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1�K 34ABC ¥, H �R%, M � BC �¥:. X � A�é»:, Y � A

'uM �é¡:. L H �����4ABC �	���u: E,F , �4BHC �

	���u,�:K. �²1o>/ AEGF , y²: G,K,X, Y o:��.

(�e¥ÆÆ) "Æ© øK)

y² (�âøKö�)��n):
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é4ABC �	��!4BHC �	��!o>/ HEKF �	��^�F½

n, � BC,HK,EF �u�:, �� P .

ò� AP �4ABC �	��u: Q, ·�y² G,K,Q,X, Y Ê:��.

��¡, � AG,AQ,AX �¥:©O� N,R,O, K N �´ EF �¥:, O´

4ABC �	%. Ï� ON⊥EF,OR⊥AQ,OM⊥BC, ¤± N,R,M Ñ3± OP �

�»��þ. ± A�¥%� 2 : 1� q�, G,Q,X, Y ��.
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,��¡, Ï�

AP · PQ = BP · PC = HP · PK,

¤± A,H,Q,K ��. dR%�5�, HY ´4BHC 	����». ò� AH �

4ABC �	��u: Z, K

∠QKY = ∠HKY − ∠QKH = 90◦ − ∠QAH

= 90◦ − ∠QXZ = 180◦ − ∠QXY,

Ù¥���Ú^�� ∠ZXY = 90◦ d XY⊥BC,XZ � BC ��, ¤± K,Q,X, Y

��.

� G,K,Q,X, Y Ê:��. �

µ5 (1). ��±� AK �¥:, ��y²Ù� N,O,M ��.

(2). uH��N¥�f�!$fA, �â�¥ÜÓ+, ��N¥�fÍ, �e

p?¥Æ¶áZ, 2²�ÆNá¥ÆÛ7
, �®�"�¥Æ+gA, è�½#¿

p¥Çp!, è²�¥±�~, þ°½u�¥Æ÷º�, þ°¥Æ
	, þ°½�Ó

¥Æ¥�, nÞ¥Æ�Õ, Üó�N¥
L�, 	°¥Æ©�à�ÓÆ��Ñ
�

K��()�.

1�K ��¢ê x, y ÷v x + y < 1. ê� {an}÷v a1 = 1, a2 = a, an+2 =

xan+1 + yan. y²: e a > −y, Ké?¿��ê n, þk

a1 + a2 + · · ·+ an <
1− x+ a

1− x− y
.

(§²�=¥ÆÆ) �dË øK)

y² 1 (�âøKö��n):

é n8B.

� n = 1�,

1 <
1− x+ a

1− x− y
⇔ a > −y,

¤á.

� n = 2�,

1 + a <
1− x+ a

1− x− y
⇔ a > − y

x+ y
,

d a > −y9 x+ y < 1�¤á.

b� nÚ n+ 1�·K¤á, 5w n+ 2���/.
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d8Bb�,

a1 + a2 + · · ·+ an <
1− x+ a

1− x− y
,

a1 + a2 + · · ·+ an + an+1 <
1− x+ a

1− x− y
.

Ï� x, y > 0, ¤±

y(a1 + a2 + · · ·+ an) + x(a1 + a2 + · · ·+ an + an+1)

<y · 1− x+ a

1− x− y
+ x · 1− x+ a

1− x− y
.

(Ü4íúª�,

xa1 + a3 + a4 + · · ·+ an+2 < (x+ y) · 1− x+ a

1− x− y
.

�

a1 + a2 + · · ·+ an+2 < (x+ y) · 1− x+ a

1− x− y
− x+ 1 + a

=
1− x+ a

1− x− y
.

8B�y. �

y² 2 (�â��N¥�fÍÓÆ��n):

Ï� y > 0, ¤±�§ r2 − xr − y = 0kü�Ø�¢� s, t, Ø�� s > t. d

x+ y < 1� s < 1.

´�

an =
a− t

s− t
· sn−1 − a− s

s− t
· tn−1,

¤±

a1 + a2 + · · ·+ an =
a− t

s− t
(1 + s+ · · ·+ sn−1)− a− s

s− t
(1 + t+ · · ·+ tn−1)

=
a− t

(s− t)(s− 1)
(sn − 1)− a− s

(s− t)(t− 1)
(tn − 1)

= bn − b0,

Ù¥

bn =
a− t

(s− t)(s− 1)
sn − a− s

(s− t)(t− 1)
tn.

Ï�

b0 =
a− t

(s− t)(s− 1)
− a− s

(s− t)(t− 1)

=
s+ t− a− 1

(s− 1)(t− 1)
=

x− a− 1

1− x− y

<
−y − a

1− x− y
< 0,
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b1 =
(a− t)s

(s− t)(s− 1)
− (a− s)t

(s− t)(t− 1)

=
st− a

(s− 1)(t− 1)
=
−y − a

1− x− y
< 0,

qk4íúª bn+1 = xbn+1 + ybn9 x, y > 0, ¤±é?¿��ê nÑk bn < 0.

ù�,

a1 + a2 + · · ·+ an < −b0 =
1− x+ a

1− x− y
.

�

µ5 (1). ��±kò·K�d/=z�:é?¿��ê nÑk an+1+yan > 0,

28By².

(2). �K�JÑ
uXe¯¢��«8By{:

é?¿��ê n, 1 + 1
2
+ 1

4
+ · · ·+ 1

2n
< 2.

y²: n = 1�w,¤á. b� n�¤á, n+ 1�,

1 +
1

2
+

1

4
· · ·+ 1

2n+1
= 1 +

1

2

(
1 +

1

2
+ · · ·+ 1

2n

)
< 1 +

1

2
· 2 = 2.

Ty{k¿g�/�3u, �,Ø�ª�>'u nüN4O, �¿vk¦^\

r8B.

�Kò�'ê�í2����54í (ü��'ê��Ú), ��aq�(J.

(3). �®�"�¥Æ+gA, uH��N¥�f�!$fA, è�½#¿p¥

Çp!, è²�¥��d, þ°¥Æ
	, �e¥ÆÎ�1, nÞ¥Æ�Õ, Üó�

N¥
L�, úô�WS¥ÆM°U�ÓÆ��Ñ
�K��()�.

1nK é i ∈ N, j ∈ Z, |j| ≤ i, ½Â ai,j �
(
x+ 1 + 1

x

)i
� j g�Xê� 2�

���K�{. ò ai,j IP3²¡���IX�: (j,−i)?. òål� 1�ü�I

0�:ë�^>, K y¶mý¤kI 0�:�¤��Ã�ã G. y²: G´ëÏã.

(�H��N¥Æ) 4f[ øK)

y² (�âÜó�N¥
L�ÓÆ�)��n):

±eÑ3� 2�¿Âe?1. ky²A�(Ø.

(1) é?¿��ê k,(
x+ 1 +

1

x

)2k

= x2k + 1 +
1

x2k
.
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ùd (
x+ 1 +

1

x

)2

= x2 + 2x+ 3 +
2

x
+

1

x2
= x2 + 1 +

1

x2

98B{=y.

(2) ai,j = ai−1,j−1 + ai−1,j + ai−1,j+1, Ù¥� |j| > i�, �½ ai,j = 0.

ùd (
x+ 1 +

1

x

)i

=

(
x+ 1 +

1

x

)i−1(
x+ 1 +

1

x

)
Ðm¿'�Xê=y.

(3) ai,0 = 1.

dé¡5, ai,j = ai,−j,¤± ai,0 = ai−1,−1+ai−1,0+ai−1,1 = ai−1,0,2d a0,0 = 1

98B{=y.

(4) ai,i = 1.

ùd
(
x+ 1 + 1

x

)i
�Ðmª¥ xi��pg�=y.

(5) � i´óê, j ´Ûê�, ai,j = 0.

Ï� (
x+ 1 +

1

x

)i

=
i∑

k=0

Ck
i

(
x+

1

x

)k

,

�� k´óê�,
(
x+ 1

x

)k
�Ðmª¥ x��êÑ´óê; � k´Ûê�, Ck

i ´ó

ê, dd=y.

£��K. eé j ≥ 0, k

ai,j = 1, ai,j+1 = ai,j+2 = · · · = ai,j+k = 0, ai,j+k+1 = 1,

K¡Ù�1 i1��� k−ëÏ|. ?�Ú, e�3 1 ≤ h ≤ k, ¦� ai+1,j+h = 0,

K¡þã k−ëÏ|�±�eò�.

d (3),(4), e,1¥k 0, K7këÏ|.

·�y²z�ëÏ|7,�eò�.

� ai,j+1, ai,j+2, · · · , ai,j+k ´1 i1��� k−ëÏ|.

� k ≥ 3�, ai,j+1 = ai,j+2 = ai,j+3 = 0, d (2),

ai+1,j+2 = ai,j+1 + ai,j+2 + ai,j+3 = 0.

� k = 2 �, ai,j = 1, ai,j+1 = ai,j+2 = 0, ai,j+3 = 1. d (5), i ´Ûê, u´

ai+1,j+1Ú ai+1,j+2¥7k 0. (¯¢þ2d (2)��ù«�/Ø�3)

� k = 1�, ai,j = 1, ai,j+1 = 0, ai,j+2 = 1, d (2),

ai+1,j+2 = ai,j+1 + ai,j+2 + ai,j+3 = 0.
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d (1),é?¿��ê n, a2n,1, a2n,2, · · · , a2n,2n−1´1 2n1� (2n−1)−ëÏ|,

¤± 1 ∼ 2n − 11¥�ëÏ|Ñ�±�eò��1 2n1. dd=� G´ëÏã.

nþ, ·K�y. �

µ5 (1). y¶mý�c 161Xeã¤«:

1

0 1

0 1 1

0 0 0 1

1 0 1 1 1

0 0 0 1 0 1

1 0 1 1 0 1 1

0 0 0 0 0 0 0 1

1 0 0 0 0 0 1 1 1

0 1 0 0 0 1 0 1 0 1

0 1 1 0 1 1 0 1 0 1 1

0 0 0 0 0 0 0 1 0 0 0 1

1 0 0 0 0 0 1 1 1 0 1 1 1

0 1 0 0 0 1 0 1 0 0 0 1 0 1

0 1 1 0 1 1 0 1 1 0 1 1 0 1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

(2). �±y², z�ëÏ|��ÝÑ´Ûê.

(3). �K��{
geK:

y² (x2 + x+ 1)n�Ðmª¥��k��Xê�óê.

�K?Ø
(
x+ 1 + 1

x

)n
�ÐmªXê� 2 �¤�n�
�AÛ5�, g,

é�� (x + 1)n �ÐmªXê�¤�n�
, =
�n�. ·���, 
�n�

� 2 ���ê
kér�g�q5, ÏdßÿK¥�ê
�kg�q5, ùd

a2k+i,2k+j = ai,j(1 ≤ i < 2k, j ≥ 0)�±wÑ.

(4). þ°¥Æ
	, uH��N¥�f�!$fA, �®�"�¥Æ+gA,

è²�¥��d, nÞ¥Æ�Õ�ÓÆ��Ñ
�K��()�.
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1oK � A1, A2, · · · , A2022´8Ü {1, 2, · · · , 2022}�ØÓf8, ÷vÙ¥?

¿ 100��¿8����êî��u 2001. y²: Ù¥7k 21�üü�8��.

(�g¥ÆÆ) oÛÅ øK)

y² 1 (�âuH��N¥$fAÓÆ�)��n):

é 1 ≤ i ≤ 2022, � A1, A2, · · · , A2022¥k xi�¹�� i.

b�·KØ¤á, K xi ≤ 20, u´

|A1|+ |A2|+ · · ·+ |A2022| = x1 + x2 + · · ·+ x2022 ≤ 20× 2022.

Ø�� |A1| ≤ |A2| ≤ · · · ≤ |A2022|, K

|A1 ∪ A2 ∪ · · · ∪ A100| ≤ |A1|+ |A2|+ · · ·+ |A100|

≤ 100

2022
(|A1|+ |A2|+ · · ·+ |A2022|)

≤ 100

2022
× 20× 2022 = 2000,

�^�gñ�

nþ, ·K�y. �

y² 2 (�ânÞ¥Æ�ÕÓÆ�)��n):

·�y²�r�(Ø, 7k 92�f8üü�8��.

é i = 1, 2, · · · , 2022, �gu� Ai¥���. éu a ∈ Ai, eéÙ¦?¿ 99�

f8 Aj1 , Aj2 , · · · , Aj99 , k

|Aj1 ∪ Aj2 ∪ · · · ∪ Aj99 ∪ (Ai \ {a})| > 2001,

K- A′i = Ai \ {a}, A′j = Aj(j 6= i). e A′1, A
′
2, · · · , A′2022¥k 92�üü�8��,

K A1, A2, · · · , A2022¥éA� 92�üü�8��.

�ò A1, A2, · · · , A2022 ¥�¤k��u��.�, Ai �{���|¤ Bi. ?

� B1 ∪ B2 ∪ · · · ∪ B2022¥����� b, � b ∈ Bs. Ï� bØ�íØ, ¤±�3Ø

¹ b� 99�8Ü Bt1 , Bt2 , · · · , Bt99 , ¦�

|Bt1 ∪Bt2 ∪ · · · ∪Bt99 ∪Bs| = 2002,

ùL²

k := |Bt1 ∪Bt2 ∪ · · · ∪Bt99| ≤ 2001.

�
PÒþ�{B, Ø�� t1 = 1, t2 = 2, · · · , t99 = 99.

P

S = {1, 2, · · · , 2022} \ (B1 ∪B2 ∪ · · · ∪B99),
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K |S| = 2022− k.

é 100 ≤ i ≤ 2022, Ï�

|B1 ∪B2 ∪ · · · ∪B99 ∪Bi| ≥ 2002,

¤± |Bi ∩ S| ≥ 2002− k.

e¡y², �3 S ¥�������áu B100, B101, · · · , B2022 ¥� 92�. b

�Ø¤á, K
2022∑
i=100

|Bi| ≤ 91|S| = 91(2022− k).

q
2022∑
i=100

|Bi ∩ S| ≥ 1923(2002− k),

¤± 1923(2002− k) ≤ 91(2022− k). )� k > 2001, gñ�

nþ, ·K�y. �

y² 3 (�âøKö�)��n):

�Eã G: A1, A2, · · · , A2022´º:, e Ai ∩Aj 6= ∅, K3 Ai, Aj �më>. �

K=yã¥�3 21−ì.

ky²��Ún.

ÚÚÚnnn ��ê n ≥ k ≥ 3,e�� n�ã¥Ã k−ì,Kã¥��k d 1
k−1ne+r−1

�º:�ÝØ�L [k−2
k−1n], ùp r´ n� k − 1����{ê.

y² � n = q(k − 1) + r0 (0 ≤ r0 ≤ k − 2, q ∈ N+).

(1) e k − 1 | n, K

r0 = 0, r = k − 1,

⌈
1

k − 1
n

⌉
+ r − 1 = q + k − 2,

[
k − 2

k − 1
n

]
= q(k − 2).

b�(ØØ¤á, K��k n− (q + k − 2) + 1 = q(k − 2)− k + 3�º:�Ý

Ø�u q(k − 2) + 1, P§��¤8Ü S.

e¡é t8By², é?¿ 1 ≤ t ≤ k − 2, �3 v1, v2, · · · , vt ∈ S, §�üü�

�, � ∣∣∣∣∣
(

t⋂
i=1

N(vi)

)
∩ S

∣∣∣∣∣ ≥ q(k − t− 2)− k + t+ 3.

� t = 1�, ?� v1 ∈ S, K

|N(v1) ∩ S| = |N(v1)|+ |S| − |N(v1) ∪ S|

≥ (q(k − 2) + 1) + (q(k − 2)− k + 3)− q(k − 1)

= q(k − 3)− k + 4,
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(Ø¤á.

b� t�¤á, Ù¥ 1 ≤ t ≤ k − 3, �®À½ v1, v2, · · · , vt. K t+ 1�, d∣∣∣∣∣
t⋂

i=1

N(vi) ∩ S

∣∣∣∣∣ ≥ q(k − t− 2)− k + t+ 3 ≥ (k − t− 2)− k + t+ 3 = 1,

��ÀÑ vt+1 ∈
t⋂

i=1

N(vi) ∩ S. d� v1, · · · , vt, vt+1üü��, Ïd�Iy²∣∣∣∣∣
t+1⋂
i=1

N(vi) ∩ S

∣∣∣∣∣ ≥ q(k − t− 3)− k + t+ 4.

¯¢þ,∣∣∣∣∣
t+1⋂
i=1

N(vi) ∩ S

∣∣∣∣∣ ≥
∣∣∣∣∣

t⋂
i=1

N(vi) ∩ S

∣∣∣∣∣+ |N(vt+1)| − |V |

≥ (q(k − t− 2)− k + t+ 3) + (q(k − 2) + 1)− q(k − 1)

= q(k − t− 3)− k + t+ 4.

8By..

� t = k − 2�, �3 k − 2�º: v1, · · · , vk−2 ∈ S, §�üü��. Ï�d�

q(k − t− 2)− k + t+ 3 = 1, ¤±�� vk−1 ∈
k−2⋂
i=1

N(vi) ∩ S, K∣∣∣∣∣
k−1⋂
i=1

N(vi)

∣∣∣∣∣ ≥ (k − 1)|N(vi)| − (k − 2)|V |

≥ (k − 1)(q(k − 2) + 1)− (k − 2)q(k − 1)

= k − 1.

l
�3 vk ∈
k−1⋂
i=1

N(vi), u´ v1, v2, · · · , vk üü��, �¤ k−ì, gñ�

(2) e k − 1 - n, � n = q(k − 1) + r, K

d 1

k − 1
ne+ r − 1 = q + r, [

k − 2

k − 1
n] = q(k − 2) + r − 1.

Ó�/¦^�y{, ¿�Ñ S. ��aq/, �±8By², é?¿ 1 ≤ t ≤ k − 2,

�3 v1, v2, · · · , vt ∈ S, §�üü��, �∣∣∣∣∣
(

t⋂
i=1

N(vi)

)
∩ S

∣∣∣∣∣ ≥ q(k − t− 2) + 1.

� t = k − 2, K

∣∣∣∣∣
(

k−2⋂
i=1

N(vi)

)
∩ S

∣∣∣∣∣ ≥ 1. ¤±�� vk−1 ∈
k−2⋂
i=1

N(vi) ∩ S, K∣∣∣∣∣
k−1⋂
i=1

N(vi)

∣∣∣∣∣ ≥ (k − 1)|N(vi)| − (k − 2)|V |
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≥ (k − 1)(q(k − 2) + r)− (k − 2)(q(k − 1) + r)

= r > 0.

l
�3 vk ∈
k−1⋂
i=1

N(vi), u´ v1, v2, · · · , vk üü��, �¤ k−ì, gñ�

Ún�y.

£��K. e G¥vk 21−ì, dÚn, G¥k d 1
21−1 · 2022e + 2 − 1 = 103

�º:, �� A1, A2, · · · , A103, §��ÝØ�L [21−2
21−1 · 2022] = 1920. �é?¿

1 ≤ i ≤ 103, � AiØ��8ÜêØ�u 2022− 1920− 1 = 101. d^�, ù 101�

8Ü�¿8���ê�u 2001, � |Ai| ≤ 2022− 2002 = 20. 3 A1, A2, · · · , A103¥

?À 100�8Ü¦¿, Ù���êØ�L 2000, �^�gñ�

nþ, ·K�y. �

µ5 (1). �K�·K�µ´:

(i) (Zarankiewica ÚÚÚnnn) e�� n�ã¥Ã k−ì, K7k��º:�ÝØ

�L [k−2
k−1n].

(ii) (2004cccÛÛÛêêêZZZæææIII[[[èèèÀÀÀooo���ÁÁÁ) � A1, A2, · · · , A101 ´ {1, 2, · · · , n}

�ØÓf8, ÷vÙ¥?¿ 50��¿8����êî��u 50
51
n. y²: Ù¥7k

3�f8üü�8��.

3ÛêZæ�K¥, é ZarankiewicaÚn3 k = 3��/?1
\r, U?


ÝØ�L [n
2
]�º:�ê�e.. ùÚu�ög�é��� kUÄ�dí2. ²L

�E}Á, (½
ù�e.��� n
k−1 , ~ê�K´ÏL�½Xê{�Ñ.

3U?
���/e� ZarankiewicaÚn�, �örK8U?£8Ü�/ª,

¿�O
�'êâ, ¦K¡wå5��|Ü, ��¦<Jø�õ�{3eg��

m.

(2). Üó�N¥
L�, þ°¥Æ
	, è�½#¿p¥Çp!, uH��N

¥�f�, �®�"�¥Æ+gA, ��N¥�fÍ, M²½1�¥Æ����Ó

Æ��Ñ
�K��()�.
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