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K 1. � a ≥ b ≥ c > 0, y²: é?Û t ∈ [0, π
4
]k

a− b
a sin t+ b cos t

+
b− c

b sin t+ c cos t
+

c− a
c sin t+ a cos t

≥ 0. (1)

(Titu Andreescu, Math. Relf. 3(2015))

kwMath. Relf. þ�)�.

y{� �©1, KØ�ª (1)�du

(a2b+ b2c+ c2a− 3abc) sin t(cos t− sin t)

+ (ab2 + bc2 + ca2 − 3abc) cos t(cos t− sin t)

+ (a− b)(b− c)(a− c) sin t cos t ≥ 0, (2)

2d�â−AÛ²þ�Ø�ª´�

a2b+ b2c+ c2a− 3abc ≥ 0, (3)

ab2 + bc2 + ca2 − 3abc ≥ 0. (4)

5¿� cos t ≥ sin t (t ∈ [0, π
4
]),d (3), (4)B� (2)¤á, l
 (1)�y. �

þãy{¦+�ÌØ�, �é�êC/E|��¦´'�p�.

�e¥Æ���RÓÆJø
e¡�g,�{ü�){.

y{� A^ CauchyØ�ª, ·�k

a− b
a sin t+ b cos t

+
b− c

b sin t+ c cos t
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=
(a− b)2

(a− b)(a sin t+ b cos t)
+

(b− c)2

(b− c)(b sin t+ c cos t)

≥ (a− c)2

(a− b)(a sin t+ b cos t) + (b− c)(b sin t+ c cos t)
.

Ïd�y (1), �Iy²:

(a− b)(a sin t+ b cos t) + (b− c)(b sin t+ c cos t) ≤ (a− c)(a cos t+ c sin t),

ù�du

(a2 + b2 + c2 − ab− bc− ca)(sin t− cos t) ≤ 0. (5)

q5¿�ü�Ù��(J: a2+b2+c2 ≥ ab+bc+ca, cos t ≥ sin t(t ∈ [0, π
4
]),

B� (5) w,¤á. Ïd (1) �y. �

e¡�){duH��N¥�?¢�ÓÆJø, �´g,
k��.

y{n ´�Ø�ª�du

a− b
a tan t+ b

+
b− c

b tan t+ c
+

c− a
c tan t+ a

≥ 0. (6)

P x = tan t, K x ∈ [0, 1]. ù� (6) �du

a− b
xa+ b

+
b− c
xb+ c

≥ a− b
xc+ a

+
b− c
xc+ a

.

?�Ú§�du

(b− c) · a− xb− (1− x)c

(xb+ c)(xc− a)
≥ (a− b) · −(1− x)a+ b− xc

(xa+ b)(xc+ a)
. (7)

P a− b = m ≥ 0, b− c = n ≥ 0, ù� (7)��d­��

m · m+ (1− x)n

(xb+ c)
≥ m · −(1− x)m+ xn

(xa+ b)
. (8)

ey (8) ¤á.

¯¢þ, e (8) ªm>´���, K(Ø¤á.

ÄK, d xb+ c ≤ xa+ b��y (8) ¤á, �Ly

n
(
m+ (1− x)n

)
≥ m

(
xn− (1− x)m

)
,

ù�du (1− x)(mn+m2 + n2) ≥ 0, §´w,¤á�. � (8) �y. �

K 2. � a, b, c ∈ R+÷v

1

a3 + b3 + 1
+

1

b3 + c3 + 1
+

1

c3 + a3 + 1
≥ 1,

y²:

(a+ b)(b+ c)(c+ a) ≤ 6 +
2

3
(a3 + b3 + c3).
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(
Nguyen Viet Hung, Math. Relf. 3(2015)

)
kwMath Relf. þ�)�.

y{� ÏL�©19�n, ^��du

2(1 + a3 + b3 + c3) ≥ (a3 + b3)(b3 + c3)(c3 + a3). (∗)

Ï� a3 + b3 ≥ 2
(
a+b
2

)3
, d (∗) ��

2(1 + a3 + b3 + c3) ≥ 8x3, (∗∗)

Ù¥ x = 1
8
(a+ b)(b+ c)(c+ a).

Ïd

2(a3 + b3 + c3) + 18− 24x ≥ 8x3 − 24x+ 16 = 8(x− 1)2(x+ 2) ≥ 0;

�

2(a3 + b3 + c3) + 18 ≥ 24x,

ùÒ´�y�Ø�ª. �

þã){�'�´ò^�U�� (∗), 2d��{ü�ÛÜØ�ª��

(∗∗). d{¿ØN´��.

e¡´À��âÆ�¤(ÊÓÆ�){.

y{� d HölderØ�ª�

(a3 + b3 + 1)(1 + 1 + c3)(1 + 1 + 1) ≥ (a+ b+ c)3,

Ïd
1

a3 + b3 + 1
≤ 3c3 + 6

(a+ b+ c)3
,

� ∑ 1

a3 + b3 + 1
≤ 3(a3 + b3 + c3) + 18

(a+ b+ c)3
.

ù�d^�B�

3(a3 + b3 + c3) + 18 ≥ (a+ b+ c)3 (1)

25¿�ð�ª

(a+ b+ c)3 = a3 + b3 + c3 + 3(a+ b)(b+ c)(c+ a),

d (1)B�¤yØ�ª. �

K 3. � x1, x2, · · · , x19´þØ�L 93���ê, y1, y2, · · · , y93þ´Ø�L

3 êÆ#(�



19 ���ê. y²: �3 {xi}19i=1��
ê (��)�Ú�u {yj}93j=1¥�
ê�

Ú.

(MOSP, 2004; 22 3c�é, 1988)

y² Ø�� x1 +x2 + · · ·+x19 > y1 + y2 + · · ·+ y93. é?¿ 1 ≤ i ≤ 19, 1 ≤

j ≤ 93, �ÄÚ

Si = x1 + x2 + · · ·+ xi, Tj = y1 + y2 + · · ·+ yj.

éz� 1 ≤ j ≤ 93, - f(j)´¦� Tj ≤ Si¤á�¤keI i���ö (Ï

Tj ≤ T19 < S93, ù��eI´�3�), K

Sf(j)−1 < Tj ≤ Sf(j),

� f(j)´ j �Ø~¼ê.

y�Ä� Sf(j) − Tj (1 ≤ j ≤ 93). Ï�

93 ≥ xf(j) = Sf(j) − Sf(j)−1 > Sf(j) − Tj > 0,

¤± Sf(j) − Tj ´�u 93 ��K�ê.

e�3 j (1 ≤ j ≤ 93) ¦� Sf(j) − Tj = 0, K(Ø®¤á; eé?¿

1 ≤ j ≤ 93, Sf(j) − Tj þØ�u 0, K Sf(j) − Tj =� 1� 92 m��ê. dÄT

�n��3 1 ≤ i < k ≤ 93¦�

Sf(i) − Ti = Sf(k) − Tk.

½=

xf(j)+1 + xf(j)+2 + · · ·+ xf(k) = yi+1 + yi+2 + · · ·+ yk.

(Ø¤á. �

µ5. dK´��^|Ü�{5?n��ê¯K. ){�'�´é�

Tj (1 ≤ j ≤ 93)��C� Sf(j), l
� Sf(j) − Tj �����Òé�
, ?
�

dÄT�n)û
.

K 4. y²: é?¿�¢ê x1, x2, · · · , xn. e x1x2 · · ·xn = 1. K

n

(
n∏
i=1

(1 + xni )

) 1
n

≥
n∑
i=1

xi +
n∑
i=1

1

xi
. (

Àg [1]
)

kw [1]¥0��)�.
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y{� d�â−AÛ²þ�Ø�ª9^���
xn1

1 + xn1
+

xn2
1 + xn2

+ · · ·+
xnn−1

1 + xnn−1
+

1

1 + xnn
≥ nx1x2 · · ·xn−1

n

√
n∏
i=1

(1 + xni )

=
n

xn n

√
n∏
i=1

(1 + xni )

,

1

1 + xn1
+

1

1 + xn2
+ · · ·+ 1

1 + xnn−1
+

xnn
1 + xnn

≥ nxn

n

√
n∏
i=1

(1 + xni )

.

òþ¡ü�Ø�ª�\��

n ≥ n

xn n

√
n∏
i=1

(1 + xni )

+
nxn

n

√
n∏
i=1

(1 + xni )

,

½=

n

√√√√ n∏
i=1

(1 + xni ) ≥ xn +
1

xn
. (∗)

Óné xn−1, · · · , x1�Ñaqu (∗)�ÛÜØ�ª, 2òù n�Ø�ª�\

B�¤y(J. �

ù´��E|5ér�){. e¡´þ°¥ÆÆ)pÊU ( 2016 cI[8

Ôèè
)�)�.

y{� ��¡, 5¿�

�> =

(
n∏
i=1

n(1 + xni )

) 1
n

=

(
n∏
i=1

(
1 + · · ·+ 1︸ ︷︷ ︸

n �

+xni + · · ·+ xni︸ ︷︷ ︸
n �

)) 1
n

. (∗)

,��¡, d HölderØ�ª(
1 + xn1 + xn1 + · · ·+ xn1︸ ︷︷ ︸

n−1 �

+xn1 + 1 + · · ·+ 1︸ ︷︷ ︸
n−1 �

)
·
(
xn2 + 1 + xn2 + · · ·+ xn2︸ ︷︷ ︸

n−2 �

+1 + xn2 + 1 + · · ·+ 1︸ ︷︷ ︸
n−2 �

)
·
(
xn3 + xn3 + 1 + xn3 + · · ·+ xn3︸ ︷︷ ︸

n−3 �

+1 + 1 + xn3 + 1 + · · ·+ 1︸ ︷︷ ︸
n−3 �

)
· · ·

·
(
xnn + xnn + · · ·+ xnn︸ ︷︷ ︸

n−1 �

+ 1 + · · ·+ 1 + 1︸ ︷︷ ︸
n �

+xnn
)

≥
(
x2x3 · · ·xn + x1x3 · · ·xn + · · ·+ x1x2 · · ·xn−1 + x1 + x2 + · · ·+ xn

)n
5 êÆ#(�



=

(
n∑
i=1

1

xi
+

n∑
i=1

xi

)
. (∗∗)

d (∗)Ú (∗∗)B�¤y(J. �

�k��{'�^ HölderØ�ª�ÑÛÜØ�ª��{.

y{n d HölderØ�ª

n

√√√√ n∏
i=1

(1 + xni ) = n

√√√√(∏
j 6=i

(1 + xnj )

)
(xni + 1)

≥ xi +
∏
j 6=i

xj = xi +
1

xi
, i = 1, 2, · · · , n

òþ¡ n�Ø�ª�\B�¤y(J. �

K 5. Á¦¤k¼ê f : N∗ → R+, ÷v

(i) f(2) = 2;

(ii) ?�m,n ∈ N∗, f(m,n) = f(m)f(n);

(iii) ?�m < n, f(m) < f(n).

ùq�´��²;¯K, X [2]¥ÒXÚïÄLù�¯K. ù�¯K´(½

N∗ → R+þ�¼ê, �d^� (ii)´� f(2k) = 2k. ùpu·�^4�íÑN∗

þ�k f(x) = x ù�5�.

) d^� (ii)�� f(2k) = 2k, k ∈ N∗. ?�m ∈ N∗, ¿� f(m) = l ∈ R.

ey l = m, l
(½
÷vK�^��¼ê� f(x) = x, x ∈ N∗.

¯¢þ, é?¿ n ∈ N∗, d^� (ii)k

f(mn) = ln.

q5¿��3 k ∈ N∗¦�

2k ≤ mn < 2k+1, (1)

Ïdd^� (iii)B�

f(2k) ≤ f(mn) < f(2k+1),

½=

2k ≤ ln < 2k+1. (2)

ù�d (1), (2)k
1

2
<
(m
l

)n
< 2, ∀n ∈ N∗. (3)
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XJm > l, - n→ +∞, K lim
n→∞

(
m
l

)n
= +∞, ù� (3)m>�Ø�ªgñ;

XJ m < l, - n → +∞, K lim
n→∞

(
m
l

)n
= 0, ù� (3)�>�Ø�ªgñ. ùÒ

y²
m = l. �

K 6. ¦¤k¼ê f : R→ R÷v

f(xy) ≤ yf(x) + f(y), x, y ∈ R. (1)

(2015, F1)

ù´���½¼êØ�ª¦¼ê�¯K, )KL§¥�¦þÑy��Ø�

ª, rÙ=z¤¼ê�§ (�ª.)5?n.

) 3^�¥^ −yO� y��

f(−xy) ≤ −yf(x) + f(−y). (2)

ò (1), (2)�\��

f(xy) + f(−xy) ≤ f(y) + f(−y), x, y ∈ R. (3)

3 (3)¥- y = 1��

f(x) + f(−x) ≤ f(1) + f(−1), x ∈ R. (4)

3 (3)¥ò x^
1

y
O���

f(1) + f(−1) ≤ f(y) + f(−y), y 6= 0. (5)

d (4)Ú (5)á�

f(y) + f(−y) = f(1) + f(−1) = C, y 6= 0.

ù�d (2)Bk

C − f(xy) ≤ −yf(x) + C − f(y),

½=

yf(y) + f(y) ≤ f(xy), x, y 6= 0. (6)

2d (1)Ú (6)��

f(xy) = yf(x) + f(y), x, y 6= 0. (7)

(7)´'��, =òØ�ª (1)C¤
�ª. 3 (7)¥- x = y = 1� f(1) = 0.

3 (7)¥�� x, y��

f(yx) = xf(y) + f(x), x, y 6= 0. (8)

7 êÆ#(�



d (7), (8)��

yf(x) + f(y) = xf(y) + f(x), x, y 6= 0.

?
k
f(x)

x− 1
=

f(y)

y − 1
, x, y 6= 0, 1.

ù`² f(x)
x−1 ´~ê, �5¿ f(1) = 0, u´�� f(x) = a(x− 1), x 6= 0.

��, 3 (1)¥- x = 0�� f(y) ≥ (1 − y)f(0), y ∈ R, Ïdé¤k y 6= 0

k a(y− 1) ≥ (1− y)f(0), = (y− 1) (a+ f(0)) ≥ 0, y 6= 0, ù�7L a = −f(0).

�¤¦�¼ê

f(x) = f(0)(1− x), x ∈ R.

´�y, f(x) = f(0)(1− x)÷v^� (1). �

K 7. � f : R→ R÷v

f
(
f 2(x) + f(y)

)
= xf(x) + y. (1)

¦ f(x)�)Ûª.

(2012, 3�3d")

ù´��;.�¼ê�§¯K. Ù){��:´: k�¼ê�":�(½

Ð©� (½ ), 2|^¼ê´ü÷��5��
��/£�C�0.

) 3^� (1)¥- x = y = 0, ¿P f(0) = s, K f(s2 + s) = 0. ù`²

s2 + s´ f(x)�":.

3 (1)¥- x = s2 + s, K�

f
(
f(y)

)
= y, y ∈ R. (2)

yy²) f(x)7L÷v��
5�:

(a) f ´÷�; ùd (2)á�.

(b) f ´ü�;

¯¢þ, e�3 y1 6= y2¦� f(y1) = f(y2), Kd (2)�

0 = f
(
f(y1)

)
− f

(
f(y2)

)
= y1 − y2 6= 0,

gñ!

(c) f(0) = 0;

¯¢þ, 3 (2)¥- y = 0�

f(s) = f
(
f(0)

)
= 0 = f(s2 + s),

www.nsmath.cn 8



2d (b)� s2 + s = s, � s = 0, ½= f(0) = 0.

(d)é?¿¢ê xk f 2(x) = x2;

3^� (1)¥- y = 0�

f
(
f 2(x)

)
= xf(x), ∀x ∈ R. (3)

d (a)�é?¿ x ∈ R, �3 z ∈ R ¦� f(z) = x.

ù�d (3), (2)��

f(x2) = f
(
f 2(z)

)
= zf(z) = f

(
f(z)

)
f(z) = xf(x) = f

(
f 2(x)

)
,

2d (b)� f 2(x) = x2, (d)�y.

y3·��äó f(x) = x½ f(−x) = −x´¯K�). ¯¢þ, d (d)�

f 2(x) = x2. e�3 x ∈ R¦ f(x) = −x, �Ó��3 y ∈ R¦ f(y) = y , d�

ò f(x) = −x, f(y) = y�\ (1)�

f(x2 + y) = y − x2. (4)

�d (d)� f(x2 + y) = x2 + y½ f(x2 + y) = −(x2 + y), þ� (4)gñ! ùÒy

²
äó¤á. �

K 8. ���ê n > 3, x1, x2, · · · , xn´ n��ê, ÷v x1x2 · · ·xn = 1. y

²:
1

1 + x1 + x1x2
+

1

1 + x2 + x2x3
+ · · ·+ 1

1 + xn + xnx1
> 1.

(2004, �Ûd)

3Ö [3]Ú [4]¥0�
T¯K�Xe�©|©�){.

y{� ^Xe�{~���\�:

1

1 + x1 + x1x2
+

1

1 + x2 + x2x3
+ · · ·+ 1

1 + xn + xnx1

>
1

1 + x1 + x1x2 + x1x2x3 + · · ·+ x1x2 · · ·xn−1

+
1

1 + x2 + x2x3 + x2x3x4 + · · ·+ x2x3 · · ·xn
+ · · ·

+
1

1 + xn + xnx1 + xnx1x2 + · · ·+ xnx1x2 · · ·xn−2
.

ò1��©ª�©f©1Ó�¦± xn; ò1��©ª�©f©1Ó�¦

± xnx1; · · · ; ò1 n �©ª�©f©1Ó�¦± xnx1x2 · · · xn−1, ¿�Ä�

x1x2 · · ·xn = 1©·���

1

1 + x1 + x1x2
+

1

1 + x2 + x2x3
+ · · ·+ 1

1 + xn + xnx1

9 êÆ#(�



>
xn

xn + xnx1 + xnx1x2 + xnx1x2x3 + · · ·+ xnx1x2 · · ·xn−1
+

xnx1
xnx1 + xnx1x2 + xnx1x2x3 + xnx1x2x3x4 + · · ·+ xnx1x2x3 · · ·xn−1 + xn

+ · · ·+ xnx1x2x3 · · ·xn−1
xnx1x2x3 · · ·xn−1 + xn + xnx1 + xnx1x2 + · · ·+ xnx1x2 · · ·xn−2

.

=1.

�

e¡�){´��²;��� (���Ün5�ÓÆ�g�): -

xi =
ai+1

ai
, i = 1, 2, · · · , n.

Ù¥ an+1 = a1. ÏLù���, /�z0
^� x1x2 · · ·xn = 1, 
òØ�ªà

gz
.

y{� ���

x1 =
a2
a1
, x2 =

a3
a1
, · · · , xn =

a1
an
,

K¤yØ�ª�du

a1
a1 + a2 + a3

+
a2

a2 + a3 + a4
+ · · ·+ an

an + a1 + a2
> 1. (∗)

ey (∗).

Ï n > 3, ¤±é?Û 1 ≤ i ≤ nk

ai + ai+1 + ai+2 < a1 + a2 + · · ·+ an.

Ù¥ an+1 = a1, an+2 = a2. �

(∗)ª�> >
n∑
i=1

ai
a1 + a2 + · · ·+ an

= 1.

�

K 9. �x1, x2, · · · , xn, y1, y2, · · · , yn´¢ê÷v
n∑
k=1

x2k =
n∑
k=1

y2k = 1,

y²: (
x1y2 − x2y1

)2 ≤ 2

(
1−

n∑
k=1

xkyk

)
.

(2001, ¸I)

y² A^.�KFð�ª, ·�k(
x1y2 − x2y1

)2 ≤ ∑
1≤i<j≤n

(
xiyj − xjyi

)2
www.nsmath.cn 10



=
( n∑
k=1

x2k
)( n∑

k=1

y2k
)
−
( n∑
k=1

xkyk
)2

= 1−
( n∑
k=1

xkyk
)2

=
(
1−

n∑
k=1

xkyk
)(

1 +
n∑
k=1

xkyk
)
. (1)


d CauchyØ�ª�∣∣∣∣∣
n∑
k=1

xkyk

∣∣∣∣∣ ≤
(

n∑
k=1

x2k

) 1
2
(

n∑
k=1

y2k

) 1
2

= 1,

Ïd

0 ≤ 1 +
n∑
k=1

xkyk ≤ 2. (2)

nÜ (1), (2)B�¤y(J. �

µ5. þã){�'�3u��.�KFð�ª, l
rÛÜ�����

���NÚ.

K 10. �½ n ∈ N∗, Eê8

M =
{
z ∈ C

∣∣ n∑
k=1

1

|z − k|
≥ 1
}

3E²¡þéA�«�¡È� A. y²:

A ≥ π

12

(
11n2 + 1

)
.(

Jeremy Bern, Crux Math. 1994
)

ù´�©k���kJÝ���¯K. Ï�M Ø´´uO�¡È�ã/.

Ïd·�F"éM ���´O�¡È�AÏf8, Ï�Ø�ª�m>k π, g

,F"é�AÏf8´���, 5¿�M ���

M =
{
z ∈ C

∣∣∣∣ n∑n
k=1

1
|z−k|

≥ n
}
,

M ¥�Ø�ª`² |z− 1|, |z− 2|, · · · , |z− n|�NÚ²þ�Ø�L n, �e¡A

�8Ü:

M1 =

{
z ∈ C

∣∣∣∣ n

√√√√ n∏
k=1

|z − k| ≤ n

}
,

M2 =

{
z ∈ C

∣∣∣∣ 1n
n∑
k=1

|z − k| ≤ n

}
,

11 êÆ#(�



M3 =

{
z ∈ C

∣∣∣∣
√∏n

k=1 |z − k|2
n

≤ n

}
.

þ´M �f8. �Ù¥=kM3´�, ù�¯KÒ=z�O��M3�¡È, ´

���{ü�¯K.

y² � N =
{
z ∈ C|

√∑n
k=1 |z−k|2

n
≤ n

}
,Ké?¿� z ∈ N k√∑n

k=1 |z − k|2

n
≤ n.

Ïd
n∑n

k=1
1
|z−k|

≤
√∑n

k=1 |z − k|2

n
≤ n,

=
n∑
k=1

1

|z − k|
≥ 1.

ù`² z ∈M . Ïd N ⊆M . 

q5¿�√∑n
k=1 |z − k|2

n
≤ n⇔

n∑
k=1

(z − k)(z̄ − k) ≤ n3

⇔
n∑
k=1

(zz̄ − kz − kz̄ + k2) ≤ n3

⇔zz̄ − n+ 1

2
(z + z̄) +

1

6
(n+ 1)(2n+ 1) ≤ n3

⇔(z − n+ 1

2
)(z̄ − n+ 1

2
) ≤ 11n2 + 1

12

⇔|z − n+ 1

2
|2 ≤

√
11n2 + 1

12
.

ù`² N ´E²¡þ± n+1
2
��%, �»�

√
11n2+1

12
����, Ù¡È�

π
12

(11n2 + 1).q N ⊆M , �M �¡È A ≥ π(11n2+1)
12

. �

K 11. � a1, a1, · · · , an, b1, b2, · · · , bn�Eê. y²: �3 k ∈ {1, 2, · · · , n},

¦�
n∑
i=1

|ai − ak|2 ≤
n∑
i=1

|bi − ak|2,

½
n∑
i=1

|bi − bk|2 ≤
n∑
i=1

|ai − bk|2.

(�2É, 2015�IêÆ¿m·Kï?¬\ÀK)
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y² é?¿ j, k ∈ {1, 2, · · · , n}, P

fjk =
(
|bj − ak|2 − |aj − ak|2

)
+
(
|aj − bk|2 − |bj − bk|2

)
.

�y²(Ø¤á, =Iy�3�ê k (1 ≤ k ≤ n), ¦�
n∑
j=1

fjk ≥ 0. (1)

e¡y²:
n∑
k=1

n∑
j=1

fjk ≥ 0. (2)

¯¢þ,

fjk =(bj − ak)(bj − ak)− (aj − ak)(aj − ak)+

(aj − bk)(aj − bk)− (bj − bk)(bj − bk)

=− bjak − akbj + ajak + akaj−

ajbk − bkaj + bjbk + bkbj

=(aj − bj)(ak − bk) + (aj − bj)(ak − bk).

P aj − bj = cj (j = 1, 2, · · · , n). K
n∑
k=1

n∑
j=1

fjk =
n∑
k=1

n∑
j=1

(cjck + cjck)

=

(
n∑
k=1

ck

)(
n∑

kj=1

cj

)
+

(
n∑
k=1

ck

)(
n∑
j=1

cj

)

= 2|c1 + c2 + · · ·+ cn|2 ≥ 0.

ª (2)¤á.

dª (2), �7�3�ê k (1 ≤ k ≤ n), ¦�ª (1)¤á, y.. �

ë�©z
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