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1Ê�Ï¯K�))��:µ

Üà�

1�K ½Â¼ê f : N∗ → N∗, ÷v f(1) = 1, �é?¿�ê n ≥ 2, e n��

ÏêIO©)�
m∏
i=1

pαii , K f(n) =
m∏
i=1

αpii .

¯: é�½���ê n, S�S� f(n), f (2)(n), f (3)(n), · · · ´Ä�ª�½±

Ïºe´, ¦���±Ï����U�; eØ´, �Ñ¤k��~.

(uH��N¥Æ) �f� øK)

) (�âè²�¥��UÓÆ�)��n):

ky²ü�Ún.

ÚÚÚnnn 1 � x1, x2, · · · , xt ≥ 2, K
t∏
i=1

xi ≥
t∑
i=1

xi.

y² é t8B.

� t = 1�w,¤á. � t = 2�,

x1x2 − (x1 + x2) = (x1 − 1)(x2 − 1)− 1 ≥ 0.

b� t ≥ 3� t− 1�¤á, 5w t���/.

d8Bb�Ú t = 2���/,
t∏
i=1

xi =
t−1∏
i=1

xi · xt ≥
t−1∑
i=1

xi · xt ≥
t−1∑
i=1

xi + xt =
t∑
i=1

xi.

8By..

ÚÚÚnnn 2 � x ≥ 2, y ∈ N+, K xy ≥ xy.

y² dËã|Ø�ª,

xy−1 ≥ 2y−1 = (1 + 1)y−1 ≥ 1 + (y − 1) · 1 = y,

2Ó¦± x=y.

£��K. ·�y²é?¿��ê n, n ≥ f(f(n)).

� n = 1�w,¤á. é n ≥ 2, � n��ÏêIO©)�
m∏
i=1

pαii , 2�
m∏
i=1

αi

�¤k�Ïf� q1, q2, · · · , qt, � f(n) =
m∏
i=1

αpii ��ÏêIO©)�
t∏

j=1

q
βj
j , K
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βj =
m∑
i=1

piνqj(αi), j = 1, 2, · · · , t.

d�

f(f(n)) =
t∏

j=1

β
qj
j =

t∏
j=1

(
m∑
i=1

piνqj(αi)

)qj

,

q

n =
m∏
i=1

pαii =
m∏
i=1

p

t∏
j=1

q
νqj (αi)

j

i ,

¤±�Iy²
m∏
i=1

p

t∏
j=1

q
νqj (αi)

j

i ≥
t∏

j=1

(
m∑
i=1

piνqj(αi)

)qj

.

dÚn 1,
t∏

j=1

q
νqj (αi)

j =
∏

1≤j≤t
νqj (αi)>0

q
νqj (αi)

j ≥
∑
1≤j≤t

νqj (αi)>0

q
νqj (αi)

j ,

u´
m∏
i=1

p

t∏
j=1

q
νqj (αi)

j

i ≥
t∏

j=1

∏
1≤i≤m
νqj (αi)>0

p
q
νqj (αi)

j

i .

q
m∑
i=1

piνqj(αi) =
∑

1≤i≤m
νqj (αi)>0

piνqj(αi),

¤±�
PÒþ�{B, �Ø��¤k νqj(αi) þ�u 0. d��Iy², é

j = 1, 2, · · · , t, þk
m∏
i=1

p
q
νqj (αi)

j

i ≥

(
m∑
i=1

piνqj(αi)

)qj

.

dÚn 2,
m∏
i=1

p
q
νqj (αi)

j

i ≥
m∏
i=1

p
qjνqj (αi)

i =

(
m∏
i=1

p
νqj (αi)

i

)qj

,

2dÚn 1ÚÚn 2,
m∏
i=1

p
νqj (αi)

i ≥
m∑
i=1

p
νqj (αi)

i ≥
m∑
i=1

piνqj(αi),

dd=y.

ù�, {f (2k)(n)}Ú {f (2k+1)(n)}Ñ´ØO���êS�, l
�3��ê K,

¦�é?¿�ê k ≥ K, þk f (k+2)(n) = f (k)(n). � {f (k)(n)}�ª�½±Ï, �
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���±ÏØ�L 2.

,��¡, Ï� f(8) = 9, f(9) = 8, ¤±� n = 8�, {f (k)(n)}����±Ï

�u 2.

nþ, S�S� {f (k)(n)}�ª�½±Ï, ����±Ï��� 2. �

µ5 (1). ¯�uy, �K®3{IêÆ�r 2007c1 8Ï 11315Ò¯K¥Ñ

yL.

(2). 4²òS¥Æo�µ, 2²�ÆNá¥ÆÛ7
, è²�¥±�~, §²

¥ÆMhã, <�N¥
�S, uH���ÆNá¥Æ$fA, U9½1�¥ÆÜ

Ê+�ÓÆ��Ñ
�K��()�.

1�K Xã, 34ABC ¥, H �R%. ± AH ��»��H ©O� AB,AC

u: D,E, DC � BE u: F . A′ � A'u� H �é»:. ± AH �., ���

4MAH, Ù¥ ∠MAB,∠ABC,∠ACB �¤��ê�. ±Ù���»��M �±

AF ��»�� Gu: N . �4BHC �	%� O, ò� OA′�� Gu: S, ò�

AS � NF u:K.

y²: (1) A,N,On:��; (2) B,C,K n:��.

(�g¥ÆÆ) o[� øK)

y² (�â4²òS¥Æo�µÓÆ��n):

 MAB = 25.23°

 ACB = 62.48°

 ABC = 43.78°

N

G

F

D

E

O

H

A

B C

M

(1) Ï� AN ´�M �� G��¶, ¤±�Iy² O��M �� G���

�.

��¡, d ∠MAB,∠ABC,∠ACB�¤��ê�, � ∠MAB = 2B−C, ¤±

∠MHA = ∠MAH = (2B − C) + (90◦ −B) = 90◦ +B − C.
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q

∠AHO = ∠AHB + ∠BHO = (180◦ − C) +B,

¤±

∠MHO = ∠AHO − ∠MHA = 90◦,

u´ O��M ��� OH2.

,��¡,dHA = HD� CH⊥AD� ∠ADC = A. Ón, ∠AEB = A,¤±

∠BDC = ∠BEC = 180◦ − A = ∠BHC,

u´ B,D,H,E,C Ê:��, �± O��%.

^ Pow(X) L«: X �� O ��. é�S�o>/ BDEC, Ù� AF 2 =

Pow(A) + Pow(F ), ¤±

OG2 =
1

2
(OA2 +OF 2)− 1

4
AF 2

=
1

2
(Pow(A) + Pow(F )) +OH2 − 1

4
AF 2

=
1

4
AF 2 +OH2 = AG2 +OH2.

u´ O�� G�� OG2 − AG2 = OH2.

� O��M �� G��þ� OH2.
 MAB = 25.23°

 ACB = 62.48°

 ABC = 43.78°

C' B'

K

N

S

O

A'

F E

D

A

B C

(2) ò� DA′, EA′ ©O�� O u: B′, C ′, d ∠ADA′ = ∠AEA′ = 90◦, �

BB′, CC ′´� O��».

é�S�8>/BEC ′CDB′^ Pascal½n�O,A′, F ��,¤±d ∠ASF =

90◦� OF⊥AK. qd ∠ANF = 90◦� AO⊥FK, ¤±K ´4AOF �R%.

é�S�o>/ BDEC ^ Brocard ½n, � K ´ DE � BC ��:, �

B,C,K ��. �
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µ5 (1). è²�¥±�~ÓÆ�Ñ,:N ÷v∠HNC = 3∠HBC,∠HNB =

3∠HCB, 3 2023c�KI[èÀo�Á18K¥�Ñy
ù�:.

(2). ìÀ�ÀE½1�¥Æ�µZ, À���N¥xú�, 25�¥o�©,

2²�ÆNá¥ÆÛ7
, 2²½Uà	I�Æ��w�, wÅ½1�Ê¥ÆBf

�, ÉÇ½Ô�¥Æ
fc, �â½�¥odp!�ª!4ð�, §²¥ÆMhã,

<�N¥
�S, uH���ÆNá¥Æ$fA, U9½1�¥ÆÜÊ+�ÓÆ�

�Ñ
�K��()�.

1nK �½��ê k. éu�^d k^�ã|¤�Øg��ò� (���ü

^�ãØ��), �Äz^�ã¤3���, ¦ù����^ê����.

(��N¥Æ) pÆ© øK)

) (�âøKö�)��n):

P

an = n

[
n− 1

2

]
+

3 + (−1)n

2
=


1
2
(n2 − n) + 1, n´Ûê

1
2
(n2 − 2n) + 2, n´óê

,

K {an}´4O���êê�, � a1 = 1, a2 = 2.

Pm = min
an≥k

n, ·�y²��^ê�����m.

� k = 1�m = 1, � k = 2�m = 2, (Øþw,¤á.

� k ≥ 3�, �ò�� P0P1 · · ·Pk, P0P1, P1P2, · · · , Pk−1Pk ¤3�ØÓ���

l1, l2, · · · , lx, Ù¥?ü^����:¡�(:.

ky² x ≥ m.

� x´Ûê�, Ï� P1, P2, · · · , Pk−1´pÉ�(:, ¤± k− 1 ≤ C2
x = ax− 1.

u´ ax ≥ k, � x ≥ m.

� x´óê�, d liþ�õk x− 1�(:, � P1P2, P2P3, · · · , Pk−2Pk−1¥�

õk
[
x−1
2

]
^3 liþ (��ü^ØÓ3 liþ). Ï� l1, l2, · · · , lx�¹ P1P2, P2P3, · · · ,

Pk−2Pk−1, ¤± k − 2 ≤ x · [x−1
2
] = ax − 2. u´ ax ≥ k, � x ≥ m.

2y²�3d k^�ã|¤�Øg��ò��m^���¹.

�I�E k = am���/.

� n´�u 2�óê.

� m = n − 1�, � A1, A2, · · · , An−1 ´� n − 1>/�º:, U_��ü�.

-�� li = AiAi+n
2
−1(1 ≤ i ≤ n− 1), eIU� n− 1n).
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é 1, 2, · · · , n
2
− 1¥� n

2
− 1ÓÛó� t, kòXeõ>/�>/þùÚ, Ù{

>/þçÚ:

Q1,1+tQ1+t,2Q2,2+tQ2+t,3 · · ·Qn−1,n−1+tQn−1+t,1,

Ù¥ Qi,j ´ li� lj ��:, �ò Qi,i�Ñ. P A1An
2
+1þl A1m©�1 2[n

4
]�:

� C, 2ò�ã A1C þ�ù�çp�.

d�ùÚ�ã=�÷v�¦�ò�£ØO�üà��ã¤, eã´m = 11�

�~f:

t2 = 11

A10

A9

A8

A7

A6

A5A2

A1

A11

A4A3

�m = n�, k��� l²1u ln
2
+1, � A2 ∼ An

2
 u l� ln

2
+1�m. 2ò l

_��^=����Ý���� ln.

� ln
2
+1 � ln �u: B1, 2é 2 ≤ k ≤ n

2
, �L Ak �ü^��� ln u:

B2k−2, B2k−1, ¦� B1, B2, · · · , Bn−13 lnþ^gü�.

3m = n− 1�Ä:þò AkQk−1,n
2
+k, AkQk,n

2
+k(2 ≤ k ≤ n

2
− 1)9 An

2
Qn

2
−1,1

/ç,òA1B1, Bn−3Bn−1, Bn−1An
2
9B2k−3B2k−2, AkB2k−2, AkB2k−1(2 ≤ k ≤ n

2
−1)

/ù.

d�ùÚ�ã=�÷v�¦�ò�£ØO�üà��ã¤, eã´ m = 8�

�~f:

B7B6B5B4B3B2B1

A7
A6

A5

A4

A3

A2

A1

nþ, ¤¦������ê n, ¦�

n

[
n− 1

2

]
+

3 + (−1)n

2
≥ k. �
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µ5 <�N¥
�S, uH���ÆNá¥Æ$fA, U9½1�¥ÆÜÊ

+, ô��âìp?¥Æ\Kw�ÓÆ��Ñ
�K��()�.

1oK ¦¤k�¼ê f : R→ R, ¦�é?¿¢ê x, y, þk

f(x3) + f(y3) = (f(x2)− f(xy) + f(y2))(f(x) + f(y)),

� f 3 (2, 3)þüN.

(þ°¥ÆÆ) 
	 øK)

) (�âúôÆ�©�¥ÆÂ	�ÓÆ�)��n):

P��§� P (x, y).

d P (0, 0)� f(0) = f(0)2, ¤± f(0) = 0½ 1.

dP (x, 0)� f(x3)+f(0) = f(x2)(f(x)+f(0));dP (x, x)� f(x3) = f(x2)f(x).

(Üüª� f(0) = f(x2)f(0).

���/// 1 f(0) = 1.

d� f(x2) = 1, ¤± f(x3) = f(x), �é?¿ x ≥ 0þk f(x) = 1. �£��

§�, f(x) + f(y) = (1− f(xy) + 1)(f(x) + f(y)), =

(f(x) + f(y))(f(xy)− 1) = 0.

- x > 0, y < 0�, f(y) = −1½ f(xy) = 1.

e�3 y < 0¦ f(y) 6= −1, Ké?¿ x > 0þk f(xy) = 1. dd�é?¿

y < 0þk f(y) = 1, ?
 f(x) ≡ 1.

eé?¿ y < 0þk f(y) = −1, K f(x) =

1, x ≥ 0

−1, x < 0

.

���/// 2 f(0) = 0.

d f(x3) = f(x2)f(x)� f(1) = f(1)2, ¤± f(1) = 0½ 1.

�/ 2.1 f(1) = 0�, d P (x, 1)�

f(x3) = (f(x2)− f(x))f(x) = f(x3)− f(x)2,

¤± f(x)2 = 0, = f(x) ≡ 0.

�/ 2.2 f(1) = 1�, d P (x, 1)�

f(x3) + 1 = (f(x2)− f(x) + 1)(f(x) + 1)

= f(x3) + f(x2)− f(x)2 + 1,

u´ f(x2) = f(x)2, l
 f(x3) = f(x2)f(x) = f(x)3, �é?¿ x ≥ 0 þk

f(x) ≥ 0.
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�£��§�,

f(x)3 + f(y)3 = (f(x)2 − f(xy) + f(y)2)(f(x) + f(y)),

=

(f(x) + f(y))(f(xy)− f(x)f(y)) = 0,

¤± f(x) + f(y) = 0½ f(xy) = f(x)f(y). (∗)

Ï� f(x2) = f(x)2, f(x3) = f(x)3, ¤±d f(x) 3 (2, 3) þüN, � f(x)

3 (4, 9), (8, 27), (16, 81), · · · þþüN. u´ f(x) 3 [5, 25] þüN, ?
 f(x) 3

[
√
5, 5], [ 4

√
5,
√
5], · · · þüN. � f(x)3 (1,+∞)þüN.

(1) �3 t > 1¦ f(t) = 0�, d f 3 [1,+∞)þ�K�üN, � f(x)3 (1, t]

þð� 0 ½3 [t,+∞) þð� 0. Ï� f(x2) = f(x)2, ¤±é?¿ x > 1 þk

f(x) = 0.

é 0 < x < 1, f( 1
x
) = 0. d (∗)� f(x) + f( 1

x
) = 0½ f(x)f( 1

x
) = f(1) = 1, ¤

±�U�cö� f(x) = 0.

3 (∗)¥- x < 0, y > 0, y 6= 1� f(x) = 0½ f(xy) = 0. é?¿ x, z < 0, x 6=

z, e f(x) 6= 0, K f(z) = f(x · z
x
) = 0. �� x < 0� f(x)�õk��Ø� 0.

d f(−1)2 = f(1) = 1� f(−1) = ±1, ¤± f(x) =

±1, x = −1

0, x < 0, x 6= −1
.

� f(x) =

1, x = ±1

0, x 6= ±1
½ f(x) =


1, x = 1

−1, x = −1

0, x 6= ±1

.

(2) é?¿ t > 1þk f(t) 6= 0�, é?¿ x, y > 1þk f(xy) = f(x)f(y).

- g(x) = ln f(ex), x > 0, K g(x+ y) = g(x) + g(y), �d f üN� güN. d

�Ü�§�nØ, ��3¢ê k¦ g(x) = kx, u´ f(x) = xk, x > 1.

é 0 < x < 1, d f(x)3 [0,+∞)þ�K9 (∗), � f(x)f( 1
x
) = f(1) = 1, ¤±

f(x) = xk, 0 < x < 1.

é x < 0, f(x)2 = f(x2) = x2k, ¤± f(x) = |x|k ½ −|x|k.

e�3 t, s < 0¦ f(t) < 0, f(s) > 0, K t 6= s.

3 (∗) ¥- x = t, y = s, d f(ts) > 0 > f(t)f(s) � f(t) + f(s) = 0, u´

(−t)k = (−s)k. ¤± k = 0, �� x > 0� f(x) = 1, � x < 0� f(x) = ±1.

3 (∗)¥- x < 0, y > 0� f(x) = −1½ f(xy) = f(x). 5¿ f(s) = 1, ¤±é

?¿ y > 0k f(sy) = f(s) = 1, AO� y = t
s
� f(t) = 1, gñ�
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l
� x < 0� f(x) = |x|k ½ f(x) = −|x|k.

� f(x) =

0, x = 0

|x|k, x 6= 0

½ f(x) =


0, x = 0

|x|k, x > 0

−|x|k, x < 0

.

nþ, ¤¦ f(x)k 7�: f(x) ≡ 0; f(x) ≡ 1; f(x) =

1, x ≥ 0

−1, x < 0

;

f(x) =

1, x = ±1

0, x 6= ±1
; f(x) =


1, x = 1

−1, x = −1

0, x 6= ±1

; f(x) =

0, x = 0

|x|k, x 6= 0

(k ∈ R);

f(x) =


0, x = 0

|x|k, x > 0

−|x|k, x < 0

(k ∈ R), þN´�y÷v��§. �

µ5 (1). �K¥�“üN”��´Øî�üN, kÓÆ�)û
î�üN��

/.

(2). §²¥ÆMhã, <�N¥
�S!���, U9½1�¥ÆÜÊ+�Ó

Æ��Ñ
�K��()�.
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