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2021cF�êÆc������Óu 2� 11F 13 : 00 − 17 : 00Þ1,'

m�k 5�ÁK,oNJÝØ�,Ù¥1 1K N´, 2, 3, 4K´¥�JÝ,·Ü

émÔö,1 5KL��Ùk�½JÝ,·ÜÁ-EÔö.�©�Ñdg�m�

ÁK�)�,du�öY²k�,Ø��?,��Öö1µ��.

I. ÁÁÁ KKK

1. ¦¤k¼ê f : Z+ → Z+,¦�é?¿ü���ê n, m,±eü�·K

�d:
(1) n | m; (2) f(n) | f(m)− n.

2. � n´�u 1��ê.`,¯ü<3�Ü n1 2021��Ú�þ��i

Z.Äk,`kòz�Ú���fÑæ¤çÚ½xÚ; �X,¯3�þ¡�1ÀJ

���\�qÚf,23�e¡�1ÀJ����ª:; 2�X,`ò?1 n− 1

gXeö�: eÚf¤3�f´x�,@oÒòÚf�e£Ä��; eÚf¤3

��f´ç�,@okòÚf��½ö�m£Ä��,2òÚf�e£Ä��.

¦��� n,¦�ÃØ¯N��ÚfÚª:,`Ñ�±òÚf£Ä�ª:.

3. 3b�4ABC ¥,: D, E ©O3 AB, AC >þ,¿�÷v BD = CE.

�: P 3�ã DE þ, : Q ´ 4ABC �	��¥�løBC þ��:, �

P, Qü:÷v BP : PC = EQ : QD.b�: A, B, C, D, E, P, QüüØÓ,

y²: ∠BPC = ∠BAC + ∠EQD.

4. 2021 ��ê a1, a2, · · · , a2021 ÷vé?¿ n = 1, 2, · · · , 2016 Ñk

an+5 + an > an+2 + an+3¤á.¦ a1, a2, · · · , a2021¥�����������

��U�.

?¾FÏ: 2021-03-08.
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5. é?¿��ê n,¦Ñ¤k÷vXe^��Ø�u 1�Ø�L 2n2��

ê k :3 2n× 2n�L�¥,?À k�ØÓ��f,¿òù
�fæ¤çÚ,Ù¦

¤k�fÑæ¤xÚ.ù�·�P¹eÓ�kx�fÚç�f� 2× 2�fL�

��ê.@o,3¤kÀ�f��{¥,ù«fL���ê���T� 2n− 1.

///. )))������µµµ555

K 1 ¦¤k¼ê f : Z+ → Z+,¦�é?¿ü���ê n, m,±eü�·

K�d:

(1) n | m; (2) f(n) | f(m)− n.

) ¤¦¼ê� f(x) = x.

��¡,� f(x) = x�,k

n | m⇔ n | m− n⇔ f(n) | f(m)− n.

d� (1), (2)�d.

,��¡,·�y² f(x) = x��.

- n = m,� (1)¤á,Kk f(n) | f(n) − n,= f(n) | n.q f(n) ∈ Z+,�

f(n) ≤ n,AO/ f(1) = 1.

e¡^8B{(é n )y² f(n) = n, n ∈ Z+.

(i) n = 1�®y..

(ii)e(Øé�u n���êþ¤á,�Ä n(n ≥ 2).b� f(n) = s 6= n,K

d f(n) ≤ n,� 1 ≤ s ≤ n− 1.ld8Bb�, f(s) = s.?

f(n) | f(s)− n(= s | s− n, ½= f(n) | n).

�dK�^�,� n | s,= s ≥ n,ù� s ≤ n− 1gñ.� f(n) = n,=(Øé n

�¤á.

(iii)d8Bún� f(n) = n, n ∈ Z+.

� f(x) = x. �

µ5 �KJÝ��.Ø%�:´3 (1)¥- n = m,l�� f(n) ≤ nù

�'���.Ó�8B(Ü�y�Ã{��3¿.

K 2 � n´�u 1��ê.`,¯ü<3�Ü n1 2021��Ú�þ��

iZ.Äk,`kòz�Ú���fÑæ¤çÚ½xÚ; �X,¯3�þ¡�1

ÀJ���\�qÚf,23�e¡�1ÀJ����ª:; 2�X,`ò?1
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n− 1gXeö�: eÚf¤3�f´x�,@oÒòÚf�e£Ä��; eÚf

¤3��f´ç�,@okòÚf��½ö�m£Ä��,2òÚf�e£Ä�

�.¦��� n,¦�ÃØ¯N��ÚfÚª:,`Ñ�±òÚf£Ä�ª:.

) n���´ 2022.

��¡,·�y² n ≥ 2022.�Qã�B,±e^ (a, b)��1 a11 b��

�f,¿¡ a, b´Ùî,p�I.

e¯òÚf�3 (1, 1),5¿�zgö�p�I�õ\ 1,�Úf3 n1�p

�I�õ� n,K¯òª:½� (n, 2021),=� n ≥ 2021.

e n = 2021,dþãØy=� (t, t)þ�ç� (t = 1, 2, · · · , 2020),d�Úf

Ã{£� (2021, 2020).¯¢þ,e�£� (2021, 2020),´�ù 2020gö�I²

L 2019gç�, 1gx�,�zg²Lç�þ�m£,ù� (t, t)´ç�w,g

ñ.

� n ≥ 2022.

,��¡,� n = 2022�.P k = 1011.y`ò (k, k − 1), (k, k)æx,�{

�fþæç.¡ü�ØÓ1��fëÏ,eÚf�lÙ¥î�I����f£Ä

�,��.·�©nÚ`²T�EÎÜ^�.

I.1�1�z���þ��� (k − 1, k − 1), (k − 1, k), (k − 1, k + 1)¥�

�ëÏ.

II. (k − 1, r)� (k + 2, s)ëÏ (r, s = k − 1, k, k + 1).

III.���1�z��fþ��� (k + 2, k − 1), (k + 2, k), (k + 2, k + 1)

¥��ëÏ.

´�e I, II, III ¤áKT�EÎÜ^�.qdu 1 ∼ k − 11, k + 2 ∼ 2k1

þ��ç�,� I, III �d,��Iy I, II.

Äky² I.�Ä1�1?��� (1,m).

1)m = 1,Kc k − 2gö�þ�m,�� (k − 1, k − 1).

2) 2 - m�m 6= 1,Kc k− 2gö�k�m 2k−1−m
2
g�

�
2k+1−m

2
, 2k−1+m

2

�
(dm ≤ 2k − 1�T���3),2��£ m−3

2
g=� (k − 1, k + 1).

3) 2 | m,Kc k − 2gö�k�m 2k−2−m
2
g�

�
2k−m

2
, 2k−2+m

2

�
(dm ≤

2k − 2�T���3),2��£ m−2
2
g=� (k − 1, k).

� I y..

Ùgy² II.�I�Ä1 (k − 1)� (k + 2)1,1 (k − 2)� (k + 2)��Û

ÜãXe,Ù¥�Ú�f�Lç�,xÚ�f�Lx�.
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¿5¿�eãn«£Ä�ª(�ÑæÚ�ª),

=� II y..

nþ=�T�EÎÜ^�.

nþ��, n���´ 2022. �

µ5 �KJÝ·¥. n ≥ 2022´Ðy²�,Ðg�E�U�¬�Ñ 2023,

�3 n = 2022Ú 2023�m��.N´uy�´x��å�
��“¥=Õ”�

�^,aquîp�I�ÚÛó5����,u´Ø¨Lõ.)�¥ I ��{,=

ò�õ�Ü¿3�å��{´��.,	,� n = 2022�x��ê�4��

´k¿g�¯K,Ù���=� 2,�EXy².

K 3 3b� 4ABC ¥, : D, E ©O3 AB, AC ü^>þ, ¿�÷v

BD = CE.�: P 3�ã DE þ,: Q´4ABC �	��¥�løBC þ�
�:,� P, Qü:÷v BP : PC = EQ : QD.b�: A, B, C, D, E, P, Qü

üØÓ,y²:

∠BPC = ∠BAC + ∠EQD.

y² ò� QD, QE ©O�4ABC 	��uM, N.ë( CM, BN, CN.

ë( BQ, CQ.P CM, BN �:� P ′.

Äk`² D, P ′, E ��.é�S�8>/ ABNQMC,d Pascal ½n9

AB ∩QM = D, BN ∩MC = P ′, NQ ∩ CA = E,

� D, P ′, E ��.
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Ùg,·�y² BP ′ : P ′C = EQ : QD.¯¢þ

BP ′

PC ′
=

sin∠BCP ′

sin∠CBP ′
(34BCP ′¥$^�u½n)

=
sin∠BCM
sin∠CBN

=
sin∠BQM
sin∠CQN

(�±���) ¬

34DBQ, 4ECQ¥©O$^�u½n,

BD

sin∠DQB
=

QD

sin∠DBQ
,

CE

sin∠EQC
=

QE

sin∠ECQ
.

q BD = CE, ∠DBQ+ ∠ECQ = ∠ABQ+ ∠ACQ = π.±þüª�',=

EQ

QD
=

sinDQB

sinEQC
. 

d¬, =� BP ′ : P ′C = EQ : QD.

q� P 3�ã DE þ�,

BP

CP
=

sin∠BCP
sin∠CBP

,

T�3 P l D� E þÅìO�( ∠BCP ÅìO�, ∠CBP Åì~�,�þ�b

�).� P ′=� P.q

∠BP ′C =∠BNC + ∠NCM

=∠BAC + ∠NQM

=∠BAC + ∠EQD.

� ∠BPC = ∠BAC + ∠EQD. �

µ5 �
Ïé�K8¤I��Ý'X,N´��ò�Ý���lþ,?

¬ßÿ)�¥�5�.5¿�r BP
PC
�üN5`�Ù.
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K 4 2021��ê a1, a2, · · · , a2021 ÷vé?¿ n = 1, 2, · · · , 2016Ñk

an+5 + an > an+2 + an+3¤á.¦ a1, a2, · · · , a2021¥�����������

��U�.

) a1, a2, · · · , a2021¥�������������U�� 85008.

��¡,�

a1 = a2 = a3, an = an−3 +
�n
2

�
− 506(n = 4, 5, · · · , 2021),

Ké n = 1, 2, · · · , 2016,k

an+5 + an = an+2 +
�
n+ 5

2

�
− 506 + an

= an+2 + an +
�
n+ 3

2

�
− 506 + 1

= an+2 + an+3 + 1

> an+2 + an+3.

�d�k

max
1≤i≤2021

{ai} − min
1≤i≤2021

{ai} =
337X
j=1

�
506−

�
3j + 1

2

��

= (2 + 3) + (5 + 6) + (8 + 9) + · · ·+ (503 + 504)

= (1 + 2 + · · ·+ 505)− (1 + 4 + 7 + · · ·+ 505)

=
505× 506

2
− 506× 169

2

= 168× 506 = 85008.

,��¡,d a1, a2, · · · , a2021 ∈ ZÚ an+5 + an > an+2 + an+3�

an+5 + an ≥ an+2 + an+3 + 1,

�

an+5 − an+2 ≥ an+3 − an + 1, n = 1, 2, · · · , 2016.

é?¿ 1 ≤ i ≤ 1009,� a2i+2 − a2i−1 = bi, a2i+3 − a2i = ci,Kk

ci+1 ≥ ci + 1, bi+1 ≥ bi + 1(1 ≤ i ≤ 1009),

?�é?¿ i+ j ≤ 1009, i, j ∈ N+,k

ci+j ≥ ci + j, bi+j ≥ bi + j. (∗)

q

a1009 − a1 = (b502 + b499 + · · ·+ b1) + (c503 + c500 + · · ·+ c2),
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a2021 − a1013 = (c1009 + c1006 + · · ·+ c508) + (b1008 + b1005 + · · ·+ b507).

d (∗),�

a1009 − a1 ≤168 · b505 −
168X
i=1

(505− (3i− 2)) + 168 · c505 −
168X
i=1

(505− (3i− 1))

=168 · (b505 + c505)− ((2 + 3) + (5 + 6) + · · ·+ (503 + 504))

=168(b505 + c505)− 85008,

�

a2021 − a1013 ≥168 · c505 +
168X
i=1

3i+ 168 · b505 +
168X
i=1

(3i− 1)

=168 · (b505 + c505) + ((2 + 3) + (5 + 6) + · · ·+ (503 + 504))

=168(b505 + c505) + 85008,

�

(a2021 − a1013)− (a1009 − a1) ≥ 2× 85008,

�

max
1≤i≤2021

{ai} − min
1≤i≤2021

{ai} ≥ max{|a2021 − a1013|, |a1009 − a1|}

≥ a2021 − a1013 − (a1009 − a1)
2

≥ 85008.

nþ, a1, a2, · · · , a2021¥�������������U�� 85008. �

µ5 w�dK^� an+5 + an > an+2 + an+3,òÙ£�=���/ª´²

���{.3=z�?�ÚB�±íÿ¦�����������A�ê�ü

>A���,¥m�uü>�AÏ�/,�3y²�������Äü>�ê�

¥m�ê��=�.

)�¥kü:��5¿:

1.ò an+5 + an > an+2 + an+3C� an+5 − an+2 > an+3 − an,¦Ø�ªü>

w���N�ªÝ� 2,±d����ê�.

2.3é ak − a1�I k − 1 ≡ 0 (mod 6),¦ ak − a1¥ bi, ci�ê��,,�

>Ó�.

K 5 é?¿��ê n,¦Ñ¤k÷vXe^��Ø�u 1�Ø�L 2n2 �

�ê k :3 2n× 2n�L�¥,?À k�ØÓ��f,¿òù
�fæ¤çÚ,Ù
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¦¤k�fÑæ¤xÚ.ù�·�P¹eÓ�kx�fÚç�f� 2× 2�fL

���ê.@o,3¤kÀ�f��{¥,ù«fL���ê���T� 2n− 1.

) k�¤k�U�� n2 − r(0 ≤ r ≤ n− 1)9 2nt
�
n
2
< t ≤ n, t ∈ N+

�
.

I. k ≤ n2 − n(d?Ø�Ä n = 1).

�� k = pn+ q,Ù¥ 0 ≤ p ≤ n− 2, 1 ≤ q ≤ n,¿ò1 i1,1 j����

P� (i, j).

yr�� (i, j)(1 ≤ i ≤ p, 1 ≤ j ≤ n)Ú�� (p+1, j)(1 ≤ j ≤ q)æç (X

eã).

d���æç
 pn+ q = k���,�ÉÚL��k p+ n�(�Qã�B,òo

���Ø�ÓÚ� 2× 2fL�¡�ÉÚL�). p+n ≤ 2n− 2,� k ≤ n2−n

�ØÎÜ�¦.

II. n2 − n+ 1 ≤ k ≤ 2n2.

·�y²ÉÚL���êØ�u 2n− 1�,¿©Û��^�.

k�Ñ�
½Â:

½½½ÂÂÂ 1 ·�¡çÚ�� A, B Óáu 1�ëÏ©|,��=��3��

ê s9 (s− 1)�çÚ�� C1, C2, · · · , Cs−1,¦�é?¿ 1 ≤ i ≤ s, Ci−1Ú Ci

Ñkú�º: (C0 = A, Cs = B) .Xeã, A, B=áuÓ�ëÏ©|.

@o,¤kæ¤çÚ����y©�eZ�ëÏ©|,�z�� 2 × 2fL

�¥,¤kçÚ��(e�3)Ñ5guÓ�ëÏ©|,d�¡ù�fL�áuù

�ëÏ©|,w,z�ÉÚL�Táu��ëÏ©|.
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½½½ÂÂÂ 2 ·�¡��ëÏ©|´î(p)�2,�,ez��(1)¥Ñ��

k����áuù�ëÏ©|.

½½½ÂÂÂ 3 ·�¡ü�ÉÚ���ú�>(e�3)�©�>,¿¡T©�>

áu±§�>.�çÚ��¤3�ëÏ©|.

e¡© 3«�¹?Ø.

(1)z��ëÏ©|þQØ´î�2,�,�Ø´p�2,�.

��km�ëÏ©|,z�ëÏ©|�k k1, k2, · · · , km���,K k ≥ m

�
mP
i=1

ki = k.

ky�Ún:

ÚÚÚnnn e��ëÏ©|QØ´î�2,�,�Ø´p�2,�,�§k l�

��,K��k 2
√
l − 1�ÉÚL�áu§.

y² �Ä�¹TëÏ©|���fL�.�ÙY²>�� a,ç�>��

b.duTëÏ©|QØ´î�2,�Ø´p�2,�,���ù�fL���

>.Úþ>.þØ´�L��>.,Xeã.

dù�fL����5�,ù�fL��?¿�1,�¥þkçÚ��áu

ù�ëÏ©|.�Äù�fL�¥z�1��>�ç���>.9z���þ

¡�ç��þ>.(ùp�ç�þ3TëÏ©|��S?Ø).ù (a + b)^>þ

�©�>(Xþã¥\o� (a+ b)^=�¤�),�Ø�¤£´.Ïdù
>�à

:ê(ØOê)Ø�u a + b + 1.q�õkÙ¥ 2�à:3>.þ(Xþã¥=

� X1, Y1 ),¿5¿�±e¯¢:

e��Ø3>.þ�º:´áuTëÏ©|�©�>�à:,K±§�¥

%� 2× 2fL�´ÉÚL�,�áu�ëÏ©|. (∗)

Ïd,áuTëÏ©|�ÉÚL���êØ�u

a+ b− 1
A−G
≥ 2
√
ab− 1 ≥ 2

√
l − 1.
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Ún�y.

£��K,dÚn�

ÉÚL�o�ê ≥
mX
i=1

�
2
È
ki − 1

�

≥ 2
√
k −m+ 1 +m− 2 (d

√
a+
√
b ≥
√
a+ b− 1 + 1, a, b ∈ Z+)

= 2
√
k − 1 + (m− 1)

�
1− 2√

k −m+ 1 +
√
k

�

≥ 2
√
k − 1 (dm ≥ 1,

√
k −m+ 1 +

√
k ≥ 1 +

√
m ≥ 2)

≥ 2
√
n2 − n+ 1− 1

> 2n− 2.

ÏdÉÚL���k (2n − 1)�.eTk (2n − 1)�,K 2
√
k − 1 ≤ 2n − 1.�

k ≤ n2,¿Ó I ¥�E� n2 − n+ 1 ≤ k ≤ n2� (2n− 1)���.

(2)k��î�2,�Øp�2,�ëÏ©|.

�Äù�ëÏ©|.dÙØp�2,9ëÏ5���L�¥1�1ÃçÚ

��áuTëÏ©|.

éuz��,�ÄTëÏ©|¥ uù���þ�����þ>..dd�

� 2n^©�>(Xeã).´�Ù��k (2n + 1)�ØÓà:��õk 2�à:

3>.þ(Xã¥= X2, Y2 ).Ïd(Ü (∗)�áuTëÏ©|�ÉÚL��ê

Ø�u 2n+ 1− 2 = 2n− 1�.

eÉÚL�Tk (2n− 1)�,Kù�ëÏ©|��,ÙY²�©�>k�=

kþã� 2n^>,�ù 2n^>Ñ3Ó�^Y²�þ.Ïd,�æç���´ë

YeZ1¥¤k��,= 2n | k,�´�d���� 2n− 1.

(3)k��Qî�2,qp�2,�ëÏ©|.

·�¡,1(�)�ç1(�),eT1(�)¤k��þ�æç.�ÄTëÏ©

|,yéuz��Ø´ç1(�)�1(�),3ù�1(�)¥À�ü����ÉÚ

����ú�>(=©�>).

Pç1k r�,ç�k c�,K��À�
 (4n − r − c)^>.duz1,�
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þ���^,�Ø¬�¤£´.Ïd,§���k (4n− r− c+1)�ØÓà:.q

>.þ�à:�õ 4�(N´�yz^>.þ�õ��).�d (∗)�,áuTë

Ï©|�ÉÚL��êØ�u 4n− r − c− 3.

qù r�ç1, c�ç�¥ (2nr + 2nc− rc)���þ�ç�,�k

2nr + 2nc− rc ≤ k ≤ 2n2,

�n=

(2n− r)(2n− c) ≥ 2n2.

l

4n− r − c− 3 = (2n− r) + (2n− c)− 3
A−G
≥ 2
√
2n− 3.

� n ≥ 3�, 2
√
2n− 3 > 2n− 1,ØU��.

� n = 1�,´� k = 2÷v^�.

� n = 2�,b�ÉÚL�Øõu 3�.d 2
√
2n − 3 > 2,�T� 3�,=

4n− r − c− 3 ≤ 3,� r + c ≥ 2.

2n− r + 2n− c ≥ 2
È
(2n− r)(2n− c) > 5,

� r + c < 3,� r + c = 2.�3e�ü«�¹:

i. (r, c) = (2, 0)½ (0, 2).Ø�� r = 2,Kd 2rn = 2n2�Ø´ç1�1þ

Ãç�.ù�p�2,5gñ.

ii. (r, c) = (1, 1),UY�Ä (3)y²¥��©�>,�§��à:¥k 4�

3>.þ.Ïd1 11,1 41; 1 1�,1 4�þkx�.��Ø��1 21,1

2��ç1,ç�.Xeã,Øù 7�ç�	,�õ�k��ç��æç.Ïd,e

ã¥ 4�±“ • ”IP��:þ��ÉÚL��¥%.

nþ,d�¹�k n = 1, k = 2���.

nþ¤ã,=k k = n2 − n + 1, · · · , n29 2n | k, k ≥ n2ü«�¹ÎÜK

��¦(5¿� n = 1, k = 2�/�¹3S).

=¤¦ k� n2 − r(0 ≤ r ≤ n− 1)9 2nt
�
n
2
< t ≤ n, t ∈ N+

�
. �
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µ5 �KN´\Ã.dK�g,é���´?ØÉÚL�XÛOê�¯

K,?uyØ%3uOêÉÚ���¥%�:,�}Áy²�K¬uy[!Ù

¢�õ,Xe:

1.Iî�½ÂëÏ©|Vg.��5¿�´,eòaqu“ ”�ü�çÚ

��½Â3ü�ëÏ©|¥,ùü�ëÏ©|¬�3�Óº:,òE¤�½�æ

�.

2.I�Ä>.�K�.´�¥%�:´Ø?u>.þ�,u´I�éëÏ

©|´Ääkî(p)�2,5©na?1?Ø.

3.XÛé�÷v^�� 2n− 1��:.

��{�°ç�?3u:

1.^>�x:.ù´�Ä�Ún¥“ a + b − 1 ”��).Ó�5¿���^

�,�À��ý�>?1�Ä´n��(üýþ�ÄÓ�¬E¤æ�).

2.ü?� .1�?ò a + b − 1���¤ 2
√
l − 1,wq�ÿ,¢Kk|u

�Y�� ,�3 k ≥ n2 − n + 1�cJe´Ün�;1�?K´du²(�¹

(3)Ã{��,|^ k ≤ 2n2²(e..

{ó�,�KØ%�¦3uÜnQã.eUé���Ü·�é:�ª,Ò

¬k��n��)�.
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