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I. ÁÁÁ KKK

1. 4ABC ¥, ∠C ���, ∠A�²©� AL� BC u: L ,�p CH u:

K. ∠BCH �²©���ã AB�u:M .y²: CK =ML.

2. ´Ä�3�?�e���ê n ,¦�§�� êiÑ�u 5,�§�²�

�� êiÑ�u 5 ?

3. �½��ên > 1.Ò1I��@n«¡��M1,1�©O� a1, . . . , an,

ai ∈ N∗,z«¡��M1�êØ�,e1� {a1, . . . , an}÷v: a1 + a2 + · · · + an

�UÏL����«�ª�Ñ (Pz«¡���g),Ò¡ù@1�´”3$”.

(1)y²:�3�|÷v a1 + · · ·+ an < n · 2n�3$1� {a1, . . . , an};

(2)y²:é¤k3$1� {a1, . . . , an},7k a1 + · · ·+ an > n · 2n−1.

4. �¢ê a, b, c÷v a2 = b2 + bc, b2 = c2 + ac,¦y: 1
c
= 1

a
+ 1

b
.

5. A,B ü<3�� 21001!100����LþiZ.ü<Ó631�1

��ü��pW\ÎÒd Akm©,3z�£Ü¥, A?À��1�1��ü

��3Ù¥W\
�� X.�� B ?À��1�1��ü��.3Ù¥W\�
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6. Xã,àÊ>/ ABCDE ¥,é�� BD� CE �u: A1, CE � DA

�u:B1,DA� EB�u: C1, EB� AC�u:D1, AC�BD�u:E1.e
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K 1 4ABC ¥, ∠C ���, ∠A�²©� AL� BC u: L ,�p CH u

:K. ∠BCH �²©���ã AB�u:M .y²: CK =ML.

K

M

L

HA

C

B

y² ∵ C = 90◦ , CH⊥AB, ∴ ∠HCB = ∠CAH. ∵ CM ²© ∠HCB, AL

²© ∠CAB, ∴ ∠LCM = ∠CAL, CM⊥KL. q ∵ AL ²© ∠CAM , ∴ AC =

AM , 4CAL ∼= 4MAL, ML = CL. q ∵ ∠CLK = ∠B + ∠LAB, ∠CKL =

∠CAL + ∠ACK, ∠CAL = ∠BAL, ∠ACH = ∠B, ∴ ∠CKL = ∠CLA, CL =

CK, CK =ML. �

µ5 �K´��4�{ü�AÛK,�I¦^��Ä���'X�n�Ü

�=�.
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K 2 ´Ä�3�?�e���ê n ,¦�§�� êiÑ�u 5,�§�²

��� êiÑ�u 5 ?

) (���666ªªª) ¯¢þ,Ø�3ù����ê n.

^�y{.b��3ù�� n,� n = a1a2 · · · an,Ù¥ n�� êiþ�u

5.é 1 ≤ i ≤ n ,8By² a1 = · · · = ai−1 = 6 , ai = 6½ 7.

� i = 1�,Ï a1 > 5,� a1 = 6, 7, 8, 9.e a1 = 8 ,K n2 Ä � 6, 7,½ 8;

e a1 = 9 , n2Ä � 8½ 9.üö�gñ,� a1 = 6½ 7¤á.

eyéu i ≥ 2�, e a1 = · · · = ai−2 = 6, � ai−1 = 6½ 7,K ai−1 = 6,

ai = 6½ 7.

(i)� ai−1 = 6�,�M = ai+1 · · · am¿P k = m− i.·�k 0 ≤M < 10k.

b� ai = 8 , n = 6 · · · 6︸ ︷︷ ︸
(i−1)�

8× 10k +M ,K

n2 = 4 · · · 4︸ ︷︷ ︸
(i−1)�

6 2 · · · 2︸ ︷︷ ︸
(i−1)�

4× 102k + 13 · · · 3︸ ︷︷ ︸
(i−1)�

6× 10k ×M +M2.

eª¤á (|^ 0 ≤M < 10k)

4 · · · 4︸ ︷︷ ︸
(i−1)�

6 2 · · · 2︸ ︷︷ ︸
(i−1)�

4× 102k ≤ n2 < 4 · · · 4︸ ︷︷ ︸
(i−1)�

7 5 · · · 5︸ ︷︷ ︸
(i−2)�

61× 102k,

� n21 i � 6½ 7,gñ,b��Ø.

b� ai = 9 , n = 6 · · · 6︸ ︷︷ ︸
(i−1)�

9× 10k +M Ónk

4 · · · 4︸ ︷︷ ︸
(i−1)�

7 5 · · · 5︸ ︷︷ ︸
(i−2)�

61× 102k ≤ n2 < 4 · · · 4︸ ︷︷ ︸
(i−1)�

8 · · · 8︸ ︷︷ ︸
(i−2)�

900× 102k,

� n21 i � 7½ 8½ 9,gñ,b��Ø. � ai = 6½ 7¤á.

(ii) ai−1 = 7 �, n = 6 · · · 6︸ ︷︷ ︸
(i−2)�

7ai × 10k + M , Ù¥M,k ½Â� (i) ¥�Ó,

ai = 6, 7, 8, 9.

� i ≥ 3�,·�k

4 · · · 4︸ ︷︷ ︸
(i−2)�

568 · · · 8︸ ︷︷ ︸
(i−3)�

976× 102k ≤ n2 < 4 · · · 4︸ ︷︷ ︸
(i−2)�

6 2 · · · 2︸ ︷︷ ︸
(i−2)�

400× 102k,

� n21 i− 1 � 5½ 6,gñ.

� i = 2�,·�k

5776× 102k ≤ n2 < 6400× 102k,

� n2Ä � 5½ 6,gñ.

l ai−1 6= 7�/Ø¤á.
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nþ¤ã§éu i ≥ 2�§e a1 = · · · = ai−2 = 6, � ai−1 = 6 ½ 7, K

ai−1 = 6, ai = 6½ 7. Ïd,éu 1 ≤ i ≤ m,·�k a1 = · · · = ai−1 = 6, ai = 6

½ 7.� i = m, n2" � 6½ 9,gñ.

·K�y. �

µ5 �K�¥�JÝ¯K.N´uy nØ�3,y²L§¥�lceZ 

��\Ã,y² n� êiäkA½�/ª.¥m?ØL§���¡,I�õg

|^¤�^�.

K 3 �½��ê n > 1. Ò1I��@ n «¡��M1, 1�©O�

a1, . . . , an, ai ∈ N∗,z«¡��M1�êØ�,e1� {a1, . . . , an}÷v: a1 +

a2 + · · ·+ an�UÏL����«�ª�Ñ (Pz«¡���g),Ò¡ù@1�

´”3$”.

(1)y²:�3�|÷v a1 + · · ·+ an < n · 2n�3$1� {a1, . . . , an};

(2)y²:é¤k3$1� {a1, . . . , an},7k a1 + · · ·+ an > n · 2n−1.

y² (������õõõ) (1) - a1 = 2n − 20, a2 = 2n − 21, . . . , an = 2n − 2n−1,K

a1 > a2 > · · · > an,K a1 + a2 + · · ·+ an = (n− 1) · 2n + 1.

� b1, b2, . . . , bn ∈ N÷v
n∑
i=1

ai · bi = (n− 1) · 2n + 1,

K
n∑
i=1

(2n − ai) · bi = (
n∑
i=1

bi) · 2n − (n− 1) · 2n − 1.

�
n∑
i=1

bi = m,K

n∑
i=1

2i−1 · bi = (m− n+ 1) · 2n − 1.

ÚÚÚnnn e
k∑
i=1

2i−1 · Si ≡ −1 (mod 2k), k, S1, S2, . . . , Sk ∈ N,K
k∑
i=1

Si ≥ k.

y² �Ä¦
k∑
i=1

Si ����| (S1, S2, . . . , Sk),e�3 1 ≤ i ≤ k, Si ≥ 2,

K-S ′i = Si−2, S ′i+1 = Si+1+1, S ′j = Sj(j 6= i+1) (ei = k,K�L-S
′
i = Si−2),

k∑
i=1

2i−1 · S ′i ≡
k∑
i=1

2i−1 · Si − 2 · 2i−1 + 2i ≡ −1(mod2k)

�
k∑
i=1

S
′
i =

k∑
i=1

Si − 1���5gñ!� ∀1 ≤ i ≤ k, Si ≤ 1.
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2k − 1 ≤
k∑
i=1

2i−1 · Si ≤
k∑
i=1

2i−1 = 2k − 1,

� Si = 1, 1 ≤ i ≤ k,=
k∑
i=1

Si���� k.Ún�y.

£��K,é?¿ k ≤ n, k
k∑
i=1

2i−1 · bi ≡ −1(mod2k),

�
k∑
i=1

bi ≥ k.

� Sk =
k∑
i=1

bi ≥ k, 1 ≤ k ≤ n,Ö¿½Â S0 = 0.K

n∑
i=1

ai · bi =
n∑
i=1

ai (Si − Si−1)

=
n−1∑
i=1

Si (ai − ai+1) + Sn · an

≥
n−1∑
i=1

i · (ai − ai+1) + n · an

=
n∑
i=1

ai.

l�Ò¤á,= b1 = · · · = bn = 1, Ïd {a1, a2, . . . , an}�3$�.�

a1 + a2 + · · ·+ an = (n− 1) · 2n + 1 < n · 2n.

y.!

(2) Ï� n > 1, {a1, a2, . . . , an}�3$�, � a1, a2, . . . , anpØ�Ó.

Ø�� a1 < a2 < · · · < an,e {a2, · · · , an} kü�ØÓ�f8A, B,÷v∑
i∈A

ai ≡
∑
i∈B

ai (mod a1),

Ø��
∑
i∈A

ai ≥
∑
i∈B

bi,-

A′ = A \ (A ∩B), B′ = B \ (A ∩B),

K ∑
i∈A′

ai −
∑
i∈B′

ai =
∑
i∈A

ai −
∑
i∈B

ai ≥ 0.

� ∑
i∈A′

ai −
∑
i∈B′

ai = k · a1,
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- b1 = k + 1,

bj =


0 j ∈ A′

2 j ∈ B′

1 j /∈ A′, j /∈ B′, j 6= 1

K
n∑
i=1

aibi =
n∑
i=1

ai + k · a1 +
∑
i∈B′

ai −
∑
i∈A′

ai =
n∑
i=1

ai.

Ï� A
′
, B

′
Ø���,K biØ�� 1, gñ!l {a2, · · · , an}�?ü�ØÓ

�f8Ú� a1ØÓ{. q {a2, · · · , an} k 2n−1�ØÓf8,� a1 ≥ 2n−1. l

a1 + · · ·+ an > n · a1 ≥ n · 2n−1.

y.! �

µ5 �KJÝ0u{ü�¥��m,1��¯Ì�$^�ê!êØ�{,

1��¯�9êØÚ|Ü�)KÃã.1��¯Ì�g´´k(½��þ?A

3 2n�m,2·�?1}Á,�Ä� 1, 2, . . . , 2n−1�~�/ª?1(Ü.1��

¯KI84?ü�f8ÚØÓ{ù�'�:,�OÑz� ai �e.,l�¤

)�.

K 4 �¢ê a, b, c÷v a2 = b2 + bc, b2 = c2 + ac,¦y: 1
c
= 1

a
+ 1

b
.

y{ 1 ¦^�ê�{)�g�§.

Ï� a2 = b2 + bc (Ü b > 0,k

c =
a2 − b2

b
> 0 ⇒ a2 − b2 6= 0,

�\ b2 = c2 + ac,k

b2 =
(a2 − b2)2

b2
+ a · a

2 − b2

b
.

=

b4 = a4 − 2a2b2 + b4 + a3b− ab3 ⇒ a(a3 + a2b− 2ab2 − b3) = 0.

(Ü a > 0,

⇒ a3 + a2b− 2ab2 − b3 = 0. (1)

l

1

c
=

1

a
+

1

b
⇔ b

a2 − b2
=

1

a
+

1

b
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⇔ ab2 = a2b− b3 + a3 − ab2

⇔ a3 + a2b− 2ab2 − b3 = 0.

= (1)¤á. �

y{ 2 �En�/,¦^AÛ'X.

d

a2 = b2 + bc < (b+ c)2 (a, b, c > 0)⇒ a < b+ c,

b2 = c2 + ac < (a+ c)2 ⇒ b < a+ c,

c2 = b2 − ac < b2 ⇒ c < b < a+ b,

���a, b, c�¤4ABC n>�: BC = a, CA = b, AB = c.

�∠BAC ²©�AD�BC uD,d�²©�½n

CD

BD
=
CA

BA
=
b

c
,

(ÜBC = a,k

CD =
ab

b+ c
.

qd

a2 = b2 + bc,

=

b+ c =
a2

b
,

k

CD =
ab
a2

b

=
b2

a
⇒ CD · CB = CA2.

(Ü∠ACD = ∠BCA,k4CAD ∼ 4CBA.�

∠BAC = 2∠DAC = 2∠ABC.

Ón ∠ABC = 2∠ACB.
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(Ü ∠BCA+ ∠ABC + ∠ACD = π.k

∠BAC =
4

7
π, ∠ABC =

2

7
π, ∠ACB =

1

7
π.

�d�u½n: c : a : b = sin π
7
: sin 4

7
π : sin 2

7
π,�y1

c
= 1

a
+ 1

b
.�I

1

sin π
7

=
1

sin 4
7
π
+

1

sin 2
7
π
⇔ 1

sin 4
7
π
=
−1 + 2 cos π

7

sin 2
7
π

⇔ 2 cos
2

7
π(−1 + 2 cos

π

7
) = 1.

P cos π
7
= t,k

cos
2

7
π = 2t2 − 1,

cos
4

7
π = 2(2t2 − 1)2 − 1 = 8t4 − 8t2 + 1,

cos
3

7
π = 4t3 − 3t = − cos

4

7
π,

l

8t4 + 4t3 − 8t2 − 3t+ 1 = 0,

=

(t+ 1)(8t3 − 4t2 − 4t+ 1) = 0.

 t 6= −1,�

8t3 − 4t2 − 4t+ 1 = 0, 2(2t2 − 1)(−1 + 2t) = 1.

= 8t3 − 4t2 − 4t+ 1 = 0.¤á. �

µ5 �K�N´,�±lõ��Ý\Ã.íÿÑJXAT´l���± π
7
,

2
7
π , 4

7
π �S��AÏn�/\Ã,§�>�kNõ'~5�,�K=¦^
Ù

¥n�.

K 5 A,B ü<3�� 21001!100����LþiZ.ü<Ó631�

1��ü��pW\ÎÒd Akm©,3z�£Ü¥, A?À��1�1��

ü��3Ù¥W\
�� X.�� B ?À��1�1��ü��.3Ù¥W\

�� O.�1�1�¤kü��ÑØ��,ü<m©é1�1�ü��W\ÎÒ

¿�gaí.��¤kü��ÑØ���. A�8I´4��L¥Ñy¦�U�

pØ�Ó�1. B�8I´4��L¥pØ�Ó�1¦�U�.XJü<Ñ¦^

gC��ZüÑ,@o��L¥�ªkõ��pØ�Ó�1?

y² (444������) �Y� 250.
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I. k�Ñ B �üÑ¦pØ�Ó�1�õ 250. B òz1� 1× 100��,y

� 50� 1× 2,K B��y3gCWÐ�d1®W� OÚ X z� 1× 2���

�oT�� O�� X.Ð©�,vk OÚ X w,¤á;

3,£Ü� B �y3gCWÐ�d1®W� OÚ X,z� 1× 2�o��

�oT�� X;K A7ò X W\,��vk O½ X � 1 × 2,K B 3T 1 × 2

,����Wþ O.�Ïd B ��y3gCWÐ�d1z� 1 × 2�o���

oT�� O�� X,�ª1W÷�z� 1× 2T�� O�� X.

��¦ØÓ1�õ 250�.

II. e¡y²�3 A�üÑ¦pØ�Ó�1�� 250�.

æ�±eüÑ:

(a)Ð©: A� B31�1?�� 50� X Ú O.·�é A��{Ø��¦;

(b)LÞ: b� A � B ®²ò1 1, 2, . . . , n(n ≤ 2100 − 1)1��. ·�P Si

L«1 i1� 100� O, X |¤�kSÎÒ|, Ti L«1 i��c n� O, X |

¤�kSÎÒ|, Si ∩ Tj L«��� (i, j)þ��þ�ÎÒ (1 ≤ i ≤ n).

y3 A� B31 n+ 11?1iZ.·�òù 100g©� 50Ó( ABÓ6):

(i)Ð©:P I0 = 1, 2, . . . , n; J0 = 1, 2, . . . , 100.

(ii)LÞ: A�	éz� j(j ∈ Jl−1),
⋃

i∈Il−1

(Si
⋂
Tj)¥ OÚ X �ê.

1 l Ó� 1 ≤ l ≤ 50.

(1)e�3 j ∈ Jl−1 ¦
⋃

i∈Il−1

(Si ∩ Tj)¥ O�ê ≥ X �ê,K A 31 n + 1

11 j � �� X;

(2)eØ�3 j ∈ Jl−1¦
⋃

i∈Il−1

(Si ∩ Tj)¥ O�ê ≥ X�ê,K A �¿31

n+ 11?Û���X� � �� O.

3 Aö�� Bö�. A,Bþö���:

e��/ (1),K½Â#�Ó� Il = {i | i ∈ Il−1� Si ∩ Tj � X} (Ù¥ j �

�/ (1)¥¤½Â�), Jl = {i | i ∈ Jl−1�3�Ó¥�� A/BÀ¥ };

e��/ (2),� Aö�1 j �,K½Â Il = {i | i ∈ Il−1 � Si ∩ Tj � O},

Jl = {i | i ∈ Jl−1�3�Ó¥�� A/BÀ¥ }.

(iii)ª�.e�3 Il = ∅ (1 ≤ l ≤ 50),K3d��1 l+ 1Ó −50Ó A�¿

ÀJ=�;e (ii)$1� l = 50�¤,K·�Ò®�¤ n+ 11�üÑ.

(c)ª�:���L�þ®W��ª�.

e¡�yüÑÎÜ�3 n = 1, 2, · · · , 250 − 1�¤�� 2501pØ�Ó.

Äk A�ö� �[����ÎÜö��¦;Ùg3 n ≤ 250 − 1�d (2)

9 êÆ#(�



�LÞ.

31 lÓ�,�U�1 n+ 11���1=�U´@
 i ∈ Il�1 i1.

éu�/ (1),31 j �þk X ��3 Il−1¥�1�Ò´3 Il¥�1,q(

Ü
⋃

i∈Il−1

(Si
⋂
Tj)¥ O�ê ≥ X �ê,��

|Il| ≤
1

2
|Il−1|.

éu�/ (2),31 j �þk O ��3 Il−1 ¥�1�Ò´3 Il ¥�1,q

(Üéz�S ∈ Jl−1,
⋃

i∈Il−1

(Si
⋂
Ts) ¥ O �ê < X �ê, �AO/é1 j �

k|Il| < 1
2
|Il−1|.ld |I0| = nk

|I50| ≤
1

250
× n < 1 ⇒ I50 = ∅.

�ö�ª��vk 1 ∼ n ¥?¿�1�U�üÑ¤�1 n + 1 1�Ó. =

1, 2, 3, · · · , 2501pØ�Ó.

dd�3 AüÑ¦pØ�Ó1�� 250�.

nþ,(Ü I,II, A,BÑ¦^�ZüÑ.�ªk 250 �pØ�Ó1. �

µ5 ù´��¥�JÝ�|ÜK.�YéN´ßÑ.�K¥ B �üÑN

´�Ñ.éu A�üÑ,)ö��¿ã¦^VÇ�{)�K,�Ü6ÑyÜ©¦

É.�� A�üÑ,d������%�{�Ñ.�%¥zÓ�U�Ó�1��

�.�3c 2501¥@
1pØ�Ó.k,��Öö�ÁÁwXÛ^VÇ�{)

�K.

K 6 Xã,àÊ>/ ABCDE¥,é�� BD� CE�u: A1, CE�DA

�u:B1,DA� EB�u: C1, EB� AC�u:D1, AC�BD�u:E1.e

Ê�ào>/ABA1B1, BCB1C1, CDC1D1, DED1E1, EAE1A1ko���S

�o>/.y²:1Ê��´�S�o>/.

E1
D1

C1

B1

A1

A

B

C

E D
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y² (¶¶¶UUUòòò) Ø�Ø EAE1A1 	�o�o>/��S�o>/, Kd

ABA1B1��k

AA1

sin∠AB1A1

=
BB1

sin∠BA1B1

,

AA1 · sin∠BA1B1 = BB1 · sin∠AB1A1.

Ónk

BB1 · sin∠CB1C1 = CC1 · sin∠BC1B1,

CC1 · sin∠DC1D1 = DD1 · sin∠CD1C1,

DD1 · sin∠ED1E1 = EE1 · sin∠DE1D1.

l
AA1

sin∠AE1A1

=
EE1

sin∠EA1E1

.

�4 AE1A1�4 EE1A1	���»�Ó.



∠E1AA1 + ∠E1EA1 < ∠CAD + ∠BEC

= 2π − (∠EBC + ∠BCE + ∠ACD + ∠ADC)

< 2π − (∠DBC + ∠DCB + ∠BDC)

= π.

� ∠E1AA1 = ∠E1EA1.Ïd AEA1E1��. �

µ5 �K´���Ø~5�AÛK,���=z�y²ØÏL~5�AÛ

'X,´|^�¥��u½n?1,/Ïã/���pÝé¡5�Ñ���(

J.I5¿�����u½n¤á¿��p�d,�I?1©a?Ø.
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