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I. ÁÁÁ KKK

A1. kõ����ê N ÷v±en�^�º

(i) N � 2020 �Ø;

(ii) N ��?�L«k�õ 2020  ;

(iii) N ��?�L«´d�G 1 ���G 0 �¤�.

A2. � k ���K�ê. ¦
kX
j=0

2k−j
 
k + j

j

!
.

A3. � a0 = π
2
, ¿- an = sin(an−1), n ≥ 1. (½

∞P
n=1

a2n´ÄÂñ.

A4. �Ä�xk N + 2����Y²^�, Ù¥Ä�ü���æç, Ù{

��E�xÚ. �Å/À��xÚ��, ¿�VÇ/À�T��������,

e§Ø´çÚKò§æç. ­Eù�L§, ��¤k�{xÚ�������

Ñ�çÚ. - w(N)L«�{xÚ��êþ�êÆÏ", ¦ lim
N→∞

w(N)
N

.

?¾FÏ: 2021-03-10.
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A5. � an �÷v
P
k∈S

Fk = n ���ê8 S �êþ, ùp (Fk)k≥1 �

Fibonacci ê�, ÷v Fk+2 = Fk+1 + Fk, Ð�� F1 = 1, F2 = 1, F3 = 2, F4 = 3.

¦¦� an = 2020�����ê n.

A6. éu,���ê N , ¼ê fn½ÂXe:

fN(x) =
NX
n=0

N + 1
2
− n

(N + 1)(2n+ 1)
sin(2n+ 1)x.

¦¦� fN(x) ≤M éu¤k N Ú¤k¢ê x¤á���~êM .

B1. éu��ê n,½Â d(n)� n��?�L«e�êiÚ (~X, d(13) =

1 + 1 + 0 + 1 = 3). -

S =
2020X
k=1

(−1)d(k)k3.

¦ S � 2020��.

B2. � k, n�÷v 1 ≤ k < n��ê. Alice Ú Bob 
��iZ: 3�^�

�þük n�É, ù
É¥k k�lf. 3iZ�m©, lf u��>� k�

É. �gÜ{�£Ä�ò,lf£�Ùmà�,��É¥. ü
[�O£Ä, d

Alice m©.�lf�éÄ��m> k �É�iZ(å, d�ØU?1e�g£

Ä�
[ÑKiZ. éu=
 nÚ k��, Alice k7�üÑ?

B3. - x0 = 1, δ �,�÷v 0 < δ < 1 �~ê. 48/, éu n =

0, 1, 2, · · · , xn+1l«m [0, xn]¥�Å�Ñ,- Z�¦� xn < δ�����ê�.

ò Z �êÆÏ"L«� δ�¼ê (5: ùp�“�Å�Ñ”´� xn+1 ∼ U [0, xn]).

B4. n�,���ê,¿^VnL« (2n+1)�ê|v = (s0, s1, · · · , s2n−1, s2n)

|¤�8Ü, Ù¥ s0 = s2n = 0, ¿� |sj − sj−1| = 1é j = 1, 2, · · · , 2n¤á. ½

Â

q(v) = 1 +
2n−1X
j=1

3sj ,

¿�M(n)� 1
q(v)
�þ�, ùp v ∈ Vn. O�M(2020).

B5. éu j ∈ {1, 2, 3, 4}, - zj �÷v |zj| = 1� zj 6= 1�Eê. y²

3− z1 − z2 − z3 − z4 + z1z2z3z4 6= 0.

B6. - n����ê. y²
nX
k=1

(−1)bk(
√
2−1)c ≥ 0,

Ù¥, bxcL«Ø�u x����ê.
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///. )))������µµµ555

A1. kõ����ê N ÷v±en�^�º

(i) N � 2020 �Ø;

(ii) N ��?�L«k�õ 2020  ;

(iii) N ��?�L«´d�G 1 ���G 0 �¤�.

) ÷v^����ê N k 504× 1009�.

d^�(iii), �,�÷vK8�¦���ê� N =

x�z }| {
11 · · · 1

y�z }| {
00 · · · 0.

l^�5w, (i)⇔ 20 | N�101 | N .

w, 20 | N ⇔ y ≥ 2; 
 101 | N ⇔ 4 | x.e¡éd��`².

5¿� (10, 101) = 1, � N ´Ä�101�Ø�ûu x ; 
 1111 = 101 × 11,

�� 4 | x�, du 1111 |
x�z }| {

11 · · · 1⇒ 101 | N .

,	, 5¿�e 4 Ø�Ø x½ y < 2, K N ØU� 2020 �Ø.


^�(ii)⇔ x+ y ≤ 2020. �d·��¤
^���d=�.

e¡m©¦). - nL«÷v^����ê N ��ê, ¿-

nx := #{N | N /X
x�z }| {

11 · · · 1
y�z }| {

00 · · · 0, y ≥ 2},

K

nx = 2020− (x+ 2) + 1 = 2019− x.

l


n =
X
4|x

0<x<2020

(2019− x) =
504X
k=1

(2019− 4k) = 504× 1009. �

µ5 ��{ü����K, 5¿O�þØ�Ñ�.

A2. � k ���K�ê. ¦
kX
j=0

2k−j
 
k + j

j

!
.

) TL�ª��� 4k.

-

Sk :=
kX
j=0

2k−j
 
k + j

j

!
,

¿5½
�
n
−1

�
= 0,∀n ∈ N∗.
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|^Ù��ð�ª
�
n
k

�
=
�
n−1
k

�
+
�
n−1
k−1

�
, ·��±��

Sk =
kX
j=0

2k−j
  

k + j − 1

j

!
+

 
k + j − 1

j − 1

!!

=
kX
j=0

2k−j
 
k + j − 1

j

!
+

kX
j=1

2k−j
 
k + j − 1

j − 1

!

= 2
k−1X
j=0

2k−1−j
 
k − 1 + j

j

!
+

 
2k − 1

k

!
+

k−1X
j=0

2k−1−j
 
k + j

j

!

= 2Sk−1 +

 
2k − 1

k − 1

!
+

1

2

k−1X
j=0

2k−j
 
k + j

j

!

= 2Sk−1 +
1

2

� 
2k

k

!
+

k−1X
j=0

2k−1−j
 
k + j

j

!�

= 2Sk−1 +
1

2
Sk.

l
 Sk = 4Sk−1, k ∈ N∗.

q5¿� S0 = 1, � Sk = 4k. �

µ5 ù´��`ä�|Üð�ª.

þ¡�Ñ��{´X{��ê$�. I��Ñ�´, Tð�ªk��{ü�

|Ü¿Â, 3�Öög�.

A3. � a0 = π
2
, ¿- an = sin(an−1), n ≥ 1. (½

∞P
n=1

a2n´ÄÂñ.

) Tê�?êuÑ.

Äk5¿� lim
n→∞

an = 0. ù´Ï� {an}üN4~�k., �4��3. l




lim
n→∞

an = lim
n→∞

sin an−1 = lim
n→∞

sin an ⇒ lim
n→∞

an = 0.

·�e¡5?ê����?1���O.

ÚÚÚnnn ¤á an ∼
È

3
n
, n→∞.

y² duê� {an}± 0 �4�, ¤±

an = sin an−1 = an−1 −
1

6
a3n−1 +O(a5n−1), n→∞.

éu β ∈ R, 5¿�

aβn − a
β
n−1 = sinβ an−1 − aβn−1

=
�
an−1 −

1

6
a3n−1 +O(a5n−1)

�β
− aβn−1

= aβn−1

�
1− 1

6
a2n−1 +O(a4n−1)

�β
− aβn−1
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= aβn−1

�
−β

6
a2n−1 +O(a4n−1)

�
.

3þª¥� β = −2, �±��

a−2n − a−2n−1 =
1

3
+O(a2n−1) =

1

3
+ o(1), n→∞

⇒ 1

a2n
=

nX
k=1

 
1

a2k
− 1

a2k−1

!
+

1

a20
=

1

3
n+O(

nX
k=1

a2k−1) +
4

π2

=
1

3
n+

4

π2
+ o(n) ∼ 1

3
n, n→∞.

ùÒy²
Ún.


(ÜÚn9'�"ñ{, w, a2n � O( 1
n
) Ó�, l
Tê�?êuÑ. �

µ5 �K´��k¿g�JÝ¥��êÆ©ÛSK.

Ò)ö�À�w, �K�'�3uéT?êuÑk�*�@£.3dÄ:

þ, ØØ´Xþ��é�?1�O, ½´^8B{y²�3�����Ø�

L an�uÑ?ê, Ñ´�1�.

A4. �Ä�xk N + 2����Y²^�, Ù¥Ä�ü���æç, Ù{

��E�xÚ. �Å/À��xÚ��, ¿�VÇ/À�T��������,

e§Ø´çÚKò§æç. ­Eù�L§, ��¤k�{xÚ�������

Ñ�çÚ. - w(N)L«�{xÚ��êþ�êÆÏ", ¦ lim
N→∞

w(N)
N

.

) T4��� 1
e
.

Äk, ÏL*	�±�� w(0) = 0, w(1) = w(2) = 1. e¡5¦ w(n)�4

íª.

·�òÐ©� N �xÚ��l��m�g?Ò 1, 2, · · · , n. âK¿, ØJ

©Û� N ≥ 3�, ?Ò� 1, N �xÚ��Úüà�çÚ���À¥�VÇþ

� 1
2N

, Ù{���À¥�VÇ� 1
N

. 
À½?Ò� k(1 ≤ k ≤ N)¿æç�, Ù

�ýk k − 1�xÚ��, mýk N − k�xÚ��.âd·�ÒU��

w(N + 1) =
w(N)

2(N + 1)
× 2 +

N−1X
k=1

1

N + 1
(w(k) + w(N − k)) +

w(N + 1)

2(N + 1)
× 2.

þª²�n, ��

Nw(N + 1) = 2
N−1X
k=1

w(k) + w(N), N ∈ N∗.

^ N − 1O N , ¿'�üª, ����4í:

Nw(N + 1) = (N − 1)w(N)− w(N − 1) + 2w(N − 1) + w(N)

= Nw(N) + w(N − 1).
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�n�

w(N + 1) = w(N) +
w(N − 1)

N
,N ∈ N∗.

e¡£��K. �¦T4�, ·��Ä1¼ê

f(z) :=
∞X
n=1

w(n− 1)

n
zn.

ØJuy

f
′
(z) =

∞X
n=1

w(n− 1)zn−1 = z +
∞X
n=3

�
w(n− 2) +

w(n− 3)

n− 2

�
zn−1

= z(1 + f
′
(z) + f(z)).

)T�©�§, ��

f(z) = C
ez(1−z) − 1, C ∈ R.

qd w(0) = 0⇒ C = 1. ���I�	 f(z)�ð�N�Ðmª, á=��

w(N)

N + 1
= f (N+1)(0) =

N+1X
j=0

(−1)j

j!
⇒ lim

N→∞

w(N)

N + 1
=
∞X
j=0

(−1)j

j!
=

1

e
.

l
 lim
N→∞

w(N)
N

= 1
e
, =y. �

µ5 L¡þ´�VÇØ¯K, ¢Sþïá4íª�L§´g,�, æ��

:�´¦4íê��4�.

ùp|^1¼ê´�úþ�´����{, �´�����Ãã. �Nk

�{ü�){.

A5. � an �÷v
P
k∈S

Fk = n ���ê8 S �êþ, ùp (Fk)k≥1 �

Fibonacci ê�, ÷v Fk+2 = Fk+1 + Fk, Ð�� F1 = 1, F2 = 1, F3 = 2, F4 = 3.

¦¦� an = 2020�����ê n.

) ·�5`², �����ê n = F4040 − 1.

3m©y²c, ·��ÑXe½n, §k���¡�“Fibonacci ?�L«”.

½½½nnn éu?¿��ê n, �3��ê8 S ⊂ N∗, ¦� n =
P
k∈S

Fk, Ù¥ S

¥��üüØ��, = ∀k1 6= k2, k1, k2 ∈ S, 7k |k1 − k2| ≥ 2.

½n�y²V�Xe:

�35�d�%�{�Ñ. é ∀n ∈ N∗, P k1 := max {k ∈ N∗|Fk ≤ n},

n1 := n − Fk1 . ´� n1 < Fk1−1. ­EþãL§, ·�48/��ê� {ki}ri=1.

P S := {ki|1 ≤ i ≤ r}, ´�y S ÎÜ·���¦.
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éu��5, ·�Ø�b��3ü�ê8 S, S
′
, ¦� n =

P
k∈S

Fk =
P
k∈S′

Fk.

�Ä T1 := S\S ′ , T2 := S
′\S. e T1 = ∅, dü8Ü��Ú���±�

Ñ T2 = ∅, ù`² S = S
′
; ÄKØ���5, � maxT1 < maxT2, ·�^ tL

«8Ü�Ã�¿, ØJ��X
k∈T1

Fk < FmaxT1+1 ≤ FmaxT2 ≤
X
k∈T2

Fk.

l
 X
k∈S

Fk =
X

k∈(S∩S′ )tT1

Fk <
X

k∈(S∩S′ )tT2

Fk =
X
k∈S′

Fk.

á�gñ, l
��5�y, ½ny..

dþã½n�y, é?¿��ê n, ·�kXeL«: n :=
�
bkbk−1 · · · b2

�
F

,

Ù¥ bi ∈ {0, 1} , 2 ≤ i ≤ k, bk = 1, ���ü�ØÓ�� 1.

e¡�Ún´�K�'�5(Ø.

ÚÚÚnnn � n =
�
bkbk−1 · · · b2

�
F

, Ù¥ bk = 1, K¤á an ≥ aFk
=
�
k
2

�
+ 1.

y² é k ^êÆ8B{. k = 2, 3, 4, 5 ��/´¤á�, �Ié n =

1, 2, · · · , 12©O�yÚn=�.

é ∀ñ =
�
bkbk−1 · · · b2

�
F

, b½ añ ≥
�
k
2

�
+ 1.

e�Ä n = (ck+2ck+1 · · · c2)F , Ù¥ ck+2 = 1, ·�5`²

an ≥
�
k + 2

2

�
+ 1 =

�
k

2

�
+ 2.

·�5é ck ?1©a?Ø.

(i) e ck = 1, K n = ck+2Fk+2 + ñ, ñ := (ck · · · c2)F .

d8Bb�� añ ≥
�
k
2

�
+ 1.

,	, 5¿�� n ≥ 4�, �3ê8 S ⊂ {1, 2, · · · , k}, ñ =
P
j∈S

Fj, � k /∈ S.

(ù�(ØØJ`², 3�Öö)

l


n =
X

j∈S∪{k+2}
Fj =

X
j∈S∪{k,k+1}

Fj.

ù�Ñ
 n�,�«©)�{, Ïdk an ≥ añ + 1 =
�
k
2

�
+ 2.

(ii) e ck = 0, Ø�� t := max {s ∈ N∗ | s ≤ k − 1, cs = 1}, ñ¿ÂÓþ,

K n = ck+2Fk+2 + ñ.

u´ Fk+2�©)� X
tipÉ
ti>t

Fti .
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ù��©)�ªk
�
k+1−t

2

�
+ 1«, (Ü t ≤ k − 1⇒

�
k+1−t

2

�
+ 1 ≥ 2.

d8Bb�, añ ≥
�
t
2

�
+ 1 ≥ 2.

�
��
k+1−t

2

�
+ 1,

�
t
2

�
+ 1

�
6= (2, 2)�, ·�k

an ≥
��
t

2

�
+ 1

���
t

2

�
+ 1

�
≥
�
k + 1− t

2

�
+ 1 +

�
t

2

�
+ 1 + 1 ≥

�
k

2

�
+ 2.


5¿� ��
k + 1− t

2

�
+ 1,

�
t

2

�
+ 1

�
= (2, 2)⇒ k ≤ 5,

ù
�/®²38Bb�¥��y¤á. �8B�., Ún�y.

£��K, (ÜÚn�÷vK¿� n�½Ø�L F4040 − 1. ���I`²

aF4040−1 = 2020. ùÜ©vk��(J, �dÖö�y. �

µ5 ù´��g�JÝØp, �é��Ö��K8.

“Fibonacci ?�”´¿mÁK¥ÑyªÇ�p�Ká��, éd��ÙG�

Öö²L¹¢�±é¯/��Ún�(Ø, �y²§I�?nØ��[!.

A6. éu,���ê N , ¼ê fn½ÂXe:

fN(x) =
NX
n=0

N + 1
2
− n

(N + 1)(2n+ 1)
sin(2n+ 1)x.

¦¦� fN(x) ≤M éu¤k N Ú¤k¢ê x¤á���~êM .

) ��~êM = π
4
.

Äk, Ø�� x ∈ [0, 2π].

��Ún, ·��ÑXe(Ù��)Úª.

ÚÚÚnnn 1 é ∀N ∈ N∗, ð¤áXeÚª:
NX
n=0

cos(2n+ 1)x =
sin(2N + 2)x

2 sinx
;

NX
n=0

sin(2n+ 1)x =
1− cos(2N + 2)x

2 sinx
.

y²´N´�, �ªüàÓ¦ 2 sinx�ÈzÚ�=�.

éuK8�Ñ�¼ê fN , ·�kXeü�(Ø:

ÚÚÚnnn 2 ¤á fN(x) ≤ fN(π
2
),∀x ∈ [0, 2π].

y² Äk, ·�é fN ?1Xe��êC/:

fN(x) =
NX
n=0

(N + 1)− (n+ 1
2
)

(N + 1)(2n+ 1)
sin ((2n+ 1)x)

=
NX
n=0

�
1

2n+ 1
− 1

2(N + 1)

�
sin ((2n+ 1)x) . ( ∗)

www.nsmath.cn 8



¦�, � ((ÜÚn 1)

f
′

N(x) =
NX
n=0

cos ((2n+ 1)x)− 1

2(N + 1)

NX
n=0

(2n+ 1) cos ((2n+ 1)x)

=
sin ((2N + 2)x)

2 sinx
− d

dx

 
1

2(N + 1)

NX
n=0

sin ((2n+ 1)x)

!

=
sin ((2N + 2)x)

2 sinx
− (2N + 2) sinx sin ((2N + 2)x)− (1− cos ((2N + 2)x)) cosx

4(N + 1) sin2 x

=
(1− cos (2N + 2)x) cosx

4(N + 1) sin2 x
. ( ∗∗)

(∗∗)ª�,kõ��":, �²*	�±�� f ′��K5d cosx(½, ½

=

sgn(f ′N(x)) = sgn(cos x),

l
�±á=�� fN 3 [0, 2π]þ�3��4��: x = π
2
.

� fN(x) ≤ fN(π
2
), Ún 2�y.

ÚÚÚnnn 3 ¤á fN(π
2
) ≤ fN+2(

π
2
),∀N ∈ N∗.

y² du

fN(
π

2
) =

NX
n=0

(−1)n
�

1

2n+ 1
− 1

2(N + 1)

�

=
NX
n=0

(−1)n
1

2n+ 1
− 1

2(N + 1)
− 1

2(N + 1)
1{2|N}.

Ù¥ 1X �8Ü X �«5¼ê.

�d�Ié N �Ûó5?1?Ø=�.

(i) e N �Ûê, K

fN+2(
π

2
)− fN(

π

2
) =

1

2N + 3
− 1

2N + 5
> 0;

(ii) e N �óê, K

fN+2(
π

2
)− fN(

π

2
) =

1

2N + 5
− 1

2N + 3
− 1

2N + 6
+

1

2N + 2
> 0.

�y.

£��K. (ÜþãüÚn, ���±��

fN(x) ≤ fN(
π

2
) ≤ lim

N→∞
fN(

π

2
) =

∞X
n=0

(−1)n
1

2n+ 1

= arctanx
���
x=1

=
π

4
,∀N ∈ N∗, x ∈ [0, 2π] .

ÏLþã?Ø, ����~ê�M = π
4
. �

µ5 ¡édK, �<�1�aú´ fN �/ª��E,. Ð3éN´u
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y fN �±��êC/ (= (∗)ª).

�K�J:3u f
′
N(x)kõ�":, l
J±?Ø4��:. ·�^Ún 2

;m
ù�(J, ���?ØÒY�±¤
.

,	, fN �/ªN´4<ßÿ´Ä� Fourier©Ûk'.Ù¢Öö��±u

y lim
N→∞

fN(π
2
)Ù¢´,��Å¼ê� Fourier?ê, äN�ë� [1].

B1. éu��ê n,½Â d(n)� n��?�L«e�êiÚ (~X, d(13) =

1 + 1 + 0 + 1 = 3). -

S =
2020X
k=1

(−1)d(k)k3.

¦ S � 2020��.

) S ≡ 1990 (mod 2020).

·�½Â f(k) := (−1)d(k)k3.5y²�'�(Ø:

ÚÚÚnnn ¤á
16k+15X
n=16k

f(k) = 0,∀k ∈ N.

y² 5¿�, ∀k ∈ N,

f(16k) + f(16k + 1) = (−1)d(16k)
�
(16k)3 − (16k + 1)3

�
= (−1)d(16k) − (768k2 + 48k + 1).

Ón�±O���

f(16k + 2) + f(16k + 3) = (−1)d(16k)
�
768k2 + 240k + 19

�
;

f(16k + 4) + f(16k + 5) = (−1)d(16k)
�
768k2 + 432k + 61

�
;

f(16k + 6) + f(16k + 7) = (−1)d(16k) −
�
768k2 + 624k + 127

�
.

Ïd
16k+7X
n=16k

f(k) = (−1)d(16k) − 48.

Ón��y
16k+15X
n=16k+8

f(k) = (−1)d(16k)48.

�(k
16k+15P
n=16k

f(k) = 0, Ún�y.

£��K, ��

S =
2020X
n=1

f(n) =
2020X
n=0

f(n) =
2015X
n=0

f(n) +
2020X

n=2016

f(n)
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=
125X
k=0

16k+15X
n=16k

f(n) +
2020X

n=2016

f(n) =
2020X

n=2016

f(n)

≡ (−4)3 − (−3)3 − (−2)3 + (−1)3 = −30 ≡ 1990 (mod 2020).

�

µ5 wå5k:h<�K8, d(k)�½Â4<��Ø�No?n.

ØL��}Á�ÒØJ5¿�, (−1)d(n)k��5Æ��K���A5, l


�Ä,
�¦Ú�´Ä�~ê, ¯K�d�ÒÄ�)û
.

B2. � k, n�÷v 1 ≤ k < n��ê. Alice Ú Bob 
��iZ: 3�^�

�þük n�É, ù
É¥k k�lf. 3iZ�m©, lf u��>� k�

É. �gÜ{�£Ä�ò,lf£�Ùmà�,��É¥. ü
[�O£Ä, d

Alice m©.�lf�éÄ��m> k �É�iZ(å, d�ØU?1e�g£

Ä�
[ÑKiZ. éu=
 nÚ k��, Alice k7�üÑ?

) ·�5`²: ��=� k, nØ��óê�, Alicek7�üÑ.

�Qã{B, �Xe{z: ò n�Él��m©O^?Ò 1, 2, · · · , n��;

ò Alice ¡� A, Bob ¡� B; éu k�lf, n�É�iZ, ^��ê| (k, n)

��; ,	, ·�^ i 7→ j L«ò i?lf£� j ��gö�, Ù¥ j ?3ö�

cvklf(�¦ i < j).

ké (k, n)þ�óê��/?1?Ø, ^Ún�/ª¥yXe.

ÚÚÚnnn � k, nþ�óê�, B k7�üÑ.

y² P Ti := {2i− 1, 2i} , 1 ≤ i ≤ n
2
. éu ∀x ∈ Ti, ·�P x̄� Ti¥,�

��.

B�üÑXe: A ?1ö� x ∈ Ti 7→ y ∈ Tj �, B ?1ö� x̄ 7→ ȳ.ù�ö

�o´Ü{� (Öö�g1�y). Ïd B oU3 A ��A/r�Ú, l
 B �

âþãüÑ7�, Ún�y.

e¡�I`², � k, nØ��óê�, Ak7�üÑ.©�¹?ØXe:

(i) k�óê, n�Ûê: A�1�Úö�� 1 7→ k + 1, ØJwÑ²ù�Ú

�, �±@�d�iZC� (k, n− 1)�/, d� A ��Ã;

(ii) k �óê, n�Ûê:A �1�Úö�� k 7→ n, ØJwÑ²ù�Ú�,

�±@�d�iZC� (k − 1, n− 1)�/, d� A ��Ã;

(iii) k�óê, n�Ûê: A �1�Úö�� 1 7→ n, ØJwÑ²ù�Ú�,

�±@�d�iZC� (k − 1, n− 2)�/, d� A ��Ã;
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±þn«�/CX
¤k�¹, �âÚn�ùn«�/ A þk7�üÑ.

nÜ±þ?Ø, ·��¤
y². �

µ5 7�üÑ¯K, ²Lé k, n���/�}Á�, ØJuy A ´Äk7

�üÑ� k, n�Ûó5�'.

k, nþ�óê�$^��é�{´éIO�, 
Ù¦��¹�±z8�þ

ã�/, l
¦¯K��)û.

B3. - x0 = 1, δ �,�÷v 0 < δ < 1 �~ê. 48/, éu n =

0, 1, 2, · · · , xn+1l«m [0, xn]¥�Å�Ñ,- Z�¦� xn < δ�����ê�.

ò Z �êÆÏ"L«� δ�¼ê (5: ùp�“�Å�Ñ”´� xn+1 ∼ U [0, xn]).

) E(Z) = 1− ln δ. e¡�Ñ¦)L§.

´dK¿�� P (Z = 1) = δ. éu k ≥ 2, ·�k

P (Z = k) =
Z 1

δ
dx1

Z x1

δ
dx2 · · ·

Z xk−2

δ
dxk−1

Z δ

0
f(x1, · · · , xk)dxk,

Ù¥ f(x1, · · · , xk)��ÅCþ (x1, · · · , xk)�éÜVÇ�Ý.

¯¢þ, ØJ5¿� f(x1, · · · , xk) = 1
x1x2···xk−1

. �n�

P (Z = k) = δ
Z 1

δ

dx1
x1

Z x1

δ

dx2
x2
· · ·

Z xk−2

δ

dxk−1
xk−1

.

e¡¦È©.·�^êÆ8B{y²

P (Z = k) =
δ lnk−1 1

δ

(k − 1)!
, ∀k ∈ N∗.

k = 1��/®²y². �·Ké ≤ k��/þ¤á, K k + 1�

P (Z = k + 1) = δ
Z 1

δ

dx1
x1

Z x1

δ

dx2
x2
· · ·

Z xk−2

δ

dxk−1
xk−1

Z xk−1

δ

dxk
xk

= δ
Z 1

δ

dx1
x1

Z x1

δ

dx2
x2
· · ·

Z xk−2

δ

dxk−1
xk−1

(lnxk−1 − ln δ)

= δ
Z 1

δ

dx1
x1

Z x1

δ

dx2
x2
· · ·

Z xk−2

δ

lnxk−1dxk−1
xk−1

+
δ lnk 1

δ

(k − 1)!

= · · · !
= δ lnk

1

δ

 
1

1!(k − 1)!
+ · · ·+ (−1)k−2

(k − 1)!1!
+

(−1)k−1

0!k!

!

=
δ lnk 1

δ

k!

kX
j=1

 
k

j

!
(−1)j =

δ lnk 1
δ

k!
× 1 =

δ lnk 1
δ

k!
.

I !��ª^�
8Bb�. l
8B�..

£��K.5¿�

E(Z) =
∞X
k=1

kP (Z = k) = δ
∞X
k=1

k
δ lnk 1

δ

(k − 1)!
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= δ

 ∞X
k=2

δ lnk 1
δ

(k − 2)!
+
∞X
k=1

δ lnk 1
δ

(k − 1)!

!

= δ × 1

δ
(1 + ln

1

δ
) = 1 + ln

1

δ
= 1− ln δ.

�

µ5 ù´��'�IO�VÇØSK.

��éõ��Å�þ�©Ù¼êk�(�@£, �ÑÈ©ªÑ´Ø(J�,

��5Ã�¯�E,´O�, ù�´�3ÁK���A:.

B4. n�,���ê,¿^VnL« (2n+1)�ê|v = (s0, s1, · · · , s2n−1, s2n)

|¤�8Ü, Ù¥ s0 = s2n = 0, ¿� |sj − sj−1| = 1é j = 1, 2, · · · , 2n¤á. ½

Â

q(v) = 1 +
2n−1X
j=1

3sj ,

¿�M(n)� 1
q(v)
�þ�, ùp v ∈ Vn. O�M(2020).

) M(2020) = 1
4040

.

éS 3 v:= (s0, · · · , s2n) (5: e©¥v�½Â�Ó),½Â ṽ := (s0, · · · , s2n−1).

·��Ä��'X ∼: v ∼ vi��=��3 0 ≤ t ≤ 2n− 1, ¦�

ṽi = (0, st+1 − st, · · · , st+2n−1 − st),

Ù¥eIU mod 2nn).

N´�y ∼´�d'X, d?Ø2Kã.

l
�Ä�8x Vn/ ∼=: {v1, · · · ,vr}, Ù¥ vj ∈ vj, ∀1 ≤ j ≤ r.

·�5`² vj¥
1

q(v)
�þ�(P�Mj(v) )� 1

2n
,∀1 ≤ j ≤ r.

�d, Ø�P #vj =: k, ù`² vj=: (sj,0, · · · , sj,2n)k�Ý� k �Ì�!,

l


Mj(v) =
1

k

X
v∈vj

1

q(v)
=

1

k

X
v∈vj

1

1 +
2n−1P
i=1

3si

=
1

k

k−1X
l=0

1�
1 +

2n−1P
i=1

3sj,i
�

3−sj,l
=

1

k

k−1X
l=0

3sj,l

1 +
2n−1P
i=1

3sj,i

=
1

k

k

2n
=

1

2n
,∀1 ≤ j ≤ r

�w,kM(n) = 1
2n
,∀n ∈ N∗.

�\ n = 2020, =�M(n) = 1
4040

. �
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µ5 ù´��'�k��K8.

l�K�8I(¦þ�)5w, ·�g,¬g�: UÄò Vn©�eZ�f8,

¦�z��Ñ´¦þ�? ù���{ò·�Ú�8Ü�©y, ?�Ú/, g,¬

�Ä^�d'X©yT8Ü.

Äu±þg´?1�õ, Òk
þã�Y.

B5. éu j ∈ {1, 2, 3, 4}, - zj �÷v |zj| = 1� zj 6= 1�Eê. y²

3− z1 − z2 − z3 − z4 + z1z2z3z4 6= 0.

y² ·�ky²XeÚn:

ÚÚÚnnn �Eê zj(1 ≤ j ≤ 3)÷v |zj| = 1, KXe�Ø�ªð¤á:

|z1z2z3 − 1| ≤ |z1 + z2 + z3 − 3|.

¿��Ò¤á��=��3,� 1 ≤ k ≤ 3¦� zk = 1.

y² Ø� zj = cos θj + i sin θj, θj ∈ [0, 2π] , 1 ≤ j ≤ 3, l


|z1 + z2 + z3 − 3| − |z1z2z3 − 1|

=
3X
j=1

((cos θj − 1)2 + sin2 θj)− (cos(
3X
j=1

θj)− 1)2 − sin2(
3X
j=1

θj)

= 4− 2
3X
j=1

cos θj + cos(
3X
j=1

θj) =: f(θ1, θ2, θ3).

d�ëY¼ê f ½Â3;8 [0, 2π]3 þ, l
�3���.e¡�I`²T¼ê

���� 0, �����½3>.þ��. �d, 5¿�

∇f(θ1, θ2, θ3) =
�
2 sin θ1 − sin(

X
θj), 2 sin θ2 − sin(

X
θj), 2 sin θ3 − sin(

X
θj)
�
.

�

∇f(θ1, θ2, θ3) = 0⇔ sin θ1 = sin θ2 = sin θ3 =
sin(

P
θj)

2
.

d�k�=kXeüa�U5:

(i)e z := z1 = z2 = z3, � arg z =: θ ⇒ sin θ = 1
2

sin(3θ)⇒ sin θ = 0.

(ii) e z := z1 = z2 = z̄3, Ó��

arg z =: θ ⇒ sin θ =
1

2
sin(θ + (2k + 1)π) = −1

2
sin θ

⇒ sin θ = 0(k = 0, 1).


ØJ�y f(π, π, π) = 9Ø´4��, ù`² f 3 [0, 2π]3 �4��7u>.

þ��.
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���Iy²3>.þØ�ªð¤á, Ø� z3 = 1. =�I`²

|z1z2 − 1| ≤ |z1 + z2 − 2|.

�ùp, ·��IÏLe¡�ü�5`²ù�¯¢:

(1− z1z2)(1− z̄1z̄2) ≤ (2− z1 − z2)(2− z̄1 − z̄2)

⇔ 2− z1z2 − z̄1z̄2 ≤ 6− 2(z1 + z̄1)− 2(z2 + z̄2) + z1z̄2 + z̄1z2

⇔ (z1 + z̄1)(z2 + z̄2)− 2(z1 + z̄1)− 2(z2 + z̄2) + 4 ≥ 0

⇔ (z1 + z̄1 − 2)(z2 + z̄2 − 2) ≥ 0.

����Ø�ª´²��, ��Ò¤á��=� z1, z2¥��k�ö� 1.

�d·��¤
Ún�y².e£��K.

^�y{,b��3 zj, 1 ≤ j ≤ 4¦� 3−z1−z2−z3−z4 +z1z2z3z4 = 0.e

¡5`²�3 1 ≤ k ≤ 4, ÷v zk = 1.

5¿�d�k

(z1z2z3 − 1)z4 = z1 + z2 + z3 − 3⇒ z4 =
z1 + z2 + z3 − 3

z1z2z3 − 1

⇒ 1 = |z4| =
|z1 + z2 + z3 − 3|
|z1z2z3 − 1|

.

âÚn� zj(1 ≤ j ≤ 3)¥7�3�ö�u 1, �b�gñ.

nÜþã?Ø, ·��¤
�K�y². �

µ5 Ðwù�Ø�uÒ¬4<ú�Û%, ��\&¢�ÒUuy��þ´

/XÚn���Ø�ª.

·�^��aq��{, �±òÚní2� n�, ���/ª`{�Ø�

ª, ùpØ2Kã.

B6. - n����ê. y²:
nX
k=1

(−1)bk(
√
2−1)c ≥ 0,

Ù¥, bxcL«Ø�u x����ê.

·�ùp�Ñ�{'
`ä�y{, g´éug [2], ²�n��.

,	, 3dK�y²L§¥, Ø«© [·]� b·cüÎÒ.

y² ·�P an :=
�
n(
√

2− 1)
�
, bn :=

�
n(
√

2 + 1)
�
,∀n ∈ N∗. �Ñ {an}�

cA��, �±uyz���êÑ3Tê�¥Ñy, �=�UÑyüg½ng.

g,/, ·�F"¦�=
��ê�¬Ñyng. Xe�'�Ún£�
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ù�¯K:

Únnn é ∀t ∈ N∗, ê� {an}këYn�� t��=��3 l ∈ N∗, t = bl.

y² � t÷vK¿, u´�3 n ∈ N∗, t = an = an+1 = an+2 < t+ 1.

P l := n− 2t, ·�k(5¿� (
√

2− 1)(
√

2 + 1) = 1 )

t = an = an+1 = an+2 < t+ 1

⇔ t < n(
√

2− 1) < (n+ 2)(
√

2− 1) < t+ 1

⇔ t(
√

2 + 1) < n < t(
√

2 + 1) + (
√

2− 1)

⇔ t(
√

2− 1) < n− 2t < (t+ 1)(
√

2− 1)

⇔ l(
√

2 + 1)− 1 < t < l(
√

2 + 1)

⇔ t =
�
l(
√

2 + 1)
�

= bl.

£��K, ·�|^Ã¡4ü{.

b� N := min
�
n ∈ N∗

��� nP
i=1

(−1)ai < 0
�

.

d N �½Â, Äk�±�� (−1)aN = −1, ÄK
N−1X
i=1

(−1)ai =

 
NX
i=1

(−1)ai
!
− 1,

á�gñ.

Ùg, aN 3ê� {an}∞n=1¥Ñyng, ÄK aN =Ñyüg, K�Ukeã

ü«�/:

aN = aN−1 = −1, aN−2 = aN−3 = 1⇒
N−4X
i=1

(−1)ai =
NX
i=1

(−1)ai < 0,

½

aN = −1, aN−1 = 1⇒
N−2X
i=1

(−1)ai =
NX
i=1

(−1)ai < 0,

þ��gñ.

l
dÚn��3 l ∈ N∗, ¦� aN = bl. �� N ≥ 5�, ¤á

N

2
>
�
N(
√

2− 1)
�

= aN = bl =
�
l(
√

2 + 1)
�
≥ l.

� N > 2l > l, 

nP
i=1

(−1)ai < 0 ⇒ {bk}lk=1 ¥��Ûê���êõu��óê

����ê. l

lX

j=1

(−1)bj < 0.

·�q5¿�

bk =
�
k(
√

2 + 1)
�
≡
�
k(
√

2− 1)
�

= ak (mod 2)
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⇒
lX

j=1

(−1)aj =
lX

j=1

(−1)bj < 0.

u´·���
 l < N ¦�
lP

j=1
(−1)aj < 0, ù� N ���5gñ.

ù`²Ø�3ù��g,ê N , ?
K8¤��Ø�ªð¤á. �

µ5 �K�Ñ�Ø�ª¹áÚ<, ØLkX�½�JÝ.

éudK, )ö��D��Ä�ÑNy3þã)�¥. ¯¢þ, ØJuyé

Úª��K5åû½5�^�´3 {an}¥Ñyng��ê�, Únéù���

�Ñ
��¤õ��x; �¡|^Ã¡4ü{, ��þ�´|^êÆ8B{, ò

·K=z��c?ØL��/.

±þ�){�±�¡�“|)”, |^� {an} Ú {bn} ÓÛó�5�J±

í2. éu�K, ½N�±?1?�Ú�&¢, X�ÄéN�� 0 < r < 1,
nP
k=1

(−1)[kr] ≥ 0é ∀n ∈ N∗ð¤á, k,��Öö�?1}Á.
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