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	%3 LI þ.

(¤Ñä�¥Æ©�øK)



D S

Q

H

E

M

J

P

L

I

A

B C

y² Xã,L I � AB, AC, BC �R�,Rv©O�D, E, H,Kd AI �

�»� D, E 3 �(AIP )þ.Äky² P, H, M ��� J, H, A, P ��.¯¢

þ,

∠PBA = ∠PCA,

?¾FÏ: 2020-02-20.
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∠BDP = 180◦ − ∠PDA = 180◦ − ∠PEA = ∠PEC.

�4PBD ∼ 4PCE,u´
PB

PC
=
BD

CE
=
BH

CH
.

d�²©�½n H 3 ∠BPC ��²©�þ.qM �øAB ¥:,� P, H, M �

�.d ∠MBJ = ∠MAC = ∠MAB �4BMJ ∼ 4AMB,�

BM2 = MJ ·MA.

d4CMH ∼ 4PMC,k

CM2 = MH ·MP.

�

MJ ·MA = MH ·MP,

k J, H, A, P ��.

ë( AL,ò� HI � ALu Q.d

∠LAM = ∠JHQ = 90◦,

� J, H, A, Q ��. �k J, H, P, A, Q ��. d�u JQ éA��%��

∠JHQ = 90◦,�4AJP �	���%3 JQ�¥:.Ïd�Iy LI ²© JQ.

�Ä�

JI

IQ
=
IH

IA
= sin

A

2
, ¬

Ó�

sin∠LIQ
sin∠JIL

=
sin∠ILM
sin∠MIL

=
IM

LM
=
BM

LM
= sin

A

2
, 

u´é4QSI Ú4SIJ ©OA^�u½nk

QS

SJ
=
QI · sin∠SIQ

sin∠QSI

IJ · sin∠SIJ
sin∠ISJ

=
QI

IJ
· sin∠LIQ

sin∠JIL

=
1

sin A
2

· sin A
2

(^�¬, )

= 1.

= LI ²© JQ. �
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µ5 Äkuy A, J, P �S% I 3> BC þ�RvH ��.þã�{�'

�3uVÑ�» JQ,u´4AJP �	%=� JQ¥:.l=z�y² LI ²

©�ã JQ,|^�u½n�'~B�y²ù�:.

K 2 y²�3Ã¡õ|��êé (a, b),¦�8Ü{⌊
an

n

⌋
| n ∈ N+

}
Ú

{⌊
bn

n

⌋
| n ∈ N+

}
þ�¹� 3��X,� a− b = 2021.

(�H���ÆNá¥Æ4�âøK)

y² ?�Û�ê p > a(p > 3),Kd¤ê�½n,

ap ≡ a (mod p),

� ⌊
ap

p

⌋
=
ap − a
p

,

qd a(a2 − 1) | a(ap−1 − 1),� 3 | ap − a,l 3 |
⌊
ap

p

⌋
.

e a ≡ 2 (mod 3),Ké?¿m ∈ Z+k⌊
aa

m

am

⌋
= aa

m−m ≡ (−1)a
m−m ≡ (−1)a−m ≡

 1 (mod 3), e 2 | a−m

2 (mod 3), e 2 - a−m
.

e a ≡ 1 (mod 3),��3 3k + 2.�ê p¦� p | a,K⌊
aa

a

⌋
= aa−1 ≡ 1 (mod 3),⌊

apa

pa

⌋
=
apa−1

p
≡ 1

2
≡ 2 (mod 3).

e 3 | a, 2 - a,K⌊
a2

2

⌋
=
a2 − 1

2
≡ −1

2
≡ 1 (mod 3),⌊

a4

4

⌋
=
a4 − 1

4
≡ −1

4
≡ 2 (mod 3).

e 3 | a, 2 | a,K⌊
aa−1

a− 1

⌋
=
aa−1 − 1

a− 1
≡ −1

−1
≡ 1 (mod 3),⌊

a2(a+1)

2(a+ 1)

⌋
=
a2(a+1) − a− 2

2(a+ 1)
≡ −2

2
≡ 2 (mod 3).
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Ù¥
j
a2(a+1)

2(a+1)

k
= a2(a+1)−a−2

2(a+1)
´du a2(a+1) + a U� 2(a+ 1) �Ø.

nþ,?¿� 3 �Ø½k 3k+ 2.�Ïf��ê a,Ñk
¦�

an

n

�
| n ∈ N+

©
�

¹� 3 ��X.5¿� 2021 ≡ 2 (mod 3),��

a = b+ 2021, b = 3k, k ∈ N+,

=�÷v^�. �

µ5 �KI�é��ê aU� 3�{ê©a?Ø,y² 3k.Ú 3k + 2.

��êþ÷v
¦�

an

n

�
| n ∈ N+

©
�¹� 3��X.25¿� 2021� 3{ 2B��

¤y².

K 3 �½�ê n ≥ 4,¦��� λ(n),¦�éu?¿ a1, a2, · · · , an ≥ 0,÷

v
nX
i=1

ai = n,

Òk
nX
i=1

{ai}ai+1 ≤ λ(n)

ð¤á,Ù¥, an+1 = a1, {x} = x− bxc, bxcL«Ø�L¢ê x����ê.

(�â�¥y�ìøK)

) ky²XeÚn.

ÚÚÚnnn � n ≥ 4,e r1, r2, · · · , rn ∈ [0, 1]�
nX
i=1

ri = r,

Ù¥ r ∈ N+, r ≤ n− 1,K
nX
i=1

riri+1 ≤ r − 3

4
.

y² �

f(r1, r2, · · · , rn) =
nX
r=1

riri+1, r1, r2, · · · , rn ∈ [0, 1].

d�¼ê f �½Â3k.48þ�ëY¼ê,��3���,Ø�b����3

(r1, r2, · · · , rn)��.eyÙ¥Ø�3 3�êáu (0, 1).

eØ,,7kü�ê�eI���u 1 ( mod n¿Âe).Ø��� ri, rj,=

i, j ÷v

|i− j| (mod n) ≥ 2.
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�½ ri + rj = t,K f ´'u ri��5¼ê,���3 ri = 0½ 1���,gñ!

��õkü�êáu (0, 1)�ü�ê(e�3)�eI7½��,=

|i− j| (mod n) = 1.

(1)¤k riþ� 0½ 1,KTk r� 1.d�
nX
i=1

riri+1 ≤ r − 1.

(2)�Td 2� riáu (0, 1).Ø��� r1, r2,K r1 + r2 = 1��{ r − 1

� 1.d�k

rnr1 + r1r2 + r2r3 ≤ r1 + r1r2 + r2,

�
nX
i=1

riri+1 ≤ r1 + r1r2 + r2 + r − 2

= r − 1 + r1r2

≤ r − 1 +
�r1 + r2

2

�2
= r − 3

4
.

Ún�y!

£��K.� ai = bi + ri,Ù¥ bi = baic , ri = {ai}.�
nP
i=1

ri = r, K

r +
nX
i=1

bi = n,

� r ∈ N+� r ≤ n− 1.dÚnk
nX
i=1

{ai}ai+1 =
nX
i=1

ri(bi+1 + ri+1)

=
nX
i=1

riri+1 +
nX
i=1

ribi+1

≤ r − 3

4
+

nX
i=1

bi+1

= n− 3

4
.

,��¡,- a1 = 3
2

+ (n − 2)ε, a2 = 1
2

(éAkü� ri �
1
2

), a3 = a4 =

· · · = an = 1− ε.ù�,- ε→ 0+,k
nX
i=1

{ai}ai+1 → n− 3

4
.

nþ, λ(n)min = n− 3
4
. �
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µ5 �K�{´ò ai ��êÜ© bi Ú�êÜ© ri.é
nP
i=1

riri+1 ^N�

{y²TÜ©4���Øü��êÜ©	, Ù{ ri Iv
�C 0 ½ 1. d�,
nP
i=1

ribi+1¥� riþ���� � 1.ù�����`�´ì?�`�.

K 4 � n´��ê, A1, A2, · · · , An´ n�ØÓ���k�8,÷vé?

¿ 1 ≤ i, j, k ≤ n,e Ai ∩ Aj = ∅,K�3�ê l(1 ≤ l ≤ n)¦�

(Ai ∪ Ak) \ Aj = Al.

¦���¢~ê c,¦é?¿��ênÚ?¿÷vþã5��8ÜA1, A2, · · · , An,

�38Ü I ⊆ {1, 2, · · · , n},¦�

(1) |I| ≥ cn,

(2)é?¿ i, j ∈ I, Ai ∩ Aj 6= ∅.

(uÀ���Æ1�Ná¥Æ��AøK))

) c����� 1
2
.

Äky² c = 1
2
�(Ø¤á.¡ÎÜ^��8x {A1, A2, · · · , An}´“Ð

�”.deAi ∩ Aj = ∅,K�3�ê l(1 ≤ l ≤ n)÷v

Al = (Ai ∪ Ak) \ Aj ⊇ Ai,

´�é?¿ X ∈ {A1, A2, · · · , An},e X �ýf8þØ3 {A1, A2, · · · , An}

¥,K {A1, A2, · · · , An} \X E´“Ð�”.y²XeÚn.

ÚÚÚnnn eé“Ð�”8x {A1, A2, · · · , An},Ù¥kü�8ÜØ�,K�3

8Ü T ∈ {A1, A2, · · · , An},¦� T TÐ� {A1, A2, · · · , An}¥��8ÜØ

�.

y² � T �� {A1, A2, · · · , An}¥����8ÜØ��8Ü¥���

õ���.^�y{,e�3 l1 6= l2¦

T ∩ Al1 = T ∩ Al2 = ∅.

du Al1 , Al2 ´ØÓ8Ü,�Ø�� Al1 \ Al2 6= ∅.dK�^�k

T ′ = T ∪ (Al1 \ Al2) = (T ∪ Al1) \ Al2 ∈ {A1, A2, · · · , An}.

5¿�

|T ′| = |T |+ |Al1 \ Al2| > |T |

� T ′ ∩ Al2 = ∅, ù� T ���5gñ!
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Ún�y.

£��K.e {A1, A2, · · · , An}üü��,K c = 1
2
÷vK8�¦.eØ,,

K�±8B/3 {A1, A2, · · · , An}¥�ÑüüØÓ�8Ü

P1, P2, · · · , Pt, Q1, Q2, · · · , Qt(t ≥ 1�½).

�{Xe: é i ≥ 1,P

Fi−1 = {A1, A2, · · · , An} \ {P1, P2, · · · , Pi−1}.

e Fi−1¥8Üüü��,KÊ�.

e Fi−1 ¥�3ü�8ÜØ�,K� Qi ∈ Fi−1 T���8ÜØ�,P� Pi.

d� Pi �ýf8�½Ø3 Fi−1 ¥,�e Fi−1 ´“Ð�”,K Fi �´“Ð�”.

{A1, A2, · · · , An}´“Ð�”,(ÜÚn,ù�y
e Fi¥�3ü�8ÜØ�,�

{¥� Qi+17½�3.

e¡`² Pi � Qj(j = 1, 2, · · · , i − 1)7½Ø�Ó.eØ,,Kd�{�

Qj �� Pj Ø�,� Qi ∈ Fi−1 ⊂ Fj−1��,d Qi�{� Qi�� Pi(= Qj)

Ø�,�)gñ.Ïd

Pi 6∈ {A1, A2, · · · , An} \ {P1, P2, · · · , Pi−1, Q1, Q2, · · · , Qi−1},

aq?Ø��

Qi 6∈ {A1, A2, · · · , An} \ {P1, P2, · · · , Pi−1, Q1, Q2, · · · , Qi−1},

�

P1, P2, · · · , Pt, Q1, Q2, · · · , Qt

üüØÓ,þãL§7½¬ª�,� t ≤ n
2
.

éu 1 ≤ i ≤ t, Qi� P1, P2, · · · , Pi, Q1, Q2, · · · , Qi−1	8Üþ��,�

{A1, A2, · · · , An} \ {P1, P2, · · · , Pt, Q1, Q2, · · · , Qt}

¥8Üüü��,�

{A1, A2, · · · , An} \ {P1, P2, · · · , Pt}

¥�8Üüü��,l�3 I ⊆ {1, 2, · · · , n}, |I| = n − t ≥ n
2
� Ai(i ∈ I)

üü��.

,��¡,�±y² c > 1
2
Ø¤á.� n = 2�, A1 = {1}, A2 = {2}÷vK

�^�,� A1 ∩ A2 = ∅,u´ c ≤ 1
2
.

nþ, c����� 1
2
. �
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µ5 �K��`��±3}Á��� n���.3ØyÜ©,·�ÏLØ

äÏé�{8x¥�“4�8x”,T���÷v�3��8x,T8x��“4

�8x”Ø�,ù��L§�±�y·��K�^�ØC.l,�Ñ�8xØ�

L��,¿��{�8xüü��.

K 5 � n´��ê,
→
v1,

→
v2, · · · ,

→
vn ´²¡¥�ü �þ, a1, a2, · · · , an

´�ê.y²: �±À� εi ∈ {−1, 1}, i = 1, 2, · · · , n,¦
→
x=

nX
i=1

εiai
→
vi

÷v

| →x · →vk | ≥ ak

é k = 1, 2, · · · , nþ¤á.

(uÀ���ÆÇ£´øK)

y² � εi ∈ {−1, 1},¦
→
x=

nX
i=1

εiai
→
vi

����.� k ∈ {1, 2, · · · , n},é
→
y=

X
i 6=k

εiai
→
vi,

du
→
x �����5,�

|
→
y +εkak

→
vk | = |

→
x | ≥ |

→
y −εkak

→
vk |,

l
→
y ·(εkak

→
vk) ≥ 0,

=

εk
→
y · →vk≥ 0.

�

| →x · →vk | = |
→
y · →vk +εkak

→
vk ·

→
vk |

= |εk · (εk
→
y · →vk +ak)|

≥ εk·
→
y · →vk +ak

≥ ak.
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·K�y. �

µ5 �K��{A´4à�n,=� εi¦�
→
x=

nP
i=1

εiai
→
vi����,2�

yØ�ª=�.

K 6 é?¿�ê n ≥ 3,ÁéÑ�� QþØ��� ngõ�ª f(x),¦�

é?¿ g(x) ∈ Q[x](1 < deg g < n),þk f(x) - f (g(x)) .

(uÀ���ÆÛ�uøK)

) � f(x) = xn − 2,K f(x)3 QþØ��,�¤k��

n
√

2ξk, k = 1, 2, · · · , n,

Ù¥

ξ = e
2π
n
i.

e¡y² f(x)=�¤¦.

e�3 g ∈ Q[x]� 1 < deg g < n¦� f(x) | f(g(x)),K g( n
√

2ξk)�´ f(x)

��.�Ä� g( n
√

2)�¢ê�

g(
n
√

2) =
n
√

2½ g(
n
√

2) = − n
√

2.

e g( n
√

2) = n
√

2,K g(x)− x� f(x)kú�� n
√

2.q f 3 QþØ��,�

f(x) | g(x)− x.

u´

deg g(x) = deg(g(x)− x) ≥ deg f(x) ≥ n

gñ! Ón, g( n
√

2) = − n
√

2�¬�Ñgñ.

nþ,·K�y. �

µ5 þã��E��{´�E f ÷vÙ�þØ´knê,�Tk���¢

�.3�yb�e,|^ g´knXêõ�ª� f(x)� g(x) − xkú�¢��

�Ø�knê.(Ü f Ø��5B�gñ.

K 7 4ABC S%� I, D� BC >þ�:, AD2g�4BDI 	��u:

E.L B � AD²1�2g� 4BDI 	��u: F, FE � AC u: G, K 3

4ABC 	��þ÷v ∠BAD = ∠CAK.y²: C, G, I, K ��.

(§²¥Æ7v£øK)
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L

J

K

G
F E

I

A

B CD

y² e¡|^Ó�{.

� D3 BC þ, K 3 �ABC ÷v ∠BAD = ∠CAK. � CIK � AC u G,

: E 3 ADþ,¦ ∠GED = ∠CDE.� CK ∩ AD = L, AI ∩ �CIK = {I, J}.

e¡�Iy: B, D, I, E ��.

d

∠GED = ∠CDE = ∠DBA+ ∠BAD

= ∠AKC + ∠CAK = 180◦ − ∠ACK,

� L, C, G, E ��.d

AI · AJ = AG · AC = AE · AL

� E, I, J, L��.�Ä�

∠EIB = ∠EIJ − ∠BIJ = 180◦ − ∠ELJ −
�

90◦ − ∠C
2

�
= 180◦ − ∠ALC − ∠JLC − 90◦ +

∠C
2

= ∠LDC + ∠LCD +
∠C
2

+ ∠JLC − 90◦

= ∠BDE + ∠LCI + ∠JLC − 90◦.

��Iy²

∠LCI + ∠JLC = 90◦,
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d

∠LCI = 180◦ − ∠AJK,

�Iy

∠AJK = 90◦ + ∠JLC.

�Iy: J �4ALK �S%.(Ü AJ ²© ∠LAK �,�IyKJ ²© ∠AKL.



∠LKJ = ∠JIC = 90◦ − ∠B
2

= 90◦ − ∠AKC
2

.

�KJ ²© ∠AKL.

nþ,·K�y. �

µ5 þã){æ^Ó�{.k�½ D, K,2�½4CKI 	��� AC �

: G.,��: E ÷v ∠GED = ∠CDE,ù�B��
: F,d��Iy²

B, D, I, E ��.|^ L, C, G, E ��, E, I, J, L��±9 J �4ALK S%

ùn�(Ø��y².

K 8 � n ≥ 2´�½��ê.¦¤k�¢ê α,¦��3¼ê f : R→ R,÷

vé?¿¢ê x1, x2, · · · , xn,þk
1

n

nX
i=1

f(xi) ≥ f

 
1

n

nX
i=1

xi

!
+

X
1≤i<j≤n

|xi − xj|α.

(¥I<¬�ÆNá¥ÆÜà�øK)

) � xi = xj �,d |xi − xj|α�3� α > 0.

Äky²,� α ≥ 2�,�¼ê f(x) = 2α−1n(n− 1)|x|α÷v�¦.

ky²: é x1 ≥ x2 ≥ 0,

2α−1(xα1 + xα2 ) ≥ (x1 + x2)
α + (x1 − x2)α. (∗)

P

g(x1) = 2α−1(xα1 + xα2 )− (x1 + x2)
α − (x1 − x2)α,

K

g′(x1) = α
�
2α−1xα−11 − (x1 + x2)

α−1 − (x1 − x2)α−1
�
.

d α− 1 ≥ 1�

(x1 + x2)
α−1 + (x1 − x2)α−1 ≤

�
(x1 + x2) + (x1 − x2)

�α−1
= 2α−1xα−11 ,

11 êÆ#(�



� g′(x1) ≥ 0,(Ü g(x2) = 0� g(x1) ≥ 0, (∗)ª¤á.

é x1, x2, · · · , xn ∈ R,k
1

n

nX
i=1

f(xi) = 2α−1(n− 1)
nX
i=1

|xi|α

= 2α−1
X

1≤i<j≤n
(|xi|α + |xj|α)

≥
X

1≤i<j≤n
(||xi|+ |xj||α + ||xi| − |xj||α) (^� (∗)ª)

=
X

1≤i<j≤n
(|xi + xj|α + |xi − xj|α)

≥

� X
1≤i<j≤n

|xi + xj|

�α

�
n(n−1)

2

�α−1 +
X

1≤i<j≤n
|xi − xj|α (�²þØ�ª)

≥

������ X
1≤i<j≤n

(xi + xj)

������
α

�
n(n−1)

2

�α−1 +
X

1≤i<j≤n
|xi − xj|α (n�Ø�ª)

= f

 
1

n

nX
i=1

xi

!
+

X
1≤i<j≤n

|xi − xj|α.

Ùgy²,� α < 2�,Ø�3¼ê÷v�¦.

é?¿¢ê x, y,� n´óê�,� x1 = · · · = xn
2

= x, xn
2
+1 = · · · = xn = y

�,
1

2
(f(x) + f(y)) ≥ f

�x+ y

2

�
+
n2

2
|x− y|α;

� n´Ûê�,� x1 = · · · = xn−1
2

= x, xn+1
2

= · · · = xn−1 = y, xn = x+y
2
�,

1

n

�
n− 1

2
f(x) +

n− 1

2
f(y) + f

�x+ y

2

��
≥f

�x+ y

2

�
+

(n− 1)2

4
|x− y|α + (n− 1) · |x− y|

α

2α
,

=
1

2
(f(x) + f(y)) ≥ f

�x+ y

2

�
+ n

�
n− 1

4
+

1

2α

�
|x− y|α.

u´�Iy²,� α < 2�,Ø�3¼ê f(x)Ú�¢ê C,¦�é?¿¢ê

x, y,þk
1

2
(f(x) + f(y)) ≥ f

�x+ y

2

�
+ C|x− y|α.

¯¢þ,b��3,K

1

2

�
f(x) + f

�x+ y

2

��
≥ f

�
3x+ y

4

�
+

1

2α
C|x− y|α, ¬

www.nsmath.cn 12



1

2

�
f
�x+ y

2

�
+ f(y)

�
≥ f

�
x+ 3y

4

�
+

1

2α
C|x− y|α, 

1

2

�
f
�

3x+ y

4

�
+ f

�
x+ 3y

4

��
≥ f

�x+ y

2

�
+

1

2α
C|x− y|α. ®

¬ +  + 2 ·®�,

1

2
(f(x) + f(y)) ≥ f

�x+ y
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