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I. ÁÁÁ KKK

AYYY²²² 8–9 ccc???

1. (4©©©)´Äé?¿�ào>/,Ñk���Ú§�z^>�uü�S:?

2. (7 ©©©)¡dü�ØÓ���ê|¤�êé�“¤õé”,e§���â²

þêÚAÛ²þêÑ´��ê.

¯: ´Äéz��“¤õé”,Ñk�Ù�â²þê���,��“¤õé”�

�éA? (êé (a, b)Ú (b, a)À��Ó.)

3. (3 ©©©+4 ©©©) *�Ú�g?15KXe�iZ: z�Ó,*�`���

ê,�g3ç�þ�U�eTê,½ö´�eTê\þç�þ�c¤k�ê�

Ú,¯:

(1)*�UÄ�y3,��,ç�þ��ê¥��k 100� 5 ?

(2)*�UÄ�y3,��,ç�þ��ê¥��k 100� 10 ?

4. (7 ©©©) P“�i”/´dÊ� 1 × 1��/|¤ (Ù¥�o�ÑÚ1Ê�

kú�>).UÄl 8× 8�Ú�¥}Ñ 9�ù��“�i”/?Ø�½÷X���

}. (ã¥�}Ñ 3�“�i”/��«�{)

?¾FÏ: 2021-02-11.
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5. (8 ©©©)´Ä�3 100�pØ�Ó���ê,Ù¥��ê�á��u�e

99�ê�á��Ú?

6. (10 ©©©) üÜ�S��k n�°(,z�°(�Ú�¦���ü�°(

´*l.U¦�±4°(¥#�) 2né*l(z�é°(�±5gÓ�S,��

±5güS),� ¬l#�)� 2né*l¥À� né*l¦¦�ý�.

¯: éN����ê n,U¦U
��ÃØ� XÛ1Ä,Ñ�±4ù 2n�

°(Ñ�3Ó�Ü�Sþ,¿¦�zü����°(Ñ´*l.

7. (6 ©©©+6 ©©©)ào>/ ABCD�o^>÷v?Ûn^>ÑØU�¤n

�/,y²:

(1)3ào>/ ABCD¥��k��S�Ø�u 60◦,

(2)3ào>/ ABCD¥��k��S�Ø�u 120◦.

AYYY²²² 10–11 ccc???

1. (4©©©)�½ n���êU÷v?ü�ê��â²þ�ÚAÛ²þ�¥�

�k��´�ê.Å|æ3ç�þ�Ñù n�ê�?ü�ê��â²þ�,3,

�¬x�þ�Ñù n�ê�?ü�ê�AÛ²þ�.

y²: ç�Úx�¥��k�¬�fþ¤��ê�Ñ´�ê.

2. (5 ©©©)DFÍÜIù�Ñ��(Ø: XJõ�ª

P (x) = xn − axn−1 + bxn−2 + · · ·

k n���ê�,K²¡þ�3 a^���T�) b��:.y²½Ä½T(Ø.

3. (6 ©©©)®� �A, �B��u C, Dü:,�ã AB� �A, �B��:©

O�K, L.�� DL� �A�u,�:M,�� DK � �B�u,�: N.

y²: o>/KLMN �é����:�4ABC �S%.

4. (7 ©©©)Ó 8− 9c? 6.
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5. (7 ©©©) ´Ä�3���±�©� 100��Ý/�Ý/,÷v: z���

Ý/þ��Ý/�q�üüØÓ�?¿ü��Ý/vkU�Ü©(>.Ø

	)?

6. (10 ©©©) *�Ú�gÓ63ç�þ�äk/ª 1
n
�©ê,Ù¥ n���

ê.*�k�,*�z�Ú����©ê;�g1�Ú���©ê,1�Ú�ü�

©ê,±daí,zÚ'c�Úõ���©ê.�g��¦�,�Ú��ç�þ

¤k©ê�Ú´��ê.

¯: *�UÄ{��g¢y¨��{?

7. (12 ©©©) ��`Á u 1000 × n�Ú��e����,Ù¥ n��u

2020�Ûê.Ú�¥kü��,©O u�þ�Úme��ü���.z�Ú,`

Á�±a��������½ö¦^IS�Ú¥ê�r{aÄ,`Á����

Ú�mþ����,�ØU?\�¤3���½�UôÂ����(Ù¥�¦^

IS�Ú�r{,�3UôÂ�`Á�cØÄ),¿²LÙ¦¤k��TÐ�g.

y²: `Á��mþ����¤a�´»ê� nÃ'.

///. )))������µµµ555

AYYY²²² 8–9 ccc???

K 1 ´Äé?¿�ào>/,Ñk���Ú§�z^>�uü�S:?

) (444+++���) �Y´Ä½�.

3²¡���IX xOy¥,� A(0, 0), B(1, 0), C(3, 1), D(2, 1).

b��3��� M �o>/ ABCD �z^>Ñ��uü�S:. �

�M � AB >uS: K1(x1, 0), K2(x2, 0),Ù¥ x1 < x2, �M � CD>uS:

K3(x3, 1), K4(x4, 1),Ù¥ x3 < x4.
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dS:�½Â,k

0 = xA < x1 < x2 < xB = 1, 2 = xD < x3 < x4 < xC = 3.

d�%M 3�ãK1K2¥R�þ,� xM = x1+x2

2
< 1,qd�%M 3�ã

K3K4¥R�þ,� xM = x3+x4

2
> 2,ù��� xM < 1q xM > 2,gñ!

�b�Ø¤á,ù���Ø�3,¤±�Y´Ä½�. �

µ5 �I��E��v
��²1o>/�¦�ù���Ø�3.

K 2 ¡dü�ØÓ���ê|¤�êé�“¤õé”,e§���â²þê

ÚAÛ²þêÑ´��ê.

¯: ´Äéz��“¤õé”,Ñk�Ù�â²þê���,��“¤õé”�

�éA? (êé (a, b)Ú (b, a)À��Ó.)

) (444ÓÓÓ) �Y´�½�.

¯¢þ,é?¿��“¤õé” (a, b) ,·��±�E,��“¤õé” (a′, b′),

-

(a′, b′) =

 
a+ b− 2

√
ab

2
,
a+ b+ 2

√
ab

2

!

d� a′, b′��â²þê�� a+b
2
,AÛ²þê� |a−b|

2
,þ���ê.

e¡·��I��y: a′, b′ ∈ N+, a
′ 6= b′� (a′, b′) 6= (a, b).

dK¿�� a+b
2

= u,
√
ab = v,Ù¥ u, v ∈ N+,du a 6= b,¤± a+b

2
>
√
ab,

� u > v,K

a′ =
a+ b− 2

√
ab

2
=

2u− 2v

2
= u− v ∈ N+,
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b′ =
a+ b+ 2

√
ab

2
=

2u+ 2v

2
= u+ v ∈ N+,

�Ñ a′, b′ ∈ N+, a
′ 6= b′.

b� (a′, b′) 6= (a, b)Ø¤á,K (a′, b′) = (a, b),k a′ · b′ = a · b.�

a′ · b′ = (u− v)(u+ v) = u2 − v2 = v2 = a · b,

k u2 = 2v2. 2v2Ø���²�ê,gñ!

¤± (a′, b′) 6= (a, b),K (a′, b′)´÷v�¦�,��“¤õé”,��Y´�

½�. �

µ5 |^ ab���²�ê����E,��“¤õé”.

K 3 *�Ú�g?15KXe�iZ: z�Ó,*�`���ê,�g3ç

�þ�U�eTê,½ö´�eTê\þç�þ�c¤k�ê�Ú,¯:

(1)*�UÄ�y3,��,ç�þ��ê¥��k 100� 5 ?

(2)*�UÄ�y3,��,ç�þ��ê¥��k 100� 10 ?

) (ÜÜÜ´́́ÊÊÊ) (1)*�ØU�y3,��ç�þ��ê��k 100� 5,n

dXe:

e*�`�ê��óê,K�g�±zg�e*�`�ê,d�ç�þ�ê

��óê,Ø�UÑy�� 100� 5��/.ÄK*�7,3,���`Ñ1�

�Ûê,@o�g�eù�Ûê,Pd�ç�þ¤kêi�Ú� S0,K S0 �Û

ê.3�e5��Ó¥,

(i) e*�`Ñ´Ûê,K�g��eù�Ûê� S0 �Ú(TÚ�óê),d

�ç�þ¤kêi�ÚE�Ûê,

(ii) e*�`Ñ�´óê,K�g�eù�óê,d�ç�þ¤kêi�Ú

E�Ûê.

¤±�g�Uþã5Kö�¦����e�êo�óê,ù�ç�þ�õ

�k��Ûê,Ø�UÑy 100� 5.

nþ¤ã,*�Ø�U�y3,��ç�þ¤��ê¥��k 100� 5.

(2)*��±�y?¿��ç�þ¤kêi�Ú�� 0, −5, 5, 10¥��

�,ndXe:

5¿�,iZm©�Ðç�þvk?Ûê,d�êi�Ú� 0 ∈ {0,−5, 5, 10}.

b�,���9�c�?¿��¥,ç�þ¤kê�Ú� 0, −5, 5, 10¥�
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��.Pd�ç�þ¤k�êi�Ú� S.

(i) � S = 0�,d�*�`Ñ�ê 10,K�g�U�e 10,ù�ç�þ¤k

�êi�Ú S ′ = S + 10,

(ii) � S = 10�,d�*�`Ñ�ê −15,K�g�U�e −15½ −5,ù

�ç�þ¤k�êi�Ú S ′ = S + (−15) = −5½ S ′ = S + (−5) = 5,

(iii) � S = −5�,d�*�`Ñ�ê 10,K�g�U�e 5½ 10,ù�ç

�þ¤k�êi�Ú S ′ = S + 10 = 5½ S ′ = S + 5 = 0,

(iv) � S = 5�,d�*�`Ñ�ê −10,K�g�U�e −10½ −5,ù�

ç�þ¤k�êi�Ú S ′ = S + (−5) = 0½ S ′ = S + (−10) = −5.

u´e����êiÚ S ′ ∈ {0,−5, 5, 10}.�*���Uìþã�¦ö�,

�¦ç�þ¤k�êi�Ú� 0,−5, 5, 10¥���.�ö�½3k�gSl

S = 0£� S = 0�G�,½3 S = 5� S = −5��/mÌ�.

q5¿�, ÃØ´l S = 0 m©£� S = 0 �Ì�L§, �´ S = 5 �

S = −5�mÌ�L§,3z�Ì�L§¥Ñ���e�� 10.�*��±�y,

3,���,ç�þ�±�k?¿õ 10,AO/,�±Ñy 100� 10. �

µ5 3 (1)¥�Ä� 5´Ûê,ÏLÛó©Û���Ûê�ê5`²��

k 100� 5Ø�1; 3 (2)¥ØJuy 100´vk¢S¿Â�,ùéuX·�d

Ì��ö�5¢yç�þ���� 100� 10�G�.

K 4 P“�i”/´dÊ� 1 × 1��/|¤ (Ù¥�o�ÑÚ1Ê�kú

�>).UÄl 8× 8�Ú�¥}Ñ 9�ù��“�i”/?Ø�½÷X���}.

) (���ZZZRRR) �Y´�½�,·��Ñ�EXe:

Xã¤«,¤ÀÊ�“�i”/�K3J�µ ABCD¥.5¿�¤ÀÊ�“�
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i”/7X¥m�“�i”/�¥%_��^= 90◦���ã/Ü�.3ù«^

=�ªe�¦��� AB ��� BC Ü,�� AD��� BAÜ.d�,�

� AB, AD��:C��� BC, BA��:,=�: AC�: B.Ón,: B

C�: C,: C C�: D,: DC�: A.dd�Ñ

∠A = ∠B = ∠C = ∠D = 90◦

�

AB = BC = CD = DA,

�o>/ ABCD���/.

���/ ABCD �>�� a, 1, 2 Ò“�i”/�> AB, CD ��:�

E, F.�e5,·��I��Ä E, F ü:ål� 8���'X.

d E, F ü:3R���ål� 3,Y²��ål� 7 (Xã),k

a ≤ |EF | =
√
32 + 72 =

√
58 < 8

KJ�µ��i\ 8 × 8���L¥,u´ 8 × 8���L¥�±àÑÊ�“�

i”/. �

µ5 �I��
{ü�}ÁB��EÑ 9�;�ü��“�i”/÷v�

¦.

K 5. ´Ä�3 100�pØ�Ó���ê,Ù¥��ê�á��u�e 99

�ê�á��Ú?

) 1 (FFF###©©©) �Y´�½�.�½ n ∈ N∗,du

13 + 23 + · · ·+ n3 =

�
n(n+ 1)

2

�2
,

K

(n+ 1)3 + (n+ 2)3 + · · ·+ (n+ 99)3

= 13 + 23 + · · ·+ (n+ 99)3 −
�
13 + 23 + · · ·+ n3

�
=

(n+ 99)2(n+ 100)2 − n2(n+ 1)2

4

= 99 (n+ 50)
�
n2 + 100n+ 4590

�
. (∗)

� n = 10�,

99 (n+ 50)
�
n2 + 100n+ 4950

�
= 33 × 53 × 113 × 23 = 3303.
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= n = 10�,k

113 + 123 + · · ·+ 1093 = 3303.

¤±k 11, 12, 13, · · · , 109Ú 330,ù 100���ê÷v��ê�á��u�e

99�ê�á��Ú. �

) 2 (444���óóó) 5¿�

(3× 2)3 = 63 = 53 + 43 + 33.

ü>Ó¦ 23t ( t ∈ {1, 2, · · · , 48} ),��
�
3× 22

�3
= (6× 2)3 = (5× 2)3 + (4× 2)3 + (3× 2)3,�

3× 23
�3

=
�
6× 22

�3
=
�
5× 22

�3
+
�
4× 22

�3
+
�
3× 22

�3
,

· · · · · ·�
3× 248

�3
=
�
6× 247

�3
=
�
5× 247

�3
+
�
4× 247

�3
+
�
3× 247

�3
,�

3× 249
�3

=
�
6× 248

�3
=
�
5× 248

�3
+
�
4× 248

�3
+
�
3× 248

�3
,

¤±,k:

�
6× 248

�3
=
�
5× 248

�3
+
�
4× 248

�3
+
�
3× 248

�3
=
�
5× 248

�3
+
�
4× 248

�3
+
�
5× 247

�3
+
�
4× 247

�3
+ · · ·+ 53 + 43 + 33| {z }

99�

,

dd�� 6× 248, 5× 2i, 4× 2j, 3 (i, j ∈ {0, 1, 2, · · · , 48})� 100�ê,w,

ù 100�êüüØÓ,�÷v�¦. �

µ5 {�5¿� (∗)m>� 11��ê,3}Á n = 10�,�¦� (∗)��

�á�ê,=�EÑ÷vK¿� 100�ê.{�l�ª 33 + 43 + 53 = 63Ñu4

í�EÑ÷vK¿� 100�ê=�.

K 6. üÜ�S��k n�°(,z�°(�Ú�¦���ü�°(´*

l.U¦�±4°(¥#�) 2né*l(z�é°(�±5gÓ�S,��±5

güS),� ¬l#�)� 2né*l¥À� né*l¦¦�ý�.

¯: éN����ê n,U¦U
��ÃØ� XÛ1Ä,Ñ�±4ù 2n�

°(Ñ�3Ó�Ü�Sþ,¿¦�zü����°(Ñ´*l.

) (���rrr999) é¤kÛê n,U¦Ñ�±¢y�".

rüS°(©OP�ü�8Ü A, B,ò�8ÜS�°(©O?Ò� Ai, Bi
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(i = 1, 2, · · ·n).rz�°(w�:,òk*l'X�ü�°(éA�:ë>,K

�K�=z�:

¦¤k���ê n÷v: 3ü��� n��¥,�3�«V\ 2n^>��

ª,¦�lù 2n^>¥?¿í� n^�,ã¥E�3 Hamilton �.

·�Äk½Â:

(1)8Ü A¥¤keI�Ûê�:¡�Û:,aq½Âó:(B ¥�:Ø�

d½Â).

(2)ò¤küà:þ�Û:�>Ú8Ü A¥�Û:�8Ü B¥�:�¤�

>,Ñ¡�Û>.ò¤küà:þ�ó:�>Ú8Ü A¥�ó:�8Ü B ¥�

:�¤�>,Ñ¡�ó>.

(3)éu?¿��ê i, j (i, j ∈ {1, 2, · · · , n}),r> AiBj �> Ai+1Bj+1

½ Ai+1Bj−1¡���> (An+1 = A1, Bn+1 = B1).

�e5é n�Ûó5?1?Ø.

(1)� n�Ûê�,� n = 2k + 1.ò Ai� Bi, Bi+1(i = 1, 2, · · · , n)Ñë

> (Bn+1 = B1) ,e¡·�y²?¿í� 2k + 1^>�E�3 Hamilton �.

(i)b��íØÛ>,duã¥k k + 1�Û:,z�Û:ëÑ 2^>,�k

2k + 2^Û>,Ø�U�ÜíØ,�7�{�^Û>,Ù��^ó>��,K�3

��>,

(ii)b�íØ¤k� 2k ^ó>,��{ü|��>,���2íØ�^>,

E�{k��>.

l(i), (ii)ÏLUCíØ�>5�Ù¦�¹,zíØ�^>,K7V\�^

#>,ù^#>evk��>,K3ØT:ÚÙ��ü:� 2k − 2�:¥.�

�íØ 2k − 3^>,�7,�3��>.

5¿��Ð�ü��þ�>Ø��íØ, l���3��>, K7k

Hamilton �.�� n�Ûê�,ÃØN��íØ 2k + 1^>,ÑU¦ã¥�3

Hamilton �.

(2)� n�óê�,� n = 2k.du#V\
 4k^>,w,�^>Ø�UÓ

��Û>Úó>,d²þ��nØ��Û>^êØ�L 2k,yòÙ�ÜíØ,K

z�Û:��e�ó:�ë>.b��3 Hamilton �,Kz�Û:��l�ó

:�ë>ë\ Hamilton �.duÛ:�ó:�m� n�óê,�ÑÛ:Úó:

�ê��,¤±z�ó:��l�Û:�ë>ë\ Hamilton �.Ïd B ¥�:

Ø�Uë\ Hamilton �,� Hamilton ��½Âgñ! �� n�óê��±í
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Ø 2k^>,¦ã¥Ø�3 Hamilton �.

nþ¤ã, n�¤kÛêÑ÷vK¿. �

µ5 5¿���ãk Hamilton ��7�^�,3� n�Ûê�����

Ey², n�óê��Ä½k�½�E|.

K 7. ào>/ ABCD�o^>÷v?Ûn^>ÑØU�¤n�/,y²:

(1)3ào>/ ABCD¥��k��S�Ø�u 60◦,

(2)3ào>/ ABCD¥��k��S�Ø�u 120◦.

y² (444���óóó) k�Ñe¡�Ún.

ÚÚÚnnn 3 4ABC ¥, e AB �î����>, AC �î��á�>, K

∠C > 60◦� ∠B < 60◦.

¯¢þ,d“�>é��”,� ∠C > ∠A > ∠B.2d ∠A+ ∠B + ∠C = 180◦

Ú²þ��n,� ∠C > 60◦, ∠B < 60◦.

e¡·�^�y{y².

(1)b�ào>/ ABCD¥vk��S�Ø�u 60◦,=o�S�þ�u

60◦,k ∠DAB > 60◦, ∠CBA > 60◦.

Ø�� AB ´��>,Xã¤«± AB �>� ABCD Sý��>n�/

ABP,K P 3 ∠DABS,3 ∠CBAS.

duào>/ ABCD�o^>¥?¿n>ØU�¤n�/,� AB´��

>,�

AB ≥ AD +DC, AB ≥ BC + CD. ¬

34ADP ¥k AD +DP > AP,Ó�34BCP ¥k BC + CP > BP.q

Ï�4ABP ��>n�/,k

AB = AP < AD +DP, AB = BP < BC + CP,

(Ü¬�Ñ

PC > CD, DP > CD.

34CDP ¥^Ún,� ∠DPC < 60◦.

(i) e: P  uào>/ ABCD/	(Xã (a) ),K

∠DPC > ∠APB = 60◦,

� ∠DPC < 60◦gñ!
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(a) (b)

(ii) e: P  uào>/ ABCD/S(Xã (b) ),K

∠CPB + ∠DPA = 360◦ − ∠CPD − ∠APB > 240◦.

d²þ��n,� ∠CPB Ú ∠DPA¥��k���u 120◦.Ø�� ∠BPC >

120◦,K ∠BPC ´4BCP ¥î�����,�� BC > BP = AB,� AB��

�>gñ!

nþ¤ã,�·K�y.

(c)

(2) b�ào>/ ABCD¥vk��S�Ø�u 120◦,KéA�o�	�

þ�u 60◦.3 ADò��þ�:M,3 BC ò��þ�: N,K

∠MDC > 60◦, ∠NCD > 60◦.

Ø�� AB���>,± CD�>�/	��>n�/ CDP (Xã (c) ),��

∠MDC > 60◦ = ∠PDC, ∠NCD > 60◦ = ∠PCD,

11 êÆ#(�



¤±: P 3 ∠MDC, ∠NCDS,?��: P 3 ∠BAD, ∠ABC S.

2dào>/ ABCD¥?¿n>ØU�¤n�/� AB���>,�

AB ≥ AD + CD, AB ≥ CD + CB.



AD + CD = AD +DP > AP, CD + CB = PC + CB > PB,

�� AB > AP, AB > PB. 3 4PAB ¥^Ún, �� ∠APB > 60◦, �

∠APB < ∠CPDgñ!

nþ¤ã,�·K�y. �

µ5 æ^�y{,�E�>n�/5¢y>��'X�=z,(ÜÚní

Ñgñ,l�y.

AYYY²²² 10–11 ccc???

K 1 �½ n���êU÷v?ü�ê��â²þ�ÚAÛ²þ�¥��

k��´�ê.Å|æ3ç�þ�Ñù n�ê�?ü�ê��â²þ�,3,�

¬x�þ�Ñù n�ê�?ü�ê�AÛ²þ�.

y²: ç�Úx�¥��k�¬�fþ¤��ê�Ñ´�ê.

y² (XXXÆÆÆ���) Ø��ù n�ê¥Q�3Ûêq�3óê,ÄKç�þ�ê

�´�ê.

�¤kÛê� p1a
2
1, p2a

2
2, · · · , pka2k,¤k�óê� q1b

2
1, q2b

2
2, · · · , qlb2l ,Ù¥

ai, bj, pi, qjÑ���ê� pi, qj(i ∈ {1, 2, · · · , k}, j ∈ {1, 2, · · · , l}, k+l = n)

ÑÃ²�Ïf.

éu?¿ü�ê pia
2
i , qjb

2
j , i ∈ {1, 2, · · · , k}, j ∈ {1, 2, · · · , l},Ñ¦�

pia
2
i+qjb

2
j

2
Ø��ê.

dK¿��
È
(pia2i )(qjb

2
j)��ê,l piqja

2
i b

2
j ���²�ê.qÏ� pi, qj

¥Ñvk²�Ïf,¤± pi = qj.

d i, j �?¿5,U�Ñ

p1 = p2 = · · · = pk = q1 = q2 = · · · = ql,

¤±?¿üê�È7���²�ê,l?¿üê�AÛ²þ�Ñ´�ê.

�x�þ�ê�Ñ´�ê. �

µ5 ©OòÛêÚóêäNL«Ñ5,BU��?ü�ê�AÛ²þ�Ñ
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´�ê.

K 2 DFÍÜIù�Ñ��(Ø: XJõ�ª

P (x) = xn − axn−1 + bxn−2 + · · ·

k n���ê�,K²¡þ�3 a^���T�) b��:.y²½Ä½T(Ø.

) (XXXÆÆÆ���) T(Ø´�(�,ey�.

�

P (x) = xn − axn−1 + bxn−2 + · · · = 0

� n���ê�� x1, x2, · · ·xn.

3²¡���IXS� x1 ^p�²1����� α1 ���.aq/,�

Ñ x2, x3, · · · , xn ^p�²1����©O� α2, α3, · · · , αn ���,Ù¥

α1, α2, · · · , αn ∈ [0, π)�pØ��,�²£ù
��¦�Ãn��:��¹,

Kù
nP

i=1
xi^�����)k

P
1≤i<j≤n

xixj ��:.qd��½n�

nX
i=1

xi = a,
X

1≤i<j≤n
xixj = b.

��EÑ a^���T�) b��:.

ÏdT(Ø´�(�. �

µ5 (Üõ�ª��Xê�'X,��EÑpØÜ�Ãn��:÷v�

¦���.

K 3 ®��A, �B��u C, Dü:,�ã AB��A, �B��:©O�

K, L.�� DL� �A�u,�:M,�� DK � �B�u,�: N.

y²: o>/KLMN �é����:�4ABC �S%.

13 êÆ#(�



y² (///jjj) �o>/KLMN é����:� I,K

∠ILK = ∠BNL = ∠DNB + ∠DNL

=
1

2
(180◦ − ∠NBD) + ∠DNL

=
1

2
(180◦ − 2 (180◦ − ∠NLD)) + ∠DNL

= 90◦ − ∠LDK

Ón

∠IKL = 90◦ − ∠LDK.

�

∠ILK = ∠IKL,

¤± I 3 LK �¥R�þ.qdé¡5,

∠LCK = ∠LDK =
1

2
∠MAK =

1

2
(180◦ − 2∠IKL) =

1

2
∠LIK,

l I �4CKL�	%,k

CI = IL = IK.

2(Ü

AC = AK, BC = BL,

� AI ²© ∠CAK, BI ²© ∠CBL.

?k I � 4ABC �S%.=o>/ KLMN �é����:� 4ABC

�S%.�·K�y. �

µ5 N´uyé����:´4CKL�	%,ÏLÄ���Ý'X=�

�¤y².

K 4 Ó 8− 9c? 6.

K 5 ´Ä�3���±�©� 100��Ý/�Ý/,÷v: z���Ý/

þ��Ý/�q�üüØÓ�?¿ü��Ý/vkU�Ü©(>.Ø	)?

) (���²²²µµµ) ù��Ý/´�3�.3²¡þ�Ý/ ABCD,�Ù°� 1,

�½�� x (x > 1).Xã¤«,©O± AB �°, CE �°, DG��,��Ý/

ABCD�q�Ý/ ABEF, CEHG, DGIJ,�������Ý/ FHIJ.·�
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F",Ý/ FHIJ �quÝ/ ABCD,�I÷v

HI

HF
=
AB

AD
.

��'u x��§
2x2 + 3

x3 + 2x
=
x

1
,

)�

x =
4
√
3 (K���) .

²u�, x = 4
√
3´©ª�§��,¤±� x = 4

√
3�,þã¤kÝ/üü�q�

pØ�Ó.

u´��,Ý/ FHIJ �±�¿©¤ 4����q�Ø�Ó��Ý/.�Ù

¥���Ý/(=ã¥�Ý/ ABCD )?1�Ó�¿©,�daí,�?1 33g

ù��¿©,���«�±rÝ/ FHIJ ¿©¤ 33× 3 + 1 = 100��Ý/(þ

�Ý/ FHIJ �q�üüØÓ)��{.

�Ý/ FHIJ =�¤¦. �

µ5 3�K¥J±���EÑ÷v^��Ý/,I�kxÑ{ü�/¿©

�úã2�)Ý/�!°�',2�E¿©=�.

K 6 *�Ú�gÓ63ç�þ�äk/ª 1
n
�©ê,Ù¥ n���ê.*

�k�,*�z�Ú����©ê;�g1�Ú���©ê,1�Ú�ü�©ê,

±daí,zÚ'c�Úõ���©ê.�g��¦�,�Ú��ç�þ¤k©

ê�Ú´��ê.

¯: *�UÄ{��g¢y¨��{?
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) (444���óóó) *�U
{��g¢y¨��{.

Únnn é?¿���½�knê sÚ�½���ê n,÷v

s+
1

a1
+ · · ·+ 1

an

´�ê���ê| (a1, . . . , an)�kk�õ|.

y² � n = 1�,÷v s+ 1
a1
��ê���ê a1�õ��,?k�.

b�é n− 1��/¤á,�Ä n���/.du#ü� a1, . . . , anØU

C��ê| (a1, . . . , an)�êk��Ä.Ø�� a1 ≤ a2 ≤ · · · ≤ an.é?¿�½

���ê a1,� s′ = s+ 1
a1
,é s′^ n− 1��/�8Bb�,�¦�:

s′ +
1

a2
+ · · ·+ 1

an

��ê� (n− 1)���ê| (a2, · · · , an)´k��.

b� n��/�(ØØ¤á,K��ê a1���kÃ�õ,? a1�±�

?¿��ê.� a1��u
n

1+[s]−s �,��ê,k

[s] ≤ s < s+
1

a1
+

1

a2
+ · · ·+ 1

an
< s+

1 + [s]− s
n

· n = [s] + 1,

=

[s] < s+
1

a1
+

1

a2
+ · · ·+ 1

an
< [s] + 1,

l

s+
1

a1
+

1

a2
+ · · ·+ 1

an

Ø��ê,gñ�¤±b�Ø¤á,? n��/´¤á�.

nþ,d8BÄ��n,Ún�y.

2£��K: *�1�Ú�e 1
3
,d��gÃ{3�e5��Ú¥4oÚ�

�ê.��g1 n− 1g��ê��ç�þ¤kêi�Ú� s,d� sØ��ê.

e¡·��Iy²: *��±�e��� s�ÚØ��ê� 1
t
.�ê,¦�

gÃ{3�e5��Ú¥�e n� 1
t
.�ê,¦�ç�þ¤kê�Ú��ê( t

´�ê).

b�þ¡�(ØØ¤á,=*�Ã{�Ñ÷vþã�¦�ê,Ké?¿¦

s+ 1
r
Ø���ê� r,Ñ�3��ê a1, a2, · · · , an,¦ s+ 1

r
+ 1

a1
+ 1

a2
+ . . .+ 1

an

���ê.ù�,� r�H¦ s + 1
r
Ø��ê�¤k��ê,Ò�)
Ã¡õ�

��êê| (r, a1, a2, · · · , an) ,¦� s+ 1
r
+ 1

a1
+ 1

a2
+ . . .+ 1

an
���ê,ù�

n+ 1��/�Úngñ!
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�*��±�Ñ·��ê¦��e�ç�þ¤k©êÚØ���ê,�3

e�Ú¥�gÃ{¦ç�þ¤k©êÚ���ê,?*��±{��g¢y

¨��{. �

µ5 ÏL½5©Û,¬uyÃI�ÑüÑ�äN�E,�I�y²�3�

A�ö�¦�3?¿��ç�þ¤k©ê�ÚÑØ´��ê=�.

K 7 ��`Á u 1000× n�Ú��e����,Ù¥ n��u 2020�

Ûê.Ú�¥kü��,©O u�þ�Úme��ü���.z�Ú,`Á�±

a��������½ö¦^IS�Ú¥ê�r{aÄ,`Á����Ú�m

þ����,�ØU?\�¤3���½�UôÂ����(Ù¥�¦^IS�

Ú�r{,�3UôÂ�`Á�cØÄ),¿²LÙ¦¤k��TÐ�g.

y²: `Á��mþ����¤a�´»ê� nÃ'.

y² (ùùù111èèè) òÚ�¥�¤k��?1ç!x�/Ú,¦��e���

�´çÚ,�?¿ü������ØÓÚ.d�,�þ���3��x�¥,`Á

�Ulç�a�x�,½lx�a�ç�.rÚ�� n��l��m�gP�

1 1, 2, 3, · · · , n�.Ø��Ú�k 2m1,�Äc (2m− 1)�¥¤kç��c

(2m+ 1)�¥¤kvk�����x�,�§��¤�8Ü� S.·�kyXe

Ún 1.

ÚÚÚnnn 1 `Á�kaH S ¥¤k��,2a� S 	���.

y² 5¿� S¥�ç��ê�m(2m−1),x��ê�m(2m+1)−2m =

m(2m− 1),¤± S ¥�ç��ê�x��ê��.Ï� S ¥�ç��Ü8¥3

c (2m− 1)�,¤±`ÁØ�Ul S ¥�?¿��ç��ÚaÑ S.Ó�/,`

Ál S 	�?¿����Ø�U�Ú�Sa� S ¥�,�ç�.

b�`Á3�vka� S ¥¤k��Òlm
 S.Ï�`Á�Ul S ¥�

x�aÑ S,¤±`Áfm©3ç�S7LaeZÚa�x�âUaÑ S,3ù

�L§¥`Á²L� S ¥�ç�êÚx�ê7,��.du`Á7L�aH S

¥¤k���,�§3aÑ���7L�a£� S.z�gl S 	�,���a

£ S,`Á7,á3 S ¥�,�x�,��Ul S ¥�x�aÑ S.`Á���

ga£!aÑ S,âUr S¥�e��fTÐ²L�g.�ù��²L� S¥�

x�êÒ¬õu²L� S ¥�ç�ê.ù� S ¥ç�êÚx�ê��gñ�Ï

d`Á�UkaH S ¥¤k��2lm S.

�Ún 1�y.
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r1 (2m + 1) ��x�lþ�e�gP� A1, A3, · · · , A2m−1, r1

(2m − 1)��ç�lþ�e�gP� A2, A4, · · · , A2m.Ø A2 ±	,`Ál S

¥Ù¦��ÑuÑÃ{3�Ú�Sa� A1,�aÑ S c���ÚAT´l A2

a� A1.3ùp·�½Âîa: XJ�ga�l,��a���TÐ����

�,	��,K¡���gîa. (~X:3eã¥lA6a�A5=��gîa.)

(ã¥¤«�m = 3��/,æþùÚÒK�� S ¥���)

b�`Á®²a� A1,KdÚn 1�`Á²L���k�=k S ¥¤k�

�,d�`Á=òaÑ S.e¡·�y²Ún 2.

ÚÚÚnnn 2 `ÁaÑ S ���?\�� 2m�c�a{´��(½�,�ä

k±Ï5.

y² r1 2m ��ç�lþ�e�gP� B1, B3, · · · , B2m−1, r

1(2m+2) ��x�lþ�e�gP� B2, B4, · · · , B2m.

`ÁlB1Ñu,�UrêÚa�����vk�a�L���,=x�B2.

é k = 2, 3, · · · , m,`Ál�� B2k−1 Ñu,�Ua�ü�vk�aL��

�,= B2k−1 Ú B2k ü���.Ïd,3�e5� 2mÚ¥,`Á�Ul A1 Ñu

a� B1,231 2m�Ú1 (2m + 2)��m?1 (2m − 1)gîa,��a�

B2m.y3b�`Á®a� B2m,K§²L���k�=k S ¥�¤k��±9

B1, B2, · · · , B2m,¤±`Á�Ua��>�����ç�(Ï�`Álù�ç

�Ñu�Ua���v�aL�x�),aq��`Á�U31 (2m+ 1)�Ú1

(2m+3)��m?1 (2m− 1)gîa,��a�1 (2m+3)��þ��x�.

Eþã©Û,��`Á3lm S��UU7Ú�Þ¤«�´»aÄ,��a?�

�� 2m�,�`ÁaÑ S �¤r�´»´��(½�.q`Á��1 (2m+ 3)

��þ��x��,§²L���k�=kc (2m + 1)��¤kç�±9c

(2m+ 3)�vk�����x�.�`Á�e5¤r�´»�d`Á�� A1¤

r�´»�m²£ 2����,�`ÁaÑ S ���Ur�´»äk±Ï5.
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Ún 2�y.

r8Ü S Ú�� A1, A2, · · · , A2m 'uÚ��¥%:�¥%é¡,���

8Ü S ′ Ú�� A1
′, A2

′, · · · , A2m
′.d n�Ûê�,�� A1

′, A3
′, · · · , A2m−1

′

´çÚ�,�Ñ31 n − 2m�;�� A2
′, A4

′, · · · , A2m
′ ´xÚ�,�Ñ31

(n− 2m + 2)�.dÚn 2��`Á�a��ª´��(½��äk±Ï5,q

n− 2m− 1´óê,�`Á¬31 (n− 2m− 1)�Ú1 (n− 2m + 1)��m2

?1 (2m− 1)gîa,��a� A′1m>���¥.

d�, S ′ 	�¤k��Ñ�`ÁaL�g,�`Ávk²L S ′ ¥?Û��

��.�`Á�e5�lç� A′1?\ S ′,aH S ′¥¤k��,����mþ�

���.

�`ÁlÚ��e����m©,3ØaÑ S ��¹eaH S ¥¤k��

��{êk d«.dé¡5��,`Ál A′1Ñu,3ØaÑ S ′��¹eaH S ′

¥¤k��,����Ú�mþ�����´ d«a{.¤±`Á�k d2 «Ø

Ó�÷vK¿�a{.qÏ� d� nÃ',¤± d2�� nÃ',?�Ñ`Áa

�Ú�mþ����¤a�´»ê� nÃ'.

��·K�y. �

µ5 ù´���(J�|ÜOê¯K,JÝ3uéJ¦Ñw5�L�ª,

�XJuy`ÁrÑ8Ü S ��a{Ø=���k±Ï5,ÒU±d�â»�,

�Ñ`Áa�Ú�mþ������{ê��3 S ¥�a{êk',�Ir`

Á3 S 	�a{?Ø�Ù=�.
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