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1�K. Xã, 3b�n�/ ABC ¥, ∠BAC =

60◦, � AB > AC. L A � BC �R�, Rv� K.

U ´4ABC �Ê:�%, AU �ò��� BC u D,

4UDK �	��� 4ABC �Ê:��u K ±	

�,�: J , AJ � 4UDK �	���u,�: T .

y²: BC2 = 4JT · JA.

(2Ü�² ©�, ñÜÜSc�¥$# øK)

y{� (�âúô��ì{1n¥Æ�f®ÓÆ�)��n):

� O,H ©O´ 4ABC �	%�R%, AD � �O u M , N, V ©O´

BC,DH ¥:.

dî.�½n�: UO = UH.  AH = 2R · cosA = R = OA, ¤± AU ²

© ∠OAH, �R�²© OH. Ïd AH = AO = OM = MH, =o>/ AOMH

�!/, � OM � AH.  AH ⊥ BC, ¤± OM ⊥ BC. (Ü ON ⊥ BC, =�

O,N,M ��.

d ∠HUD = 90◦ = ∠HKD, � H,U,D,K ��, w, V ´�%, � JK ´

�U,�V �ú�u, ¤± UV ⊥ JK, l OD ⊥ JK. (Ü ON ⊥ DK, =�

∠DON = ∠DKJ . ¤±

∠DHJ = ∠DKJ = ∠DON = ∠DOM = ∠DHM,

� H, J,M ��.

5¿� H ´ �U,�O � q¥%,  q'� 1 : 2, � J ´ HM ¥:.

Ï� ∠AOU = ∠UHJ = ∠UTJ , ¤± A,O,U, T ��, ��%� Q. du

∠AUO = 90◦, ¤± Q´ OA¥:. Ïd

JT · JA =J � �O��
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=JQ2 −QU2 = MO2 −NO2

=− (N � �O��)

=NB ·NC =
�

1

2
BC

�2

=
1

4
BC2.

= BC2 = 4JT · JA. �

y{� (�â����N¥oL�ÓÆ�)��n):

ky² AB · AC = 2AU · AD. (1)

±4ABC Ê:� �U �ü �ïáE²¡. �n>¥:�IXã¤«, Ù

¥ |a| = 1, ω´ngü J�, = w = e
2πi
3 = cos 2π

3
+ i sin 2π

3
.

´� A = 1 + ω − a = −ω2 − a. �D = λA = λ(−ω2 − a), Ù¥¢ê λ < 0.

d DM � (1− ω)�

λ(1 + ω − a)− a
1− ω

=
λ(1 + ω2 − ā)− ā

1− ω2
,

l

λ[1 + 2ω + ω2 − a(1 + ω)]− a(1 + ω) = λ(1 + ω2 − ā)− ā.

)�

λ =
a(1 + ω)− ā

2ω − a(1 + ω) + ā
=
−a2ω2 − 1

(aω + 1)2
.

q|^

|1 + ω − a| = | − ω2 − a||ω| = |aω + 1|
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�

|1− a||ω − a| = |a2 − a(1 + ω) + ω| = |a2 + aω2 + ω||ω2| = |a2ω2 + aω + 1|,

�y²

4|1− a||ω − a| = 2

�����2a
2ω2 + 2aω + 2

(aω + 1)2

����� · |1 + ω − a|2 = 2(1− λ)|AU |2.

ùÒy²
 (1) ª.

k ∠JDK = ∠JUK = 2∠JMK, �� DM = DJ . q UM = UJ , � AD

�MJ ¥R�. d¥��úª, �

2(AB2 + AC2)−BC2 = 4AM2 = 4JA2.

qd{u½n9 (1), �

BC2 = AB2 + AC2 − 2AB · AC cos 60◦ = AB2 + AC2 − 2AU · AD.

l

BC2 = 4(JA2 − AU · AD) = 4(JA2 − AT · AJ) = 4JT · JA.

(Ø�y. �

µ5 nÞ¥Æ�SwÓÆ, À��â¥ÆÛ�ÐÓÆ, �â½�g¥ÆQ

�JÓÆ, �®½1Ê¥ÆpU�ÓÆ, �â½�¥ÜUn, Û��ÓÆ, §²

�=IS¢�Æ�p¹�ÓÆ, úô�è²�¥ÛR¾ÓÆ±9är¥Æìè

��Ñ
�K��()�.
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1�K. ½Â¼ê f(x) : � 0 ≤ x ≤ 1 � f(x) = 1, ÄK f(x) = 0. �

x1, x2, . . . xn; a1, a2, . . . an�?¿�¢ê, y²:

nX
i,j=1

aiajf

� |xi − xj|
2

�
≤ 3

nX
i,j=1

aiajf(|xi − xj|).

(úôÉ²�¥ ëR øK)

y² (�âøKö�)��n):

·�Äky²Ø�ªéa1 = a2 = · · · = an = 1¤á. d�-

T1 = {(xi, xj) : 1 ≤ i, j ≤ n, |xi − xj| ≤ 1};

T2 = {(xi, xj) : 1 ≤ i, j ≤ n, |xi − xj| ≤ 2}.

·�I�y²: |T2| < 3|T1|.

�dé n 8B, n = 1, 2 �w,¤á. é n ≥ 3, Ø�� x1 ≤ x2 ≤ · · · ≤ xn.

é 1 ≤ k ≤ n, - Nk �«m [xk − 1, xk + 1] ¥�¹ xj ��ê (����). �

Nk ����� s + 1, ¿���� k ¦� Nk = s + 1. éù� k, ·�y²«m

[xk−2, xk + 2]¥�¹ xj ��ê�õ´ 3s+ 2. ¢Sþ,XJ«m [xk−2, xk−1)

�¹,� xi, K [xk − 2, xk − 1) ⊂ [xi − 1, xi + 1]. d Ni ≤ s + 1 ·���

[xk−2, xk−1)¥�õ�¹ s+1� xj. aq/�±y² (xk+1, xk+2]¥�õ�

¹ s� xj (ùp�
��´Ï� k ���5). �� [xk− 1, xk + 1] ¥k s+ 1 �

xj,ÏdnÜn�f«m�� [xk−2, xk+2]¥�õk (s+1)+s+(s+1) = 3s+2

� xj.

dNk �½Â, xk éu T1 ��zTÐ´ 2(s+ 1)− 1 = 2s+ 1 g, Ù¥~�

´Ï� i = j = k �EO�
. Ó�/, dþ�ã���(Ø� xk éu T2 �

�z�õ´ 2(3s + 2) − 1 = 6s + 3 = 3(2s + 1) g. u´�±ò xk �K^8B

b�, �� |T2| < 3|T1|.

�e5·�y²(Øé��ê a1, . . . , an ¤á. �d�Ä��#�¢ê�

y1, y2, . . . , ym, Ù¥z� xi Ñ�E
 ai g. ØJ�y

nX
i,j=1

aiajf

� |xi − xj|
2

�
=

mX
i,j=1

f

� |yi − yj|
2

�
;

nX
i,j=1

aiajf(|xi − xj|) =
mX

i,j=1

f(|yi − yj|).

Ïd�Ø�ªéu (x1, . . . , xn), (a1, . . . , an) �(Ø�duéu (y1, . . . , ym),

(1, 1, . . . , 1) �(Ø. ·KE,¤á. 25¿�·K'u a1 ∼ an ´àg�, Ïd
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(Øé���knê a1, . . . , an ¤á. dëY5, (Øé�¢ê�¤á. �

µ5 (1). b� a1 + a2 + · · · + an = 1, @où�¯K=z���k��V

ÇØ(J: é?¿Õá�©Ù��ÅCþ X, Y§

Pr(|X − Y | ≤ 2) ≤ 3 · Pr(|X − Y | ≤ 1).

ù´ N. Alon � R. Yuster �/1230½n. ����(Ø´é?¿¢ê

b > a > 0, k

Pr(|X − Y | ≤ b) ≤ (2d b
a
e − 1) · Pr(|X − Y | ≤ a).

ØJ�yùp�~ê 3 (½��� 2d b
a
e − 1) ´�`�.

(2). lþ¡�y²�±wÑ, 3 a1 = a2 = · · · = an ��(Ø¢Sþ��

��(Ø�d. Ù¥�=z3��þ´r��?¿��ÅCþw¤�©Ù�.

ù«±�é�f(Ø�a��y²E|3¿m¥�kÑy, 'X 2006 c IMO

�18KÒ´éÐ�~f.

1nK. �Ä�� n2 + 1� n -�K{üã G, ÷vÙ¥?¿ü�º:�å

l�õ´ 2. y²:

1) � n ≤ 3��3ù��ã;

2) n = 4�Ø�3ù��ã;

3) n = 5��Ø�3ù��ã.

(��Égn¥Æ) �ºZ øK)

y² (�âär¥Æo�¢ÓÆ�)��n):

1) n = 1�K2÷v^�, n = 2� C5 (�Ý� 5 ��) ÷v^�, n = 3�

*�Üã÷v^�.

2) b�ù��ã�3, @oé?¿Ø���º: v, w, �3,�º: u�

§�Ñ��. ��¡, d n -�K5��Ø���kS:é (v, w) �k (n2 +

1)(n2 − n)é. ,��¡, z�º: uT� n(n− 1) = n2 − né (v, w)��. d

uoêTÐ��, ·��Ñ?¿Ø��:é (v, w)T��� u��, ?¿��

:é (v, w)Ø�?Û u��. �Ò´` G¥vkn�/½o>/.

y3� n = 4, Gk 17 �º:. ·�5O� G¥ C5 ��ê. �½��º

: u, �§� v1, v2, v3, v4 ��. duã¥Ãn�/, v1, v2, v3, v4 pØ��. Ï

d§���	¡�n�º:��, ¿�pØU (ÄKã¥ko>/). y3
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�ÄL u ��Ý� 5 ��, §�½äk uviwzvj �/ª. b�·�®²ÀÐ


 vi, vj. XJ w 6= u� vi ��, @o w Ø� vj ��. Ïd�3��� z ¦

� z � w, vj Ñ��, ¿� z 6= u (ÄK uviw´n�/). du (i, j)k 6 «ÀJ,

 w ∈ N(vi)\{u}k 3 «ÀJ, �k 18 �L u� C5. ù���o��Ê��ê

�u 18×17
5

, Ø´�ê! Ïdù��ãØ�3.

3)� n = 5, Gk 26�º:. d�L��º:� C5�ê´
�
5
2

�
× 4 = 40�,

´ 5 ��ê, Ã{�Ñgñ. �y·K, ·��Ä C7 ��ê. �½��º: u,

�§� v1, v2, v3, v4, v5 ��, z� vi q��e 20 �º: w1, w2, . . . , w20 ¥�

,o���. ��L u�Ô��½´ uviwpwqwrwsvj. aquc�¯�©Û, ·

�b� vi, vj ®²À½. ,�À� wq, wr� vi, vj ÑØ��(ÄKdù�Ô��±

��n�/½o>/), �§���. ù� wp d vi � wq ��(½,  ws d wr

� vj ��(½, ¿� wp, wq, wr, wspØ�Ó.

5¿� vi, vj k
�
5
2

�
= 10«ÀJ, 3 (i, j)(½� wq, wr k 12× 2 = 24«

ÀJ. �ö´Ï�b� i = 4, j = 5, @o wq Ø� v4, v5���k 12 «ÀJ; 

b� wq� v3��, K wr� wq���� v1½ v2��, Tk 2 «ÀJ. ÏdL u

�Ô��k 10× 24 = 240�. ù���o��Ô��ê� 240×26
7

, Ø´�ê! Ï

d� n = 5�ù��ã�Ø�3. �

µ5 (1). nÞ¥Æ�SwÓÆ, är¥Æ4ó¤, Ù9zÓÆ��Ñ
�

K�(�)�. är¥Æ4pH, �©a, �Àè, �VW, ¤V, ��¬, �[,

4>Z�ÓÆ�Ñ
cü¯��()�. ¦�3�Ñã¥vkn�/9o>/

�?1k��?Ø, l�Ñ n 6= 4, 5. �,, ù���{Ã{í2, þ¡o

�¢ÓÆ�)�U��/y² n ≡ 0, 1, 2, 3 (mod 5, 7). ·P�Q3üEP��

5ïÄ�§6þÖ� n = 4�y², Ò´ÄuÊ���ê. oÓÆU>a�Ï/

�ÄÔ�, �~��7ü!

(2). ¢Sþ�±y² n �k�U´ 1, 2, 3, 7, 57. �d�Ä G �'éÝ


 A, ¿P A�1�þ©O� α1, . . . , αn2+1 ∈ Rn. @oéu?¿ i 6= j, ·�

k αi · αj = 1 − Aij. ù�'X{'/L�
� vi, vj ���§�vk�Ó��

Ø, �§�Ø���§�Tk���Ó��Ø. ,	 αi · αi = n, u´·�k

A2 + A = (n− 1)I + E, (1)

Ù¥ I ´ n2 + 1�ü Ý
,  E ´¤k��Ñ´ 1 � (n2 + 1) × (n2 + 1)Ý


. w, E ��´ 1, ¤± E k��A��´ n2 + 1, Ù{ n2 �A��Ñ
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´ 0. d (1) ª, Ak��A�� λ÷v λ2 + λ = n2 + n, Ù{¤kA��Ñ÷

v β2 + β = n− 1. ¤± λ = n½ −n− 1,  β1,2 = −1±
√
4n−3

2
.

?�Ú©Û�� λ7L�u n, ù´Ï� A�z�1ÚÑ�u n, � n�½

´A�� ( −n − 1Ø�U´). ,��Ä A�,, ��¡du Aé��þÑ

´", tr(A) = 0. ,��¡ tr(A)´ A�¤kA���Ú. - k´ A�A��

¥ β1�ê, @ok

k · −1 +
√

4n− 3

2
+ (n2 − k) · −1−

√
4n− 3

2
= −n. (2)

XJ 4n − 3Ø´��²�ê, @od (2) 7k k = n2 − k. u´ −n2

2
= −n, �

Ñ n = 2. e¡b� n = m2+m+1,u´ (2)C¤ k ·m+(n2−k)(−m−1) = −n,

�Ò´

k · (2m+ 1) = n2(m+ 1)− n = m(m2 +m+ 1)(m2 + 2m+ 2). (3)

·�k (m, 2m+ 1) = 1, 4m2 + 4m+ 4 ≡ 3 (mod 2m+ 1), 4m2 + 8m+ 8 ≡ 5

(mod 2m + 1). u´d (3) �� 2m + 1 | 15. ¤± m = 0, 1, 2, 7, �A/

k n = 1, 3, 7, 57, �X�c¤`�.

(3). þ¡�¤�(Ø´d Hoffman � Singleton 3 1960 c���. ¿�¦

���E
 n = 7��~f, ¡� Hoffman-Singleton ã. ,éu n = 578c

Evk½Ø, ´��úm�¯K. ,	�±�Ä����Moore ã¯K, =é�

o����êé n, k�3 N = 1 + n
k−1P
i=0

(n− 1)i� n -�Kã, ÷v?¿ü:�

ål ≤ k (´yù� N ´nØ���). Damarell 3 1973 cy²� n, k ≥ 3�

ù�þ.Ã{��. �´¦���U��êE,´�����)û¯K.

1oK. �½��ê k. y²�3Ã¡õépÉ��ê a, b, ¦� a2 + k�

b2 + kk�Ó��Ïf8Ü.

(MÃ�Æ+¡) øK)

y² (�âøKö�)��n):

�����ê�¤k�ÏfÃ¦´é(J�. 3Ð, ·���'� a2 + k

� b2 + k ��Ïf. r¯K{üz, ·��I�é�n�| (d, a, b), ¦

� a2 + k = d(b2 + k), ¿� d | b2 + k. ù��ü�ê�½k�Ó��Ïf, {

e���Ò´·�À� d¦�þ¡� Pell �§kÃ¡õ�÷v d | b2 + k�).

·�l k = 1\Ã.d�I� b2+1 | a2+1. du n2+1�cA�´ 1, 2, 5, 10,
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g,/�Ä d = 2½ö d = 5. � d = 2�·��� Pell �§ a2 + 1 = 2(b2 + 1),

w,d� b2 + 1 ´Ûê, Ã{ÎÜ^�. XJ d = 5, @o·��� Pell �

§ a2 − 5b2 = 4. ¤k��ê)�±��

a+ b
√

5

2
=

 
3 +
√

5

2

!n
. (4)

·�I� 5 | b2 + 1, �= b ≡ 2, 3 (mod )5. d (4) ªÏL��ªÐm�

� b ≡ n · (3
2
)n−1 (mod )5.ùp 3

2
n)� 3¦þ 2�êØ�ê, (J�Ò´ −1.

u´� n ≡ 2, 3 (mod 5)��k b ≡ 2, 3 (mod 5), ·��Òy²
 k = 1��

(Ø.

e¡�Ä��� k. ·�I�) Pell �§ a2 + k = d(b2 + k), =

a2 − db2 = k(d− 1). (5)

b�·�k (5) ��|) (a0, b0),  x +
√
d y ´ x2 − dy2 = 1�Ä�), @o

(5) ªkÃ¡õ|)

a+
√
d b = (a0 +

√
d b0) · (x+

√
d y)n. (6)

AO5¿, ��Ã{ä½þ¡�Ñ�´ (5) ª��Ü). ~X�c�Ä��

¹ k = 1, d = 5, ØJ�y§��Ü)dn|ØÓ� a0, b0ÏL (6) ªLÑ.

�,·���kÃ¡õ|)Ò

, ¤±e¡��Ä (6) ª. ��ªÐm

¿ mod d, ·���

a+
√
d b ≡ (a0 +

√
d b0) · (xn +

√
d nxn−1y) (mod d).

u´

b ≡ xn−1(b0x+ na0y) (mod d). (7)

·�F"�3 n¦�ÏL (7) ªk d | b2 + 1. du xn−1ù�J±��, ��g

,��{´¦� b0x + na0yU
H{ mod d��X (¦+ùQØ7��Ø
¿

©). ÷Xù�g´r, ·�F" a0y� dp�. du a20− db20 = k(d− 1), a0� d

p���=� d� kp�. ù�� d´éÐÀ��.

,��¡, �,�� x2 − dy2 = 1´Ä�)�·�J±�x y �5�. Ï

dJ:3uÀ�·�� d¦� (d, y) = 1. ÏL��±�Ñ�
7�^�, '

Xe d´óêK7´ 8��ê. �ù��éJ��¿©^�. �d, ·��e

5ÏéAÏ� d¦� x2 − dy2 = 1�Ä�)�±���Ñ5. �±��ù�

�~fk d = m2 + ε, Ù¥ m´��ê,  ε ∈ {±1,±2,±4}. du·��I
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� a20 + k = (m2 + ε)(b20 + k)�3), ¤±g,/�Ä b0,m´ k��gõ�ª,

 a0´ k��gõ�ª. b� b0®²(½, @o��y b20 + k|a20 + k·��±

- a0 = c(b20 + k)± b0. ù�Ò��

m2 + ε =
a20 + k

b20 + k
= c2(b20 + k)± 2b0c+ 1. (8)

ÏL{ü}Á�3�ªm>� b0 = k, c = 2 ±9KÒ, �� m = 2k,

ε = 1. �= d = 4k2 + 1, a0 = 2k2 + k, b0 = k. d� x2 − dy2 = 1�Ä�)

´ x+
√
d y = (2k+

√
d)2, �= x = 8k2 + 1, y = 4k. �£� (7) ª¥, ·���

b ≡ (−1)n−1(−k − n(2k + 1)) (mod 4k2 + 1). (9)

du 4k2 + 1|a20 + k, ·��I� k + n(2k + 1) ≡ 2k2 + k (mod 4k2 + 1)=��

y d | b2 + k. du (2k + 1, 4k2 + 1) = 1, ù�� nkÃ¡õ�, y.! �

µ5 k��´, 3þ¡�)�¥��±- a0 = 2k2 − k + 1, b0 = k − 1, Ó

�éA d = 4k2 + 1. k,��ÓÆ�±ÁXÏéÙ¦�U� d .
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