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K 1 (�*��, 2001) � x1, x2, · · · , x10 ´ [0, π
2
] þ�¢ê, ÷v

sin2 x1 + sin2 x2 + · · ·+ sin2 x10 = 1.

y²: 3(sinx1 + sinx2 + · · ·+ sinx10) ≤ cosx1 + cosx2 + · · ·+ cosx10.

©Û �K¿ØN´\Ã. g��'�:A´N�âU�)~ê 3 (�'ë

�´~ê 9). ùpu·�^ Cauchy Ø�ª, �ÑÛÜØ�ª5��8�.

y² é?¿���ê i(1 ≤ i ≤ 10), A^ Cauchy Ø�ª��

cosxi =
√

1− sin2 xi =

√∑
j 6=i

sin2 xj ≥
1

3

∑
j 6=i

sinxj.

Ïd
10∑
i=1

cosxi ≥
1

3

10∑
i=1

∑
j 6=i

sinxj = 3

(
10∑
i=1

sinxi

)
.

�

K 2 (x�Ûd, 2003)�Q1´Ø�u 1�knê�8Ü,¼ê f : Q1 → R

÷vé?¿ x, y ∈ Q1, þk

| f(x+ y)− f(x)− f(y) |< a,

Ù¥ a �,��¢ê. y²: �3¢ê q ¦�é¤k x ∈ Q1, þk

|f(x)

x
− q| < 2a.

ÂvFÏ: 2016-05-22.
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©Û k�Ä x ���ê n ��¹, ù�ßÿ q �1��Ð©¼ê� f(1)

´g,�. u´I��O |f(n) − nf(1)|, ù�A��^�©�{, r§^�

© f((k + 1)x)− f(kx) 5L«, 2é��^�B����~k^��©�Oª:

|f((k + 1)x)− f(kx)− f(x)| < a.

) kye¡'��Ún.

ÚÚÚnnn é?¿��ê n 9¤k� x ∈ Q1 k

|f(nx)− nf(x)| < (n− 1)a. (1)

¯¢þ, d^���

|f((k + 1)x)− f(kx)− f(x)| < a,

Ïd

|f(nx)− nf(x)| =
∣∣∣∣ n−1∑
k=1

(
f((k + 1)x)− f(kx)− f(x)

)∣∣∣∣
<

n−1∑
k=1

a = (n− 1)a.

£££������KKK. 3 (1) ¥- x = 1, ��

nf(1)− (n− 1)a ≤ f(n) ≤ nf(1) + (n− 1)a. (2)

23 (1) ¥- x = m
n
≥ 1, ��

nf
(m
n

)
− (n− 1)a ≤ f(m) ≤ nf

(m
n

)
+ (n− 1)a. (3)

(Ü (2) Ú (3) ��

mf(1)− (m+ n− 2)a ≤ nf
(m
n

)
≤ mf(1) + (m+ n− 2)a. (4)

ò (4)ü>ÓØ±m, ¿- x = m
n
, q = f(1), Kk∣∣∣∣f(x)

x
− q
∣∣∣∣ ≤ (1 +

1

x
− 2

m

)
a <

(
1 +

1

x

)
a ≤ 2a.

�

K 3 � x1, x2, · · · , xn ´¢ê, Pmij = xj − xi, 1 ≤ i < j ≤ n. y²:∑
1≤i<j≤n

mij(1−mij) ≤
n2 − 1

12
.

ù�¯K´)öJø� 2012 cI[8ÔèÀo�Á�ýÀK.

©Û 5¿�Ø�ª��>±��/ªÑy, Ïd§´'u²£C�ØC

www.nsmath.cn 2



�, =ò¤k� xi ^ xi + t (t ´,�¢ê) 5O�, Ø�ªØC. �·���
n∑
i=1

xi = 0. ù¡��/8"0. �K���'�E|´ÌÄ^8"�ª��L

�ª¥��g·Ü�.

y² 5¿�Ø�ª´3C��²£C�eØC�, ÏdØ��
n∑
i=1

xi = 0, (1)

ÄK�ò¤k� xi ^ xi − 1
n

n∑
i=1

xi 5O�. ù�, d (1) ��

∑
1≤i<j≤n

mij(1−mij) =
∑

1≤i<j≤n

mij(1−mij)−

(
n∑
i=1

xi

)2

=
n∑
i=1

(2i− n− 1)xi − n
n∑
i=1

x2i

=
n∑
i=1

(
−n
(
xi −

2i− n− 1

2n

)2

+
(2i− n− 1)2

4n

)

≤
n∑
i=1

(2i− n− 1)2

4n
=
n2 − 1

12
.

�

K 4 ( Murray Klamkin, Crux Math.) � x1, x2, · · · , xn( n ≥ 3) ´�K¢

ê, ÷v x1 + x2 + · · ·+ xn = 1. ¦

F = x21x2 + x22x3 + · · ·+ x2nx1

����.

©Û Äk·�5ßÿ�U����:. � n = 3 �, �U����:A�

´n�: (1
3
, 1
3
, 1
3
), (1, 0, 0), (2

3
, 1
3
, 0). ÏL}Á´uy31n�?���, AT´

���:. ù�é��� n, ·�g,ßÿ F ����:´(2
3
, 1
3
, 0, · · · , 0) ½§

�?¿��Ó�, éA����´ 4
27
.

y3}Á^8B{y². kü:��5¿: Ù�, ùp�L�ª´Ó�é¡

�, ÏdØUò¤kC�üS, ��^`zb�, =�½��C�; Ù�, Ï��

U�����:3>.þ, �½�k/N�0��{.

�K�ý�J:´ n = 3 �y², Q�qN���{,q�g�N�/ï

�0ò¯K{z.

) ·�=Ly² F ≤ 4
27
.

k�Ä n = 3 ��¹. �{üå�, òù«�¹^ÚnLã.
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ÚÚÚnnn � a, b, c´�K¢ê,¦� a+ b+ c = 1, K

a2b+ b2c+ c2a ≤ 4

27
.

¯¢þ, Ø�� a = max(a, b, c), 5¿� (a + c
2
) + (b + c

2
) = 1, ·�F"y

²e¡�Ø�ª

a2b+ b2c+ c2a ≤
(
a+

c

2

)2 (
b+

c

2

)
. (1)

¯¢þ, (1) �dü�²w�Ø�ª abc ≥ b2c 9 a2c
2
≥ c2a

2
á=íÑ.

qd�â)AÛ²þ�Ø�ªk(
a+ c

2

2

)2 (
b+

c

2

)
≤ 1

27

(
a+ c

2

2
+
a+ c

2

2
+ b+

c

2

)3

=
1

27
. (2)

(Ü(1) Ú(2) á�Ún¥�y�Ø�ª.

£££������KKK.

é n ^8B{. dÚn� n = 3 (Ø¤á. b�(Øé n − 1 ¤á, y�

Ä n��¹. Ø�� x3 = max{x1, x2, · · · , xn}, K

x21x2 + x22x3 + · · ·+ x2nx1 ≤ (x1 + x2)
2x3 + x23x4 + · · ·+ x2n(x1 + x2). (3)

2é x1 + x2, x3, · · · , xn ^8Bb�k

(x1 + x2)
2x3 + x23x4 + · · ·+ x2n(x1 + x2) ≤

4

27
. (4)

(Ü(3) Ú(4) á�(Øé n ¤á.

,��¡, � (x1, x2, x3, · · · , xn) = (2
3
, 1
3
, 0, · · · , 0), � F = 4

27
. � F ���

�� 4
27

. �

K 5 (�� TST, 2005) ¦¤k��ê n ≥ 3 ¦�éu?¿ n ��ê

a1, a2, · · · , an, �3����êMn, ÷vØ�ª

a1 + a2 + · · ·+ an
n
√
a1 a2 · · · an

≤Mn

(
a2
a1

+
a3
a2

+ · · ·+ an
an−1

+
a1
an

)
.

©Û ���Ð�Á�S�´)û�K�'�. �'S� {k, k2, · · · , kn} ´

���Z�ÀJ, ù´Ï�� n ���, �>´Cz´/¯�0� (=��5

�), 
m>A�´�5�, ù�÷v�¦���êMnØ�U�3.

) ky²� n ≥ 4 �, ÷v�¦���êMn Ø�3. eØ,, 3K¥�

Ø�ª¥, � a1 = k, a2 = k2, · · · , an = kn ��

k + k2 + · · ·+ kn

n
√
k k2 · · · kn

≤Mn

(
(n− 1)k +

1

kn−2

)
. (1)
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5¿�
k + k2 + · · ·+ kn

n
√
k k2 · · · kn

>
kn

k
n+1
2

= k
n−1
2 ,

ù�d (1) ��

k
n−3
2 ≤Mn

(
(n− 1) +

1

kn−1

)
. (2)

5¿� n ≥ 4, 3 (2) ¥- k → +∞, B��>ª�uÃ¡�, 
m>ª�

uMn(n− 1), gñ!

2y²� n = 3 �, ÷v�¦���êM3 �3, XM3 = 3 Ò÷v�¦.

é?¿��¢ê a1, a2, a3, P

M =
a2
a1

+
a3
a2

+
a1
a3
,

Kd a2
a1
, a3
a2
, a1
a3
þ�uM , ��

a2 >
1

M
a3, a1 >

1

M
a2 >

1

M2
a3. (3)

Ø�� a3 = max(a1, a2, a3), Kd (3) ��

a1 + a2 + a3
3
√
a1 a2 a3

<
3a3

3

√
1
M2a3 · 1

M
a3 · a3

= 3M,

ùÒ´¤�y²�.

nþ, ¤¦� n = 3. �

K 6 ¦���¢ê λ, ¦�é?¿�n�Eê z1, z2, z3 ∈ {z ∈ C||z| < 1},

e z1 + z2 + z3 = 0, K

|z1z2 + z2z3 + z3z1|2 + |z1z2z3|2 < λ.

ù�¯K´ 2016 cI[8Ôè�ÿÁÁK, X)öJø.

) 1 Ø�� |z1| = max{|z1|, |z2|, |z3|} > 0. P u = z2
z1
, v = z3

z1
, K

|u| ≤ 1, |v| ≤ 1, u+ v = −1. (1)

d (1) � u, v �¢Üþ3«m [−1, 0]¥, �Ú�−1, �Ø�� u = −a + bi,

Ù¥ 0 ≤ a ≤ 1
2
, b ∈ R, K v = −1 + a− bi. 2d |v| ≤ 1 �

b2 ≤ 2a− a2 (2)

dO�´�

uv = x+ yi,

5 êÆ#(�



Ù¥ x = a(1− a) + b2, y = b(2a− 1). Ïd

|z1z2 + z2z3 + z3z1|2 + |z1z2z3|2

= |z1|4 · |u+ uv + v|2 + |z1|6 · |uv|2

< |u+ uv + v|2 + |uv|2

= | − 1 + x+ yi|2 + |x+ yi|2 = 2(x2 + y2 − x) + 1

= 2
(
(a(1− a) + b2)2 − a(1− a)− b2 + b2(2a2 − 1)2

)
+ 1

= 2
(
(b2 − a(1− a))2 − a(1− a)

)
+ 1. (3)

d (2) �, −a ≤ b2 − a(1− a) ≤ a, ¿5¿� 0 ≤ a ≤ 1
2
, ��

(b2 − a(1− a))2 ≤ a2 ≤ a(1− a). (4)

�Ü (3) Ú (4) ��

|z1z2 + z2z3 + z3z1|2 + |z1z2z3|2 < 1.

ùL² λ ����Ø�L 1.

,��¡, é?¿ r(0 < r < 1), � (z1, z2, z3) = (r,−r, 0), �� λ > r2, -

r → 1, �� λ ≥ 1.

�¤¦����¢ê λ � 1. �

) 2 � a = |z1|2, b = |z2|2, c = |z3|2, K

|z1z2 + z2z3 + z3z1|2 + |z1z2z3|2

= (z1z2 + z2z3 + z3z1)(z1z2 + z2z3 + z3z1) + abc

= ab+ bc+ ca+
∑
|z1|2(z2z3 + z3z2) + abc

= ab+ bc+ ca+
∑
|z1|2(|z2 + z3|2 − |z2|2 − |z3|2) + abc

= ab+ bc+ ca+
∑

a(a− b− c) + abc

= a2 + b2 + c2 − ab− bc− ac+ abc

= (a− 1)(b− 1)(c− 1) + 1 < 1

dþ¡Ø�ª����Ú�wÑ,� a, b, c ¥k��ªu 1 �, ¤ïÄ�L�ª

ªu 1, ù`²~ê 1 ´�Z�. �

µ5 ) 1 ��{´k^���g�rn�C�¯K=z¤ü�C�¯

K, ,�^^��½ÐEC��L�/ª,l
òEC�¯K=z¤¢C�¯

K?1O�. ) 2 ´A 8Ôèè
�){, �{�'�´kïÄ¤kC�

www.nsmath.cn 6



Ñ´¢ê�, AN�5y²(Ø? ù�Ò�uy��¢ê�ð�ª, Eê�

¹��þ����. �´L§¥�^þEê��ü�~^úª: |z|2 = zz

9 |z1 + z2|2 = |z1|2 + |z2|2 + z1z2 + z2z1.

K 7 (Titu Andreescu, Gabriel Dospinescu [1])�¢ê x1, x2, · · · , xn ∈ (0, 1).

é {1, 2, · · · , n} �?¿��ü� σ, y²:

n∑
i=1

1

1− xi
≥

(
1 +

1

n

n∑
i=1

xi

)(
n∑
i=1

1

1− xixσ(i)

)
.

©Û 5¿�m>�1��Úª��� 1
n

n∑
i=1

(1 + xi) , g,é��{ü�'

Xª
1

1− xi
= (1 + xi) ·

1

1− x2i
XJ·�*	� {1 + xi} Ú { 1

1−x2i
} ´ü�ÓS�¢ê|, Bg,é���'È

ÅØ�ª. ÏdXJ·�Uy²
n∑
i=1

1

1− xixσ(i)
≤

n∑
i=1

1

1− x2i
,

B�^�'ÈÅØ�ª��8I.

) � y1, y2, · · · , yn ´ x1, x2, · · · , xn ���ü�, Kd�â)AÛ²þ�

Ø�ª¿5¿����©~^�Ø�ª 1
x+y
≤ 1

4x
+ 1

4y
, ·�k

n∑
i=1

1

1− xiyi
≤

n∑
i=1

1

1− x2i+y
2
i

2

= 2
n∑
i=1

1

1− x2i + 1− y2i

≤
n∑
i=1

(
1

2(1− x2i )
+

1

2(1− y2i )

)
=

n∑
i=1

1

1− x2i
.

Ïd, �y�K�Ø�ª, ·�=Ly²

n∑
i=1

1

1− xi
≥ 1

n

(
n∑
i=1

(1 + xi)

)(
n∑
i=1

1

1− x2i

)
. (1)

(1) �y²´ØJ�. ¯¢þ, Ø�� 0 ≤ x1 ≤ x2 ≤ · · · ≤ xn ≤ 1 K

1 + x1 ≤ 1 + x2 ≤ · · · ≤ 1 + xn,

7 êÆ#(�



�
1

1− x21
≤ 1

1− x22
≤ · · · ≤ 1

1− x2n
.

ù���A^�'ÈÅØ�ªBá� (1). �

K 8 (M. Kurylo, World Math.) � {Fn} ´�� Fibonacci ê�: F1 =

F2 = 1, Fn+2 = Fn+1 + Fn. y²: é?¿ x ∈ R, n ≥ 2 þk
n∑
k=1

Fk|x− k| ≥ Fn+2 + Fn − n− 1.

Äk, ·�k7�£Á�e©ã�5¼ê f(x) =
n∑
i=1

ki|x− ai| �Ä�5�,

��kü�(Ø´~^�:

1) � a1 ≤ a2 ≤ · · · ≤ an, ¼ê f(x) =
n∑
i=1

|x− ai|, K� n = 2k+ 1 �, f(x)

����:� ak+1, Ù����
n∑

i=k+2

ai−
k∑
i=1

ai; � n = 2k �, «m [ak, ak+1] þ

�z��:þ� f(x) ����:, Ù����
n∑

i=k+1

ai −
k∑
i=1

ai.

2) � a1 ≤ a2 ≤ · · · ≤ an, 
 k1, k2, · · · , kn Ñ´�¢ê, K¼ê f(x) =
n∑
i=1

ki|x− ai| ����3 x = ai0+1 ��, Ù¥� i0 ´÷v

k1 + k2 + · · ·+ ki ≤ ki+1 + ki+2 + · · ·+ kn

�����ê i.

y² d Fibonacci ê� {Fn} ���Í¶5�

F1 + F2 + · · ·+ Fn = Fn+2 − 1

��

F1 + F2 + · · ·+ Fn−2 − Fn−1 − Fn = −Fn−1 − 1 < 0.

Ïd

F1 + F2 + · · ·+ Fn−2 < Fn−1 + Fn.

�w,

F1 + F2 + · · ·+ Fn−2 + Fn−1 > Fn.

�¼ê f(x) =
n∑
k=1

Fk|x− k| �����

f(n− 1) = (n− 2)F1 + · · ·+ Fn−2 + Fn.

www.nsmath.cn 8



2^êÆ8B{´y²

(n− 2)F1 + · · ·+ Fn−2 + Fn = Fn+2 + Fn − n− 1.

ù�B��
·��y�Ø�ª. �

Ö5 þ~^�
©ã�5¼ê�Ä�5� 2). ùp20�Ä�5� 1)�

��A^.

~ � a1, a2, · · · , a2n+1 (n ≥ 1)´Ú� 0� 2n+ 1�¢ê, y ´¼ê f(x) =
2n+1∑
i=1

|x− ai| ����:. y²:

y ≤ 1

2(n+ 1)

2n+1∑
i=1

|ai|.

y² Ø�� a1 ≤ a2 ≤ · · · ≤ a2n+1, K y = an+1. Ïd, ·�=Ly²

an+1 ≤
1

2(n+ 1)

2n+1∑
i=1

|ai|. (1)

XJ an+1 ≤ 0, K (1) w,¤á. ÏdØ��

a1 ≤ · · · ≤ ak < 0 ≤ ak+1 ≤ · · · ≤ an+1 ≤ · · · ≤ a2n+1.

ù�d^� a1 + a2 + · · ·+ a2n+1 = 0 ��

2n+1∑
i=1

|ai| = −a1 − · · · − ak + ak+1 · · ·+ an+1 + · · ·+ a2n+1

= 2(ak+1 · · ·+ an+1 + · · ·+ a2n+1)

≥ 2(an+1 + · · ·+ a2n+1) ≥ 2(n+ 1)an+1

ùÒ´�y�Ø�ª (1). �

K 9 (Gabriel Dospinescu [1]) � n ≥ 2 ´�ê, ¦����¢ê mn Ú�

���¢êMn ¦�é?Û�¢ê x1, x2, · · · , xn k

mn ≤
n∑
i=1

xi
xi−1 + 2(n− 1)xi + xi+1

≤Mn.

Ù¥x0 = xn, xn+1 = x1.

©Û Äkßÿmn ÚMn �9�A��U4�:. �Cþ��¹´`k�

Ä�: � x1 = x2 = · · · = xn �, Úª���u 1
2
. ù´�U�����´��

�Q? 2� n = 3, x1 = x2 = 1, x3 = 0. ù�Úª��´ 2
5
< 1

2
. ù`²�Cþ

?�U�����, ½=ßÿMn = 1
2
.

9 êÆ#(�



y3�U���e.g,Aßÿ3 x1 = 1, x2 = ε, · · · , xn = εn−1 � ε → 0

���, ù´Ï� (1, ε, · · · , εn−1) → (1, 0, 0, · · · , 0) , 
�ö´��AÏ�>.

:)º:. ù�mn��Ò�U�u
1

2(n−1) .

) P S =
n∑
i=1

xi
xi−1+2(n−1)xi+xi+1

. ��)�L§©üÜ©:

1) ky² S ��`e.´ 1
2(n−1) .

¯¢þ,5¿�e¡w,�Ø�ª

xi−1 + 2(n− 1)xi + xi+1 ≤ 2(n− 1)

(
n∑
i=1

xi

)
, i = 1, 2, · · · , n.

·�k

S ≥
n∑
i=1

xi

2(n− 1)

(
n∑
i=1

xi

) =
1

2(n− 1)
.

,��¡, � x1 = 1, x2 = ε, · · · , xn = εn−1, ù� S ���u

1

εn−1 + 2(n− 1) + ε
+

(n− 2)ε

1 + 2(n− 1)ε+ ε2
+

εn−1

εn−2 + 2(n− 1)εn−1 + 1
.

2- ε→ 0, K S → 1
2(n−1) .

ùÒ`²
 1
2(n−1) ´ S ���e., =mn = 1

2(n−1) .

2) 2y² S ����´ 1
2
.

�dI���Ún:

ÚÚÚnnn (ÛêZæTST, 1999)��¢ê a1, a2, · · · , an ÷v a1a2 · · · an = 1,K

1

n− 1 + a1
+

1

n− 1 + a2
+ · · ·+ 1

n− 1 + an
≤ 1.

Úny² P r = 1− 1
n
. d�âöAÛ²þ�Ø�ªÚ^���

ar1 + · · ·+ ari−1 + ari+1 + · · ·+ arn ≥ (n− 1)a
− 1

n
i .

Ïd
n∑
i=1

ai
n− 1 + ai

=
n∑
i=1

ari

(n− 1)a
− 1

n
i + ari

≥
n∑
i=1

ari
ar1 + ar2 + · · ·+ arn

= 1.

ù�duÚn¥�y�Ø�ª.

£££������KKK. P ai =
√
xi−1···xi+1

xi
, K a1a2 · · · an = 1.

ù�dÚnB�

2S ≤
n∑
i=1

2xi
2
√
xi−1 · xi+1 + 2(n− 1)xi

=
n∑
i=1

1

n− 1 + ai
≤ 1.

www.nsmath.cn 10



� S ≤ 1
2
. q� x1 = x2 = · · · = xn �, S = 1

2
. ¤±Mn = 1

2
. �

K 10 (Kober ØØØ���ªªª) � a1, a2, · · · , an ´�¢ê, y²:

(n− 1)
n∑
i=1

a2i + n(a1a2 · · · an)
2
n ≥

(
n∑
i=1

ai

)2

.

©Û �úw�·� (a1a2 · · · an)
2
n �Ø´?n, u´·�Ò^àg5r

§/Û0�, �� a1a2 · · · an = 1. 25¿��¯K��Ò^�¿Ø��, X

� a1 = a2 = · · · = an ½Ù¥k��� 0,Ù{ n− 1 �þ����Ò¤á. ù�

¨^N�{. �«�~Ün�N�üÑ´: �½��C�, rÙ§�ÑN��

�. duN�L§I�eZÚ, Ïd(Ü^8B{�¦¯K��{z.

) 1 dàg5,Ø�� a1a2 · · · an = 1. ù��yØ�ª=z�

f(a1, a2, · · · , an) =

(
n∑
i=1

ai

)2

− (n− 1)
n∑
i=1

a2i − n ≤ 0.

yé n ^8B{.

� n = 1, 2 �, (Øw,¤á.

b�(Øé n− 1 ¤á, ey(Øé n ¤á.

Ø�� a1 = min{a1, a2, · · · , an}, ¿P G = n−1
√
a2 · · · an. ù��y

f(a1, a2, · · · , an) ≤ 0.

·��Ly²

f(a1, a2, · · · , an) ≤ f(a1, G, · · · , G), (1)

Ú

f(a1, G, · · · , G) ≤ 0. (2)

ky (1): ´� (1) ��d��

(n− 1)
n∑
i=2

a2i −

(
n∑
i=2

ai

)2

≥ 2a1

(
n∑
i=2

ai − (n− 1)G

)
. (3)

5¿�

a1 ≤ G,

n∑
i=2

ai ≥ (n− 1)G,

�y (3), ·�=Ly²

(n− 1)
n∑
i=2

a2i −

(
n∑
i=2

ai

)2

≥ 2G

(
n∑
i=2

ai − (n− 1)G

)
. (4)
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du (4) 'u a2, · · · , an ´àg�, ÏdØ�� G = 1.

ù��yØ�ª (4) Ò�du

(n− 2)
n∑
i=2

a2i −

(
n∑
i=2

ai

)2

+ (n− 1) ≥ 2
n∑
i=2

ai −
n∑
i=2

a2i − (n− 1). (5)

yé a2, · · · , an ^8Bb�� (5) ��>�u�u 0, ��y (5), ·��L

y²

2
n∑
i=2

ai −
n∑
i=2

a2i − (n− 1) ≤ 0.

ù�du
n∑
i=2

(ai − 1)2 ≥ 0.

§´w,¤á�,� (1) �y.

2y (2):

Ï� a1a2 · · · an = 1, ¤± a1 = 1
Gn−1 . ù�´� (2) �du

n− 2

G2n−2 + n ≥ 2n− 2

Gn−2 . (6)

¯¢þ, d�â)AÛ²þ�Ø�ª, ·�k

n− 2

G2n−2 + n =
1

G2n−2 + · · ·+ 1

G2n−2︸ ︷︷ ︸
n−2

+ 1 + · · ·+ 1︸ ︷︷ ︸
n

≥ (2n− 2)
2n−2

√(
1

G2n−2

)n−2
· 1n =

2n− 2

Gn−2

(6) �y, l
 (2) �y. �

) 2 (555[[[»»») dàg5,Ø�� a1a2 · · · an = 1. ù��yØ�ª=z�

g(a1, a2, · · · , an) = (n− 1)
n∑
i=1

a2i + n−

(
n∑
i=1

ai

)2

≥ 0.

yé n ^8B{.

� n = 1, 2 �, (Øw,¤á.

b�(Øé n− 1 ¤á, ey(Øé n ¤á. Ø�� a1 ≥ a2 ≥ · · · ≥ an.

e an ≥ 1, K7k a1 = a2 = · · · = an = 1. d�(Øw,¤á. e¡�L�

Ä an < 1 ��¹.

a)e an−1 ≥ 1, K ai ≥ 1, i = 1, 2, · · · , n− 1.

d Cauchy Ø�ª��

(n− 1)(a21 + a22 + · · ·+ a2n) ≥ (a1 + a2 + · · ·+ an−1)
2.
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ù��y(Øé n¤á, �Ly²:

n− 2

2
a2n +

n

2
≥ an(a1 + a2 + · · ·+ an−1). (6)

¯¢þ, d2Â�ãpØ�ªk

a1 + a2 + · · ·+ an−1 ≤ a1a2 · · · an−1 + n− 2 =
1

an
+ n− 2.

�

an(a1 + a2 + · · ·+ an−1) ≤ 1 + (n− 2)an

≤ 1 +
n− 2

2
(a2n + 1)

=
n− 2

2
a2n +

n

2
,

(6) �y.

b)e an−1 < 1, ·�äóe¡ü�Ø�ª (7) Ú (8) ��k��¤á.

g(a1, a2, · · · , an) ≥ g(a1an, a2, · · · , an−1, 1); (7)

g(a1, a2, · · · , an) ≥ g(a1, a2, · · · , an−1an, 1). (8)

¯¢þ, (7) �du

(n−1)(1−a21)(1−a2n) ≤ (1−a1)(1−an) {(1 + a1)(1 + an) + 2(S − a1 − an)} , (9)

Ù¥ S =
n∑
i=1

ai.

5¿� a1 ≥ 1 ≥ an, z{ (9) � (7) �du

n− 2

2
(1 + a1)(1 + an) + a1 + an ≥ S. (10)

Ón (8) �du

n− 2

2
(1 + an−1)(1 + an) + an−1 + an ≤ S. (11)

Ï (10) ª�>w,Ø�u (11) ª�>, � (10) Ú (11) ¥��k��¤á,

ù�y²
 (7) Ú (8) ¥��k��¤á.

d (7) Ú (8) ¥��k��¤á, `²�3¦È� 1 � n − 1 ��¢

ê b1, b2, · · · , bn−1 ¦�

g(a1, a2, · · · , an) ≥ g(b1, b2, · · · , bn−1, 1).

y3·��Ly² g(b1, b2, · · · , bn−1, 1) ≥ 0, ½=

(n− 1)
n−1∑
i=1

b2i + 2n− 1 ≥

(
n−1∑
i=1

bi + 1

)2

. (12)

13 êÆ#(�




d8Bb�, ·�k

(n− 2)
n−1∑
i=1

b2i + n− 1 ≥

(
n−1∑
i=1

bi

)2

. (13)

ù��y (12), �Ly²

n−1∑
i=1

b2i + n− 1 ≥ 2
n−1∑
i=1

bi,

ù�du
n−1∑
i=1

(bi − 1)2 ≥ 0, w,¤á. � (12) ¤á.

nþ, `²(Øé n ¤á. �

Ö5 �K¥�Ø�ªk
©zþq� Turkevici Ø�ª. ·�ùp�¤±

�§ Kober Ø�ª, ��¡´÷^5)ÛØ�ª6(D.S. �A|ì�ÛÍ, ¥È

�, �ÆÑ��, 1987) �Ö��{, ,��¡´5¿� Kober 3¦�@�©Ù

(ru Proc. Amer. Math. Soc. 9, 1958) ¥JÑ
�â)AÛ²þ�Ø�ª�

��\r/ª (�K��d/ª), CÏ�A^�p�AÛØ�ª�­½5ïÄ

¥.

Kober Ø�ª���í2´e¡� Surányi Ø�ª:

� a1, a2, · · · , an ´�¢ê, K

(n− 1)
n∑
i=1

ani + n
n∏
i=1

ai ≥

(
n∑
i=1

ai

)(
n∑
i=1

an−1i

)
.

�C, M.Bencze ?�Úr Surányi Ø�ªØ�ªí2�
à¼ê, ¦�(

J�Lã�:

� a1, a2, · · · , an ´«m I þ��¢ê, f Ú f ′ Ñ´ I þ�à¼ê, K

(n− 1)
n∑
i=1

f(ai) + nf

(
1

n

n∑
i=1

ai

)
≥

∑
1≤i,j≤n

f

(
(n− 1)ai + aj

n

)
.

e¡5w�
|Ü¯K.

K 11 (�¥¢½ém, 2015) yk 15 �Ú� 0 ���ê, Ù¥�õk��

� 0. y3�Ü�þ�Ñù
ê�¤k 7 �f8���Ú, ,�Ü�þ�Ñ¤

k 8 �f8����Ú. ¯üÜ�þ�Ñ�Úê�N´Ä�U���Ó, �)

�ê�Ñygê?

©ÛÚ) �Ä������Ú� 0 � 2n + 1 �8Ü X, §�¤k n �

f8�¤�8xP� F1, §�¤k n + 1�f8�¤�8xP� F2. é?¿�
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� n�f8 A ∈ F1, A �Ö8 X \ A ∈ F2 , A �¤k���Ú�Ö8 X \ A �

���Ú� 0.

Ïd·�� X ´'u�:é¡�8Ü (= X = −X), K −(X \ A) E,á

u F2, � A Ú −(X \A) ����Ú��. ù�N� A→ −(X \A) ´ F1 Ú F2

þ�����N�, l
ü|Úê���Ó. �

K 12 (:ß|, 2011) à 2011 >/÷v?¿o:Ø��,Lzn�º:�

���. eõ>/k3�	�º:, K¡d��/Ê�0, ��, K¡�/


�0. ¯
�ÚÊ�=�õ?

©ÛÚ) éù 2011 �º:¥�?¿o: A,B,C,D. Ø��

∠A+ ∠C < 180◦.

ù�, : C 3 4ABD �	��	, 
: A 3 4BCD �	��	. ù`²

d A,B,C,D. (½� 4 ��¥��k 2 �Ê�. �Ê��êØ�u
��ê.

e¡?�Úy²Ê��êØ�u
��ê.

eÊ��ê�u
��ê, P� a. duù 2011�º:�(½ C4
2011 �o:

|,l
�(½ 4C4
2011 ��,
?Û��n:|(½��Ñy3 2011−3 = 2008

�o:|¥, �

a =
1

2
· 4C4

2011

2008
.

�ùØ´�ê, gñ!

nþB�Ê�ê�u
�ê. �

K 13 ��ê n ≥ 2, X = {a1, a2, · · · , an},Ù¥ ai ´��ê,� ai ≥ n, i =

1, 2, · · · , n+ 1. y²: �3 1 ≤ i 6= j ≤ n+ 1 ¦� [ai, aj] > n2.

©Û �y���35�Ø�ª, ��^ÄT�n. � ai ´Ã.�, Ïd�

�ê, ù� 1
ai
C¤k.þ
, l
�B�EÄT.

y² Ø�� a1 > a2 > · · · > an+1 ≥ n, K

0 <
1

a1
≤ 1

ai
≤ 1

n
, i = 1, 2, · · · , n+ 1.

yò«m [ 1
a1
, 1
n
] �©¤ n ��«m, Kz��«m��Ý�u 1

n2 .

XJ�3 ai (2 ≤ i ≤ n+ 1) ¦� 1
ai
á3%���«mS, Kk

0 <
1

ai
− 1

a1
<

1

n2
.
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XJ¤k ai (2 ≤ i ≤ n+ 1) ¦� 1
ai
þØá3%���«mS, KdÄT�

n��3 2 ≤ i < j ≤ n+ 1, ¦�

0 <
1

aj
− 1

ai
<

1

n2
.

ù�, Ø+´=«�¹, o�3 1 ≤ i < j ≤ n+ 1, ¦�

0 <
1

aj
− 1

ai
<

1

n2
. (1)

Ï�é?¿��ê a, b k ab = (a, b)[a, b], �d (1) ��

0 <

ai−aj
(ai, aj)

[ai, aj]
<

1

n2
. (2)

q5¿�
ai−aj
(ai, aj)

´��ê, �d (2) á� [ai, aj] > n2. �

K 14 (��éÁ-E, 1987) � {an} ´4O���êS�, a1 = 1, �é

?¿��ê n k an+1 ≤ 2n. y²:?ÛØ�u 2 ��êÑ�L«� ai + aj �/

ª,Ù¥ i �±�u j.

©Û 5¿é4O (ùpþ�î�4O) ���êS� {an}, eTS�¥�

u k ��ê�õ�m �,K am+1 ≥ k. ù´�êlÑ5��«Ly.

y² ^�y{. b�(ØØ¤á, K�3 k > 2 Ã{L� ai + aj �/ª.

1)� k �Ûê�, êé (1, k − 1), (2, k − 2), · · · , (k−1
2
, k+1

2
) �z�|ê¥,

Ñ�õk��3S� {an} ¥, �S� {an} ¥�u k ��õk k−1
2
�.

2)� k �óê�, êé (1, k − 1), (2, k − 2), · · · , (k
2
− 1, k

2
+ 1) �z�|ê

¥, Ñ�õk��3S� {an} ¥, 
 k
2
�ØUáu {an}¥. �S� {an} ¥�

u k ��õk k
2
− 1 �.

nþ, S� {an} ¥�u k ��õk bk−1
2
c �. �

ab k−1
2
c+1 ≥ k.

�

ab k−1
2
c+1 ≤ 2

⌊
k − 1

2

⌋
≤ k − 1,

gñ! ù`²é?Û�u 2 ��ê�L� ai + aj �/ª, q 2 = a1 + a1, �é

�� k ≥ 2 ��ê(Ø¤á. �

K 15 (�K, 2012)¦¤k��êS� {an}, ¦�é?¿ i ≤ j þk ai ≤ aj

�é?¿���ê i, j, i+ j ��Ïê�ê� ai + aj ��Ïê��ê��.
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©Û ég,ßÿg,êS� n ´÷v^�����S�. 5¿� a1 = 1,

XJ·�Uy² {an} î�4O�3��Ã¡fS�þ�z����ueI�

IÒê, K·�Òy²
 an = n.

) Äky² {an} î�4O.

eØ,, b��3��ê i ¦� ai = ai+1. � j = p − i, Ù¥ p ´���

u i + 1 ��ê. ù�d i + j ´�ê� ai + aj �´�ê. Ï� ai = ai+1, ¤

± ai+1 +aj �´�ê,l
 i+1+ j �´�ê. ù�·�é�
��ü�ê i+ j

Ú i+ 1 + j þ´�ê, gñ!

2y an = n.

w, a1 = 1.� i = j = 2p−2,Ù¥ p´Ø�u 3��ê,K i+j = 2i = 2p−1

��Ïê��ê� p. � ai + aj = 2ai ��Ïê��ê�� p. ù�, 2ai 7L

�u 2p−1. � a2p−2 = 2p−2. ù`²ü�î�4O���êS� an Ú {n} �Ä

���, �3��Ã¡fS� {2p−2} þ��éA��. �é¤k��ê n þ

k an = n. �

K 16 (��éI[èg-E, 1985) 3Ã¡����þIÑ
 n ���,¡

ü����/���0, XJ§�äkú�>½ú�º:. y²: �±l¤IÑ

���¥]ÀÑ k ≥ n
4
���, ¦�§��¥?Ûü�ÑØ��.

y² ²¡þ�z���^�: (x, y) ∈ Z2 L«. ò²¡þ��:©y¤

Xe�o�8Ü:

A00 = {(x, y) | x, y ≡ 0, (mod 2)}

A10 = {(x, y) | x ≡ 1, y ≡ 0 (mod 2)}

A01 = {(x, y) | x ≡ 0, y ≡ 1 (mod 2)}

A11 = {(x, y) | x, y ≡ 1 (mod 2)},

Kùo�8Ü¥�z�8Ü¥�:éA���üüØ��.

�IÑ���8� S, K ⋃
0≤i,j≤1

(Aij ∩ S) = S.

�7k�� Aij (i, j ∈ {0, 1} ¦�

|Aij ∩ S| ≥
|S|
4

=
n

4
.
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Ïd� Aij ∩ S ¥���÷v�¦. �

K 17 (l��æ, 2012)�K ´²¡���IXþ��:8. ¯: ´Ä�3

V� f : N∗ → K, ¦�é?¿� a, b, c ∈ N∗, e (a, b, c) > 1, K f(a), f(b), f(c)

Ø��?

�K�^�:8´����8 (Ï�/`,=�±^g,ê5?Ò) ù�(

Ø. ¦+§�*þ´Ðn)�, q��´k:��¥Æ)��£��. 3Ðë\

#(Ê���Ø�ÓÆÙGù�(Ø. 3ù�(Ø�Ä:þ, ·�ÏL8B�

Ey²�3÷v�¦�V�.

©ÛÚ) Äkò²¡þ��:�Ò, P� K = {A1, A2, · · · }. y��Ñ N∗

�K ���÷v�¦���N�, ��þ´�·�­#�ÑK ���?Ò. k

¹¢Xc?. �,� f(1) = A1, f(2) = A2, f(3) = A3, f(4) = A4, f(5) = A5.

� f(6) Q? Ï� (2, 4, 6) = 2, Ïd f(6) ØU3�� A2A4 þ, ù�·�

� f(6) � K ¥Ø� A1 ∼ A5 �Ø3�� A2A4 þ�eI���Aj (¯¢þ,

XJ: A6 3�� A2A4 þ, � f(6) = A7; XJ: A6 Ø3�� A2A4 þ, E

� f(6) = A6).

2�Ä f(7) ��. Ï 7 ´�ê, ù�·�� f(7) � K ¥Ø� f(1) ∼ f(6)

éA:�äk��eI j �: Aj.

y3��� f(n) ��EÒØJ
. ¯¢þ, b� f(1), f(2), · · · , f(n − 1)

C�À½éA:, K� f(n) = Am, Ù¥eI m �÷vé?¿ i, j ≤ n

k (i, j, n) > 1, : Am Ø3�� f(i)f(j) þ (Ïù�����^êk�, Am �

½�3) �¤keI¥���ö. AO/, é�ê p, f(p) éAXK ¥vk�À

��äk��eI��:.

w,, ù��E� f (´ N∗ �K ���÷v^����N�. �

ë�©z

[1] T. Andreescu, V. Cirtoaje, G. Dospinescu and M. Lascu, Old and New in-

equalities, GIL Publishing House, 2004.
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