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{'�*/ã;
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2)¢¢¢


�{�Ün5©Û;

'�:©Û;

Ïé¯K�'é (�µ�q�¯K;�{aq�¯K).

3)¦¦¦###


#�{;

#À�;

#¯K.

¦#´J¦k#¿,¿Ø�¦�M.

¦#�Ð?/ª´/#�0.

Æ)�?Û¦#}ÁÑAÉ�AO�-y.
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n.��Æ)�Ö�¢~

~ 1.

� X ´����8Ü, P(X) ´ X �¤kf8�8Ü, � f :

P(X) → P(X). eé P(X) ¥÷v A ⊆ B �?¿ A ,B, 7k

f(A) ⊆ f(B). y²µ�3 T ∈ P(X)¦� f(T) = T .

1. kkkòòòÖÖÖ¥¥¥yyy²²²���¹¹¹XXXeeeµµµ

y²:�8Ü S, Tµ

S =
{
A | A ∈ P(X)� A ⊆ f(A)

}
,

T =
⋃
A∈S

A .

eyµf(T) = T .
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¯¢þ,é?¿ A ∈ S,5¿� A ⊆ T ,Kk

A ⊆ f(A) ⊆ f(T),

�d A �?¿5� T ⊆ f(T).

,��¡,d T ⊆ f(T)��

f(T) ⊆ f (f(T)) ,

ù`² f(T) ∈ S,Ïd f(T) ⊆ T .

nþB� f(T) = T . �
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2. ���ÖÖÖ���©©©���ÐÐÐmmm

1)wÃz�Ú�ín�â,AO�á�
⋃

A∈S
A �¿Âµ

é?Û8x {Aα}, α ∈ I,⋃
α∈I

Aα = {x | �3 α ∈ I¦� x ∈ Aα}.

~��Ø:éÃ¡8� A1,A2, · · · ,k

∞⋃
i=1

Ai = lim
n→∞

n⋃
i=1

Ai .

2){'�*Lã: üN8N��3ØÄ:.
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3)){�Ün5©Û:

){�'�3u8Ü S,T ��E.

�E S �Ün5:

�é�ØÄ: T = f(T)Äk÷v T ⊆ f(T),Ïd�l8x{
A | A ∈ P(X),A ⊆ f(A)

}
¥�é.

�E T �Ün5:

du S ¥z��ÏL f ��^C/�0
,� S ¥�/��

�0(¿8)ÒØU2C�§A�Ò´ØÄ: T 
.
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4)#{(���): -

S =
{
A | A ∈ P(X), f(A) ⊆ A

}
, T =

⋂
A∈S

A ,

K f(T) = T .

5)�'¯K:

K (LipschitzØÄ:½n)

�¼ê f : [a, b]→ [a, b]¦�

|f(x) − f(y)| < |x − y |,∀x , y, x, y ∈ [a, b].

y²: �3 x0 ∈ [a, b]¦� f(x0) = x0.

6)Æ)~���Ø:^êÆ8B{5ydK (%@ X ´k�8).
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~ 2. (Mihaly Bencze, Elem. Math. 2007)

�z ∈ C, n´��ê (n ≥ 2),y²µ

∣∣∣1 + z + z2 + · · ·+ zn−1
∣∣∣2 ≤ (

1 + |z|2 +
2

n − 1
Re(z)

)n−1

.

1. kkkòòòÖÖÖ¥¥¥yyy²²²���¹¹¹XXXeee:

y²:

1 + z + z2 + · · ·+ zn−1 =
zn − 1
z − 1

=

∏n
k=1(z − e

2πik
n )

z − 1

=
n−1∏
k=1

(z − e
2πik

n ),

5¿�
n∏

k=1

e
2πik

n = 0⇐⇒
n−1∏
k=1

e
2πik

n = −1,
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Ïd

∣∣∣1 + z + z2 + · · ·+ zn−1
∣∣∣ 2

n−1 =
n−1∏
k=1

∣∣∣∣z − e
2πik

n

∣∣∣∣ 2
n−1

=
n−1∏
k=1

(
1 − z · e

−2πik
n − z · e

2πik
n + |z|2

) 1
n−1

≤

n−1∑
k=1

1 − z · e
−2πik

n − z · e
2πik

n + |z|2

n − 1
= 1 + |z|2 +

z + z
n − 1

= 1 + |z|2 +
2

n − 1
Re(z). �
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2. ���ÖÖÖ���©©©���ÐÐÐmmm

1)á��£(�


1 + z + z2 + · · ·+ zn−1���5�;

Eê��²�$�;

�â-AÛþ�Ø�ª.

2)á�y²�'�::

é n�ê |z − e
2iπk

n |2, (k = 1, 2, · · · n)^þ�Ø�ª,ù´Ï�
n∑

k=1
|z − zk |

2ù«ÚªBu$�,AÛþ´/�(�0.
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3)�{þaq�¯K

K 1. (Jeremy Bern, Crux Math. 1994)

�½ n ∈ N∗,Eê8

M =

z ∈ C
∣∣∣∣ n∑

k=1

1
|z − k |

≥ 1


3E²¡þéA�«�¡È� A .y²: A ≥ π

12(11n2 + 1).

µÛ:ù´�©k���kJÝ���¯K.Ï� MØ´´uO

�¡È�ã/. Ïd·�F"é M���´O�¡È�AÏf

8,Ï�Ø�ª�m>k π,g,F"é�AÏf8´���,5

¿� M���

M =
{
z ∈ C

∣∣∣ n∑n
k=1

1
|z−k |

≤ n
}
.
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M¥�Ø�ª`² |z − 1|, |z − 2|, · · · , |z − n|�NÚ²þ�Ø�L

n,�e¡A�8Ü:

M1 =
{
z ∈ C

∣∣∣ n

√√
n∏

k=1

|z − k | ≤ n
}
,

M2 =
{
z ∈ C

∣∣∣ 1
n

n∑
k=1

|z − k | ≤ n
}
,

M3 =
{
z ∈ C

∣∣∣
√∑n

k=1 |z − k |2

n
≤ n

}
.

þ´ M�f8. �Ù¥=k M3´�,ù�¯KÒ=z�O��

M3�¡È,´���{ü�¯K.
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4)#K

5¿�~ 2�A�A::

a)^����´�� 1� n����%3�:;

b)ÛÜA: (í���� 1��(J)¶

c)�{þ´é��²�^þ�Ø�ª.

XJ·��±^����,rÛÜA:uÐ��N,Ûõ��²�

�?n,ù�Ò�)
e¡�#K:

K 2.

� z1, z2, · · · zn ´ n gõ�ª P(z) � n ��� 1 ��, �÷v

z1 + z2 + · · ·+ zn = 0.y²:

n∑
k=1

∣∣∣∣∣∣ P(z)
z − zk

∣∣∣∣∣∣
1

n−1

≤ n
√

1 + |z|2.
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o. ~`êÆ/g�

e¡ÏLÐ«��êÆc���¯KuÐ�ïÄ.¯K�¢~,

`²N�ÏLêÆ/g�JÑÚuy#¯K.

¯K A (IMO, 2003)

� n���ê,¢ê x1 ≤ x2 ≤ · · · ≤ xn,K( n∑
i=1

n∑
j=1

|xi − xj |

)2

≤
2(n2 − 1)

3

n∑
i=1

n∑
j=1

(xi − xj)
2.

��,þãØ�ª�_/ªÑy3�
Ø©ÚØ�¥(~X AoPS,

êÆ#(�).
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¯K B

� x1, x2, · · · , xn ´¢ê,K

( ∑
1≤i<j≤n

|xi − xj |
)2
≥ (n − 1)

∑
1≤i<j≤n

(xi − xj)
2.

g� 1 : ïÄ²£ØC5�)��d��.

5¿þã¯K B´²£ØC� (=3C� xi → xi + t eØC),¯

K B���Xe/ª:

¯K C

�¢ê x1 ≤ x2 ≤ · · · ≤ xn,�
n∑

k=1
xk = 0,K

( n∑
k=1

kxk

)2

≥
n(n − 1)

4

n∑
k=1

x2
k .
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g� 2 : Eê/ª¤áí?

·�ß�¯K B�Eê/ª�¤á:

¯K D

� z1, z2, · · · , zn ∈ C,K

( ∑
1≤k<j≤n

|zk − zj |
)2
≥ (n − 1)

∑
1≤k<j≤n

|zk − zj |
2.

är¥ÆÆ)o�¢y²
·��ßÿ,¦�©Ù5��EêØ

�ª�y²6�CuLuêÆ#(�Æ);9 2016.03Ï.
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g� 3 : ü �þ���

r¯K D¥�Eê��3ü �þ,���f�Ø�ª. �·�

�±r§\r�e¡�¯K:

¯K E

� n�ü �þ�Eê z1, z2, · · · , zn �÷v
n∑

k=1
zk = 0,K

∑
1≤k<j≤n

|zk − zj | ≥
n2

2
.

y²: ∑
1≤k<j≤n

|zk − zj | =
1
2

n∑
k=1

n∑
j=1

|zk − zj |

≥
1
2

n∑
k=1

∣∣∣ n∑
j=1

(zk − zj)
∣∣∣ = 1

2

n∑
k=1

n|zk | =
n2

2
�
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g� 4 : þª�e.´�`�í?

¯K F

� n�ü �þ�Eê z1, z2, · · · , zn ÷v
n∑

k=1
zk = 0,P

S :=
∑

1≤k<j≤n

|zk − zj |.

(1)� n�óê�,K S ����´ n2

2 ;

(2)∗� n�Ûê�,¦ S ����.

5¿: (2)∗���)û,G�Êßÿ���:�©Ù�¹,¿y²


���f�e.;+¡)��)û
 n = 5��/.
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g� 5 : q5�Ä�¯K.

e¡´¯K F��¯K:

¯K G

®�ü �þ� n�Eê z1, z2, · · · , zn,¦∑
1≤k<j≤n

|zk − zj |

����.

�Y:���� n cot π
2n .

� n�:�¤� n>/�º:������.
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µ5: ¯K G´e¡Í¶� Thomson¯K����/.

Thomson¯K

� x1, x2, · · · , xn ´ Rm �ü ¥¡þ� n�:,¦∑
1≤k<j≤n

|xk − xj |

����.

� m = 3,T¯K´��]ø¼�ö Smaleu 1998cJÑ�

/21VêÆ¯K0¥�1Ô�¯K.
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(1)¯K E, F¢Sþ´ Thomson¯K����¯K.

m� Thomson¯K��¯K

� x1, x2, · · · , xn ´ Rm �ü ¥¡þ� n�:. �
n∑

i=0
xi = 0 (�%

3�:). ¦
∑

1≤k<j≤n
|xk − xj |����.

ùq�´��kJÝ�#�ïÄ¯K�

(2)¯K A��µ:

y3·�á�Ù
ù� IMOÁK��µ: §´ 1� (¢ê8)

Thomson¯K.
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[1] ¾�¸. êÆ�Ö�n��g [J].êÆ#(� ·¾�¸;9,

2015/11/10.
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