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1�K 3�S�o>/ ABCD¥, é�� AC,BD�u: E, ò� AB,DC

�u: M , ò� AD,BC �u: N . � 4ABE �	����� BC �u: P ,

4ADE �	����� CD�u: Q, �� PQ,MN �u: L.

y²: (1) AL⊥AC; (2) �� BQ,PD��:3�� ALþ.

(¤Ñä�¥ÆÆ) o�Ê øK)

y² (�âW,�¥��ÊÓÆ�)��n):
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(1) Ï�

∠AEP = ∠ABP = ∠ADC = ∠CEQ,

¤± L, P,E,Q��.

� F ´��o>/ NADCMB ���:, d Brocard½n, F 3MN þ, �

EF⊥MN .

(Ü F,B,A,N ��, �

∠FLE = ∠PNL+ ∠NPL = ∠FAB + ∠BAE = ∠FAE.
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u´ F,E,A, L��, � ∠LAE = ∠EFM = 90◦.
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(2) Ï�

∠EAQ = ∠EDQ = ∠EAB = ∠EPB,

¤± A,P,C,QÚ B,P,D,Q©O��.

��� AL� A,B,C,D ¤��9 A,P,C,Q¤��©O�u: H!I, J ´

HI �¥:.

d (1)� ∠IQM = ∠HDC = 90◦, ¤± J 3 DQ�¥R�þ. Ón, J �3

BP �¥R�þ, � J ´ B,P,D,Q¤����%.

é�S�o>/BPDQ,é���u:E,�|é>�u:C. Ï�CE⊥AL,

� AL²L�% J , ¤±d Brocard½n� DP,BQ,AL�u�:.

nþ, ·K�y. �

µ5 (1). �K��þ� 2018c{IêÆc���1ÊK�Ó:

3�So>/ ABCD ¥, �� AC � BD �u: E, �� AB � CD �

u: F , �� BC � DA�u: G, ®� 4ABE �	��� BC �u B,P , �

C,B, P,GUd^Sü�,4ADE �	����� CD��u D,Q, � C,Q,D, F

Ud^Sü�. y²: e�� FP � GQ��uM , K∠MAC = 90◦.

(2). Ø
)�¥��{, ~���{�k|^rrNd½n!NÚ!�ü�.

(3). ô���²¥Æ��, 4²n¥oZõ, M�T���ÆNá¥Æ)�

\, °�Ð?¥Æ��&, ô��&ì¥ÆofC, H��¥�ø�, wÅ½1�Ê

¥ÆBf�, è²�¥±�~, þ°½¢�Æ��y�, �ep?¥Æ¶áZ, �e
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¥Æ"Æ©, nÞ¥Æ�Õ, <�N¥�U®!���ÓÆ��Ñ
�K��()

�.

1�K - n = 2022,m = 37. ¦����¢ê c, ¦��3�K¢ê xi, yi

(i = 1, 2, · · · , n), ÷v:

(1) xixi+1 ≥
i+m−1∑
j=i

yj é?¿ i = 1, 2, · · · , n¤á, Ù¥eIU� nn);

(2)
n∑

i=1

yi = 1,
n∑

i=1

xi = c.

(þ°¥ÆÆ) ô¢ øK)

) (�ânÞ¥Æ�ÕÓÆ�n):

� x1 = x2 = · · · = x38 = 1 � y38 = 1, Ù{Cþþ� 0, d�^�¤á�

c = 38. e¡y²ok c ≥ 38.

Ï� 1 =
n∑

i=1

yi ≥
i+m−1∑
j=i

yj, ¤±(Ü (1)�,

min{1, xixi+1} ≥
i+m−1∑
j=i

yj.

¦Ú�,
n∑

i=1

min{1, xixi+1} ≥
n∑

i=1

i+m−1∑
j=i

yj = m.

Ïd�Iy², é 1 ≤ k ≤ 19, e
n∑

i=1

min{1, xixi+1} ≥ 2k − 1,

K
n∑

i=1

xi ≥ 2k.

é k8B.

� k = 1�, e�3 i¦ xixi+1 ≥ 1, K xi + xi+1 ≥ 2
√
xixi+1 ≥ 2, ·K¤á.

eé?¿ iÑk xixi+1 < 1, K^�=�
n∑

i=1

xixi+1 ≥ 1.

Ï� n ≥ 4, ¤±dÙ��(Ø,(
n∑

i=1

xi

)2

≥ 4
n∑

i=1

xixi+1 ≥ 4,

m�=y.

b�·Ké k − 1¤á, 5w k���/.

�Eã G(V,E), Ù¥ V = {v1, v2, · · · , vn}, vivi+1 ∈ E ��=� xixi+1 ≥ 1.
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e |E| ≥ 2k, K�3 k ^à:pØ�Ó�>. éz^ù��> vivi+1, éA�

xi + xi+1 ≥ 2
√
xixi+1 ≥ 2, Ïd�\�·K�y.

e |E| ≤ 2k−1,Kù
>�à:�õk 4k−2�.éu{e�� n−4k+2 > 2

�:,eÙ¥kü�eI (� n¿Âe)�Ø� 1�éA� xþ�",�� vr, vs. -

x′r = xr + ε, x′s = xs − ε, Ù{ x′j = xj, d�
n∑

i=1

x′i =
n∑

i=1

xi. Ï�
n∑

i=1

min{1, xixi+1}

¥Ã xrxs�, ¤±'u ε3��¹ 0�4«mþ´�g¼ê, u´� ε��«m�

��à:�
n∑

i=1

min{1, xixi+1}�� (^�E¤á). d��o vr, vs¥��k��ë

>, �o xr, xs¥��k��� 0.

e,��� |E| ≥ 2k, Kdþ¡�?Ø=y.

eÄ, Kù
Øë>� vi ¥�õkü�éA� xi �" (�Tkü��ùü�

vieI�� 1). d�7�3 j, ¦� vj � vj−1, vj+1¥T��ë>, ,��éA�

x´ 0. ù´Ï�kõuü�:Øë>, ¤±7k��éA� x� 0. ��ã4��

ëY� 0, Küà�	�e��ê�". dc¡�y², ùüêéAº:�½k�

�ë>, Pdº:� vj =�. y3Ø�� j = 1, � v1v2ë>, xn = 0.

ù�

min{1, xnx1}+min{1, x1x2}+min{1, x2x3} ≤ 2,

¤±
n−1∑
i=3

min{1, xixi+1} ≥ (2k − 1)− 2 = 2(k − 1)− 1,

u´d8Bb� (ò x1, x2 À� 0),
n∑

i=3

xi ≥ 2k − 2. q x1 + x2 ≥ 2
√
x1x2 ≥ 2, �

n∑
i=1

xi ≥ 2k.

8By..

nþ, ¤¦���� 38. �

µ5 �Kué 2020c�Ip¥êÆém\Á (Aò)1�K�?Ø:

�½�ê n ≥ 3. � a1, a2, · · · , a2n, b1, b2, · · · , b2n´ 4n��K¢ê, ÷v

a1 + a2 + · · ·+ a2n = b1 + b2 + · · ·+ b2n > 0,

�é?¿ i = 1, 2, · · · , 2n,k aiai+2 ≥ bi+bi+1 (ùp a2n+1 = a1, a2n+2 = a2, b2n+1 =

b1). ¦ a1 + a2 + · · ·+ a2n����.

�K��K�{«Oé�, �K�{�U)û m´Ûê��/, �K m´ó

ê.
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1nK é��êm,�8ÜAm = {2022m−2021, 2022m−2020, · · · , 2022m}.

´Ä�3��ê t98Ü B1, B2, · · · , Bt, ÷v Bi ⊆ Ai, 1 ≤ i ≤ t, �é?¿��ê

N , �3 1 ≤ i ≤ t, ¦� N ��Ïf8� Ai��8T� Bi?

(�Hm¥ÆÆ) !({ øK)

) (�âøKö�)��n): �3.

�Eê� {an}: a1 = 1, é n ≥ 1,

an+1 =
1

2022
(2022an − 2021)(2022an − 2020) · · · (2022an) + an.

Ké k = 1, 2, · · · , 2022, Aan ¥�1 k��� 2022an − 2022 + k�Ø Aan+1 ¥�1

k���

2022an+1 − 2022 + k

=(2022an − 2021)(2022an − 2020) · · · (2022an) + 2022an − 2022 + k.

?�Ú, é?¿ n < m, Aan ¥�1 k����Ø Aam ¥�1 k���. (∗)

� t = a22022 , é 1 ≤ n ≤ 22022, - Ban � 2022an � Can ¥z�����¤�

¤�8Ü, Ù¥ Ca1 , Ca2 , · · · , Ca22022
� {0, 1, · · · , 2021}��Nf8, ����êü

NØO. é 1 ∼ t¥�Ù{ i, - Bi� Ai�?¿f8. e¡y²d�E÷v�¦.

eØ,, �3 N ØÜK. - N ��Ïf8� Ai ��� B′i, C
′
i � 2022i� B′i

¥z�����¤�¤�8Ü. d (∗), é?¿ n < m, e Aan �1 k ���áu

B′an , K Aam �1 k���áu B′am , u´ C ′an ⊇ C ′am .

b�é?¿ 1 ≤ n ≤ 22022, Ñk B′an 6= Ban , K C ′an 6= Can . Ï� Ca1 ´�8,

¤± C ′a1 ( Ca1 .

P i1 = 1, é 1 ≤ s ≤ 2022, � is ®�E�÷v C ′ais ( Cais
�, � is+1 ÷v

Cais+1
= C ′ais . Ï� Ca1 , Ca2 , · · · , Ca22022

����êüNØO, � |Cais+1
| < |Cais

|,

¤± is+1 > is. u´ C ′ais ⊇ C ′ais+1
, l C ′ais+1

⊆ Cais+1
, q C ′ais+1

6= Cais+1
, �

C ′ais+1
( Cais+1

.

ù�,

C ′ai2022 ( Cai2022
= C ′ai2021 ( Cai2021

= · · · ( Cai2
= C ′ai1 ( Cai1

,

¤±

|C ′ai2022 | < |C
′
ai2021
| < · · · < |C ′ai1 | < 2022.

l |C ′ai2022 | = 0, � C ′ai2022 = ∅ = Cai2022
, �b�gñ�

Ïd�3 1 ≤ n ≤ 22022, ¦� B′an = Ban , ùB`²þã�E÷v�¦.
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nþ, (Ø�y. �

1oK �½Û�ê p. ¦Ø½�§ ab+ cd = p�÷v min{a, b} ≥ max{c, d}

���ê) (a, b, c, d)��ê.

(�®�ÆÆ) Ü�¤ øK)

) (�âþ°¥Æô¢ÓÆ�)��n):

�8Ü

A = {(a, b, c, d) ∈ N4
+ | p = ab+ cd, a ≥ c, b ≥ d}.

éz� v = (a, b, c, d) ∈ A, ½Â«m Iv =
[
c
b
, a
d

)
. 5¿��½ b, c½�½ a, d��

��/(½ v, � gcd(b, c) = gcd(a, d) = 1, �¤k Iv ��à:pØ�Ó!mà:

�pØ�Ó.

ÚÚÚnnn 1 eØ�3 u ∈ A ¦ Iv ��à:�u Iu �mà:, K Iv ��à:

c
b
≤ 2

p+1
.

y² � t ∈ N¦ 0 < a− tc ≤ c.

e t ≥ 1, K u = (c, d+ tb, a− tc, b) ∈ A, � Iu�mà:�
c
b
, gñ�

u´ t = 0, l a = c = 1, b+ d = p. 2d b ≥ d� c
b
≤ 2

p+1
.

Ún 1�y.

ÚÚÚnnn 2 eØ�3 u ∈ A ¦ Iv �mà:�u Iu ��à:, K Iv �mà:

a
d
≥ p+1

2
.

y²�Ún 1aq.

£��K. é r > 0, P

A(r) = {(a, b, c, d) ∈ A | a > rd, rb ≥ c},

Ké v ∈ A, v ∈ A(r)��=� r ∈ Iv. ·�òù
 IvÄ��� (X [x, y), [y, z)�±

Ü¤ [x, z)),dÚn,Ü¤��z��«mÑ�¹
[

2
p+1

, p+1
2

)
. ùL² r ∈

[
2

p+1
, p+1

2

)
�, |A(r)|´½�.

´�

A

(
2

p+ 1

)
= {(1, b, 1, d) | b, d ∈ N+, b+ d = p, b ≥ d},

¤±
∣∣∣A( 2

p+1

)∣∣∣ = p−1
2
, u´ |A(1)| = p−1

2
. q��§' A(1)Tõ��) (1, p − 1,

1, 1), ���§�)ê� p+1
2
. �

µ5 (1). �K´øKö3ïÄeã(Ø����:
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éÛ�ê p, Ø½�§ ab+ cd = p�÷v a, b, c, d <
√
p���ê) (a, b, c, d)

��ê�

4(ϕ(1) + ϕ(2) + · · ·+ ϕ([
√
p]))− p− 1.

T(Ø��±^5y²1 32Ï�)1oK:

� p ≡ 3 (mod 8) ´�ê, � p > 3. y²�3��ê a, b, c <
√
p, ¦

�p = a2 + bc.

(2). ^�K(Ø�±y²¤êü²�Ú½n.

¯¢þ,��ê p ≡ 1 (mod 4)�, p+1
2
´Ûê,¤±éÜ (a, b, c, d) 7→ (b, a, d, c)

kØÄ: (a, a, c, c), � p = a2 + c2�±L«�ü�²�ê�Ú.

�� a�<�N¥'DíÓÆc["�
1�KÚ1nK�)�, ¿Ö¿


eZ[!.
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