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1�K. b�4ABC �n^p©O�AD,BE,CF ,R%�H. DE � CF

uM , DF � BE u N . L A �MN �R�� OH uK. y²: OA = 2KD.

(2ÜHw½1�¥ÆÆ) ��> øK)

y² (�âÀ���N¥H+ÓÆ�)��n):

·��K ′�4ABC �Ê:��%. Ù�n�/	���»�Ê:��»

�ü�, Ïd��y² K ′ = K . - O′� O'u BC �é¡:, K A,K ′, O′n

:��. �MN �ò���4ABC �Ê:�u X, Y ü:, K

XN ·NY = FN ·ND = BN ·NH.

Ïd B,X,H, Y ��, Ón C,X,H, Y ��. ¤± X, Y Ñ34BCH �	��

þ, 
Ù�ù����%´ O′ . dd·��� O′3 XY �¥R�þ, 
d½Â

� K ′�3 XY �¥R�þ. u´ O′K ′ ⊥ XY , �= AK ′ ⊥ MN . 
 K,K ′Ñ

3 OH þ, ùÒ`²
K ′ = K. �

µ5 À���N¥uRÓÆ, ����N¥oL�ÓÆ, 3��¥��¿

ÓÆ, ��¦´p?¥Æ�$ÍÓÆ, ÀE½1�¥ÆÜÐAÓÆ, ÉÇ	I�

Æ�ÜHÐÓÆ, §²�=p?Á�Æ�p¹�ÓÆ, �â½�g¥ÆQ�J

ÓÆ, ­�½nÞ¥ÆqºÓÆ, �ì{1n¥Æ�f®ÓÆ±9är¥Æì

è��Ñ
�K��()�.

1�K. � {An}∞n=1 ´m ��Xê�þ�ê�. y²�3��ê N , ¦�

z� An ÑUL«� An =
NP
i=1

kn,i · Ai �/ª, Ù¥ kn,i ��ê.

(��Égn¥Æ) �ºZ øK)

y² (�â�Här¥Æ4ºHÓÆ�)��n):

·�é m8By². � m = 1� {An}=��ê�. XJ An ð�"K(
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Øw,. ÄKØ�� A1 6= 0. - dn = gcd(A1, A2, . . . , An), K´ {dn}4~��

�êê�. Ïd�3,� N , ¦� dN = dN+1 = · · · = d. d�Þ½n, �3�

ê t1, t2, . . . , tN ¦�
NP
i=1

tiAi = d. Ïdéz� n·�k

An =
NX

i=1

An
d
· tiAi,

�Ò´` kn,i = An

d
· ti÷v^�.

b�·Ké m¤á, �Ä m + 1���¹. ò {An}¥z�������

©þC�", ��#ê� {Bn}. Kd8Bb�, �3 N1 ¦�z� Bn �±�

� Bn =
N1P
i=1

k′n,iBi. y3-

Cn = An −
N1X

i=1

k′n,iAi = (An −Bn)−
N1X

i=1

k′n,i(Ai −Bi).

u´ Cn �c m �©þÑ´". d8Bb�, �3 N2 ¦�z� Cn �±�

� Cn =
N2P
i=1

k′′n,iCi. ¤±

An = Cn+
N1X

i=1

k′n,iAi =
N2X

i=1

k′′n,iCi+
N1X

i=1

k′n,iAi =
N2X

i=1

k′′n,i

N1X

j=1

(Ai−k′i,jAj)+
N1X

i=1

k′n,iAi.

ù�·�Ò��An´A1, A2, . . . , AN ��Xê�5Ú,Ù¥N = max{N1, N2}.

8B¤á! �

µ5 (1).är¥Æ4ó¤, Ù9zÓÆ��Ñ
�K��()�.

(2).�K��µ´k��C��+�©a½n. �Ä?¿k�� (�­E)

±An�Ú, ù
�þ�¤ Zm���f+, ÏdÙ�êk�, d©a½n��½

�3�|�Ä. � AN Ñy3ù|�Ä¥�äk���eI, K A1 ∼ AN �´

�|�Ä, =��K(Ø.

1nK. 3 n × n ��L�z��¥W\��¢ê. ¡ n �ØÓ1�ØÓ

���f���/Ð|0. ®�z�Ð|¥ n �ê�Ú�K, �z��fÑ3

����Ú�"�Ð|¥. y²: z�Ð|�ê�ÚÑ´".

(<�N¥Æ) î�µz øK)

y² (�â�Här¥Æ4ºHÓÆ�)��n):

·�Äky²XeÚn:

ÚÚÚnnn b�l��L¥IPeZ�� (�±­E), ÷vz1z�þk k��

�IP, K¤kIP���±�y©� k�/Ð|0.
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Ún�y²ØJ, �I­E¦^¿�½n=�.

�e5·�^�y{, b��3,�Ð| T0���Ú�u".

éz�áu T0 ��f x, - Sx ��¹ x�Ú�"���Ð|, ,�·�

ò Sx ¥Ø� x�¤k�f�þIP. ù��5, z�1z��ÑTk n − 1�

�f��þ
IP, u´dÚn�§���©� n− 1�Ð|. �
ó�, b�

·��Ä Sx#N­E���¿8 S, K§��y©� n�Ð|, Ù¥��´ T0.

Ïd S ¥¤k�fþ�ê�Ú�u". �d·��ÀJ, z� Sx ¥�êÚ�

", ùB�Ñ
gñ! �

1oK. ���ê n > 5. y² n! Ø�Ø§���ê�Ú.

(MÃ�Æ+¡) øK)

y² (�âøKö�)��n):

b� n! | σ(n!), ·�ò�Ñgñ. ·�k

r × n! = σ(n!) =
Y

p

pvp(n!)+1 − 1

p− 1
. (1)

ùp·��½ p���ê. Äk·��±�O��ê r���:

r <
Y

p≤n

p

p− 1
≤ 2

Y

0<k<n
2

2k + 1

2k
<
n

2
,∀n ≥ 10.

Ïd (1) ª�>Ø¹k�u n��Ïf, ¿�Ø¹k�u n
2
��Ïf²�.

,��¡, (1) ªm>¹kÏf 2m− 1, Ù¥m = v2(n!) + 1 > n
2
.�y² (1)

ªØ�U¤á, ·��Ie¡�Ún:

ÚÚÚnnn � m > 12 ´��ê, K�o 2m − 1 ¹k�u 2m ��Ïf, �

om+ 1´�ê� (m+ 1)2 | 2m − 1.

ddÚnÚ�c�©Û, ·��� (1) ª3m > 12 (= n > 15 )�Ø�U¤

á. �eu� 6 ≤ n ≤ 15´N´�.

Ún�y² �Ä m�©�õ�ª Φm(x) =
Q
d|m(xd − 1)µ(

m
d
), Ù¥ µ´

Mobius ¼ê. Ù�ù´���Xêõ�ª, � Φm(x) | xm − 1. u´��y²

ê Φm(2)¹k���u 2m��Ïf, ½ö m + 1´�ê� (m + 1)2 | Φm(2).

- q ´ Φm(2)�?¿���Ïf. ·�òy²XJ q - m, K q ≡ 1 (mod m) ;


XJ q | m, K q || Φm(2).

�d, � k ´ 2 � q ��, ¿� qt || 2k − 1. XJ q - m, Kd LTE Ún

��é?¿ d | m, ·�k q | 2d − 1��=� k | d, 
@� qt || 2d − 1. u
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´ Φm(2) =
Q
d|m(2d − 1)µ(

m
d
)¹ q��g�u( m1 = m

k
, d1 = d

k
):

t
X

d:k|d,d|m
µ(
m

d
) = t

X

d1:d1|m1

µ(
m1

d1
).

db� q | Φm(2), �þ¡�ÚØ�". Ïd��U´m1 = 1, = k = m. ¤± 2

� q��´m, �Ñ q ≡ 1 (mod m).

XJ q | m, Kw, k ≤ q − 1 < m. d� LTE Únw�·� q | 2d − 1��

=� k | d, � qt+vq(
d
k
) || 2d − 1. u´aq�O��� Φm(2)¹ q��g�u:

t
X

d1:d1|m1

µ(
m1

d1
) +
X

d1|m1

vq(d1)µ(
m1

d1
)

ùpc��7,�", Ï� m1 = m
k
> 1. XJ q - m1, �����". X

J q | m1 
 m1 �¹k,	��Ïf r, K����´". ù´Ï�¤k¦

� µ(m1

d1
)�"� d1 �±�y©�ü��|, z|¥��ê´,��ê� r�,


ù��z�|éþ¡Ú�o�z´". ¤±�¦� q | Φm(2), �k�U m1

´ q��g. d�þ¡�ÚT�1, = q || Φm(2).

�d·��¤
éê Φm(2) ��Ïf�x. dþ¡�(Ø, ·��±

� Φm(2) = a · b, Ù¥ a��ÏfÑ´m��Ïf, � aÃ²�Ïf, 
 b��

ÏfÑ�m{ 1. XJ b > m + 1, KÚng,¤á. u´��e Φm(2) = ab ≤

a(m + 1) ≤ m(m + 1)�AÏ�¹. du Φm(2) ≈ 2φ(m), ù«�¹�3 m��

�â�Uu). î�5`, Φm(2) > 2φ(m)Q∞
i=1(1− 1

2i
) > 0.288 · 2φ(m). ¤±�k

�m ≤ 36�â�Uk Φm(2) ≤ m(m + 1). éù
m���y�Ún¤á, ·

K�y! �

µ5 (1).ù�K�J:3u§^����g�. Ï~
ó, �y² n! -

σ(n!)·�¬�Ä�,���ê, w§3 σ(n!)¥Ñy��g´ÄU��§3 n!

¥�p��g. ,
du σ(n!)kéõ¦È�ØÐ��, ù�g´éJs�. þ

¡�)��Ù�
1�, ÏL�Ä σ(n!)¹k����Ïf±9Ø�ª�Oy

²Ã{�Ø.

(2).·�^��Ún�±w�´ Zsigmondy ½n���þz\r. Zsig-

mondy ½nw�·�Ø
A«AÏ�¹	, ê am − bm�½¹k�����Ï

f (�´m). �5NõÆöïÄ am − bm����Ïf��´õ�. Schinzel 3

1962 cy²
Ø�A�AÏ�¹	, am− bm¹k���u 2m��Ïf, Ïd

·�Ún(Ø���Ü©´õ{�. ��CÊ�c<�vUé���m�Ñ�

Ð�(Ø, ���C Stewart y²
m exp( logm
104 log logm

)�e..
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(3).ù�K���AÏ�¹Ñy3 2015 cÜÜêÆ¿m�1 8 K. @pb

�
 n� 2��g, u´m = v2(n!) + 1 = n�´ 2��g. éuù��m, ·

��Ún´éN´y²�.

(4). ErdösQ²JÑ���'�¯K, � n > 5��½k τ(n!)|n!, Ù¥ τ(·)

L«��ê�ê. k,��ÓÆ�±éd?1g�9ÿÐ.
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