ��±aqO�.

£££������KKK. ��¡, P

f(x) = A1 cosx+ A2 cos 2x+ · · ·+ A2m−1 cos(2m− 1)x,

dué?¿ j, 0 ≤ j ≤ m− 1, uj ≥ 0, �·�k,

m−1∑
j=0

uj · f(2jα) ≤
m−1∑
j=0

uj,

- B1 = A1;Bk = Ak + A2m+1−k, 2 ≤ k ≤ m, dÚn�,
m−1∑
j=0

ujf(2jα) =
m−1∑
j=0

uj

m∑
k=1

Bk cos(2kjα) =
m−1∑
j=0

m∑
k=1

ujBk cos(2kjα)

www.nsmath.cn 2



=
m∑
k=1

Bk

m−1∑
j=0

uj cos(2kjα) = B1 · (m+
1

2
),

q
m−1∑
j=0

uj = (2m+ 1) cosα,

�·�k

A1 = B1 ≤ 2 cosα.

,��¡, ·�5�E��~fÎÜ^�� A1 = 2 cosα.P

g(x) = (1− cosx)
m−1∏
k=1

(cosx− cos(2kα))2,

N´��, g(x)��±�¤Xe/ª:

g(x) = a0 + a1 cosx+ a2 cos 2x+ · · ·+ a2m−1 cos(2m− 1)x,

�du g(2jα) = 0, 0 ≤ j ≤ m− 1, �·�k
m−1∑
j=0

ujg(2jα) = 0,

l·�k

(2m+ 1) cosα · a0 + (m+
1

2
) · a1 = 0,

=

a1 = −2 cosα · a0,

�´�,

a0 =

2m∑
k=0

g(2kα)

2m+ 1
=

2g(2mα)

2m+ 1
> 0,

�·���,

g(x) = −a1
a0

cosx− a2
a0

cos 2x− · · · − a2m−1
a0

cos(2m− 1)x,

=ÎÜ^�.

éu n�óê��/, � n = 2m,m ∈ N∗, � α = π
2m+2

. ·�k5y²��

Ún:

ÚÚÚnnn 2 P uj = cosα + cos(2j − 1)α, 1 ≤ j ≤ m. K·�k,

m∑
j=1

uj cos(k(2j − 1)α) =


(m+ 2) cosα, k = 0,

m
2
+ 1, k = 1,

0, 2 ≤ k ≤ m.
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Ún�y²±9A^Úny²�¯K��{� n = 2m− 1�����. �

·��¤
y². �

������(J.

½n 2 �½��ê n, ®� A1, A2, · · · , An�¢ê, é?¿¢ê xÑk:

A1 cosx+ A2 cos 2x+ · · ·+ An cosnx ≤ 1,

K Ak ����� 2 cos π
p+2

, Ù¥ p = bn
k
c.

y² P

f(x) = A1 cosx+ A2 cos 2x+ · · ·+ An cosnx,

Kéu?¿ x,

g(x) =
f(x) + f(x+ 2π

k
) + · · ·+ f(x+ 2(k−1)π

k
)

k

= Ak cos y + A2k cos 2y + · · ·+ Apk cos py ≤ 1,

Ù¥ y = px, |^þ�½n�(Ø, �� Ak ����� 2 cos π
p+2

. �

½n 3 �½��ê n, ®� A1, A2, · · · , An�¢ê, é?¿¢ê xÑk:

|A1 cosx+ A2 cos 2x+ · · ·+ An cosnx| ≤ 1,

K A1�����
2 cot π

2bn+1
2
c+2

bn+1
2
c+ 1

.

y² ¯¢þ·���)û n�Ûê��/, n�óê��/´���.

·�k5y² n = 4m− 1,m ∈ N∗��/, P α = π
4m+2

.-,

f(x) = A1 cosx+ A2 cos 2x+ · · ·+ A4m−1 cos(4m− 1)x,

�·�k,

g(x) = A1 cosx+ A3 cos 3x+ · · ·+ A4m−1 cos(4m− 1)x

=
f(x)− f(x+ π)

2
≤ 1.

Ïd

g((2j − 1)α) ≤ 1, 1 ≤ j ≤ m.

�
m∑
j=1

cos(2j − 1)α · g((2j − 1)α) ≤
m∑
j=1

cos(2j − 1)α.
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m∑
j=1

cos(2j − 1)α =
sin 2mα

2 sinα
=

cotα

2
,

�
m∑
j=1

cos(2j − 1)α · g((2j − 1)α)

=
m∑
j=1

cos(2j − 1)α ·

(
2m∑
k=1

A2k−1 cos((2j − 1)(2k − 1)α)

)

=
2m∑
k=1

A2k−1

m∑
j=1

cos(2j − 1)α · cos((2j − 1)(2k − 1)α)

=A1

m∑
j=1

cos2(2j − 1)α

=A1 ·
2m+ 1

4
.

�

A1 ≤
2 cot π

4m+2

2m+ 1
.

éu n = 4m− 3,m ∈ N∗��/, y²��´���, �I��:� 0·π
2m
, 1·π
2m
, · · · ,

(m−1)·π
2m

. ¿�Ä,

1

2
g(0) +

m−1∑
j=1

cos 2jαg(2jα), α =
π

4m
.

e¡·�5�E~f, ·�5�ÑÚ���E. P m = bn+1
2
c , l·�

k n = 2m½ 2m− 1, 3ùp- α = π
2m+2

.¿P

f(x) =
1

(m+ 1)2

m∑
j=1

(−1)j−1{(2m− 2j + 3) cot(2j − 1)α + cotα} · cos(2j − 1)x,

@o f(x)÷vÙÄ�Xê

A1 =
2 cot π

2m+2

m+ 1
,

�·��Iy²é?¿ x ∈ R , Ñk −1 ≤ f(x) ≤ 1=�.

- θν =
νπ
m+1

, 1 ≤ |ν| ≤ m , P

S(x) = f(x− π

2
)

=
1

(m+ 1)2

m∑
j=1

{(2m− 2j + 3) cot(2j − 1)α + cotα} · sin(2j − 1)x

=
1

(m+ 1)2

m+1∑
j=1

{(2m− 2j + 3) cot(2j − 1)α + cotα} · sin(2j − 1)x

5 êÆ#(�



=
1

(m+ 1)2

m+1∑
j=1

(2m− 2j + 3) cot(2j − 1)α · sin(2j − 1)x

+
1

(m+ 1)2

m+1∑
j=1

cotα · sin(2j − 1)x,

¿5¿�

sin2(m+ 1)x

sinx
= sinx

{
(m+ 1) + 2

m∑
k=1

(m+ 1− k) cos 2kx

}

=
m+1∑
j=1

sin(2j − 1)x,

P

hν(x) =
1

(2m+ 2)2
sin2(m+ 1)x

sin2 (x− θν) /2
, 1 ≤ |ν| ≤ m,

·�k

hν(x)− h−ν(x) =
2

(2m+ 2)2

2m+1∑
k=1

(2m+ 2− k) (cos k (x− θν)− cos k (x+ θν))

=
1

(m+ 1)2

2m+1∑
k=1

(2m+ 2− k) sin kθν sin kx,

2�â,
m∑
ν=1

sin
νkπ

m+ 1
=

 0, e k óê, 1 ≤ k ≤ 2m,

cot kπ
2m+2

, e k Ûê, 1 ≤ k ≤ 2m,

·�k
m∑
ν=1

(hν(x)− h−ν(x)) =
m+1∑
j=1

{
(2m− 2j + 3) cot

(2j − 1)π

2(m+ 1)

}
sin(2j − 1)x

(m+ 1)2
,

l

S(x) =
m∑
ν=1

(hν(x)− h−ν(x)) +
cotα · sin2(m+ 1)x

(m+ 1)2 sinx
,

 cotα·sin2(m+1)x
(m+1)2 sinx

3 θν , 1 ≤ |u| ≤ m?����êþ� 0 , �

hν (θµ) = 0e µ 6= ν, hν (θν) = 1, � h′ν (θµ) = 0 Ù¥ 1 ≤ |ν|, |µ| ≤ m,

�·�k S(x) 3 θ1, θ2, · · · , θm ?���� 1 , �êþ� 0, d Rolle ½n,

S ′(x) 3 (θ1, θ2), (θ2, θ3), · · · , (θm−1, θm) ?��k m − 1 �":, 2\þ S ′(x)

θ1, θ2, · · · , θm ?� 0 , � S ′(x) ��3 (0, π) þ� 2m − 1 :?��� 0 , 2

d S ′(x)´ó¼ê, l3 (−π, π)þ��k 4m− 2�":, �duù´�gê

� 2m− 1g�n�õ�ª, �3 [−π, π)þ�õk 4m− 2�":, � S ′′(x)�"

:� S ′(x)�":ØÓ.
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�¤k�ù 4m− 2�":?Ñ�ÛÜ�4��½4��,� S(0) = S(π) =

0, �·���3 S(x)3 θ1, θ2, · · · , θm?þ��4�� 1 , l S(x)3 (0, π)þ

vkÙ¦4��:, �·�k S(x) ≤ 1, x ∈ (0, π). ,��¡·�´�,

S(x) =
m∑
ν=1

(hν(x)− h−ν(x)) +
cotα · sin2(m+ 1)x

(m+ 1)2 sinx
≥ 0, x ∈ (0, π),

(Ü S(x)Û¼ê, ·�ké?¿ x ∈ R , −1 ≤ S(x) ≤ 1.�·��¤
�E. �

5 ùp��EÜ©·�ë�
©z [1].�E����Ü©^
(Ø: ��

�"� ngn�¼ê3��±ÏS���ê�õ�k 2n�.ù�´N´�,�=

� z = eix���ê.

��/,�â½n 1�½n 2��Ó�{,·�kXe(J:

½n 4 �½��ê n, k, n ≥ k,®� A1, A2, · · · , An�¢ê,é?¿¢ê x

Ñk

|A1 cosx+ A2 cos 2x+ · · ·+ An cosnx| ≤ 1,

K Ak �����
2 cot π

2m+2

m+ 1
.

Ù¥m = bn+k
2k
c.

II. ���'''¯̄̄KKK

5 (1) �(Øí2
 1977c IMOÁK.

K 1 ®� a, b, A,BÑ´¢ê,eéu��¢ê x,Ñk

f(x) = 1− a cosx− b sinx− A cos 2x−B sin 2x ≥ 0,

¦y: a2 + b2 ≤ 2, A2 +B2 ≤ 1.

¯¢þ,·�kXe(J:

K 2 ®� Ak, Bk, 1 ≤ k ≤ nÑ´¢ê,eéu��¢ê x,Ñk,

f(x) = 1−
n∑
k=1

(Ak cos kx+Bk sin kx) ≥ 0,

¦y: A2
1 +B2

1 ≤ 4 cos2 π
n+2

, A2
n +B2

n ≤ 1, A2
k +B2

k ≤ 4 cos2 π
p+2

, p = bn
k
c.

{y �)û A2
1 +B2

1 ≤ 4 cos2 π
n+2

,Äkd9Ï�úª,� y = x+ φ,

g(y) = 1−
√
A2

1 +B2
1 cos(y)−

n∑
k=1

(A′k cos ky +B′k sin kx) ≥ 0,
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,�2�Ä

g(y) + g(−y) ≥ 0,

=�^1 1K(Ø. �

5 (2) ¯¢þ·��±·�Xek¿g�¯K:

K 3 P n���ê, A2, A3, · · · , An�¢ê,K�½�3 x ∈ R¦�

cosx+ A2 cos 2x+ A3 cos 3x+ · · ·+ An cosnx >
1

2
.

5 (3) Ó�/|^½n 3�(Ø·���±·�Xek¿g�¯K:

K 4 P n���ê, A2, A3, · · · , An�¢ê,K�½�3 x ∈ R¦�

| cosx+ A2 cos 2x+ A3 cos 3x+ · · ·+ An cosnx| >
π

4
.

��5¿�´T¯KØ=�±^K 3�(Ø,�k�����{.

y² P

M = max
x∈R
| cosx+ A2 cos 2x+ A3 cos 3x+ · · ·+ An cosnx|,

�

f(x) = cos x+ A2 cos 2x+ A3 cos 3x+ · · ·+ An cosnx,

K·�k

4M =M ·
∫ 2π

0

| cosx|dx ≥
∫ 2π

0

f(x) cosxdx =

∫ 2π

0

cos2 xdx = π,

lM ≥ π
4
, ¿�·�N´���Ò´�Ø��, �

M >
π

4
,

=y²
�¯K. �

�� a�3��L§¥Üà�P�Jø
ýé��/�A~.a�3��

¥ekt�Ç��y.a�6åÆ¬3���']�þ��Ï.a�9ÞkP�

3O� uj �Jø��
AÏêâþ�O�.

ë�©z
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