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2023 c 8 � 5 FÚ 6 F?1
ü|�Á, zUþÌ��|, z| 4 �� 4 K.

ÁK1 1, 5, 7 K�{ü, 1 3, 4, 6 KJÝ¥�, 1 2, 8 K�(J. ÁK�Ng�

5�r, I�ò¯K�� , ��Ù. )öY²k�, )�XkØ��?, ¹��

�.

I. ÁÁÁ KKK

1. �Ûê n > 3, ¦y: 1
π
arccos 1√

n
´Ãnê.

2. é��ê n, ^ S(n) L« 0 ∼ n− 1 3�?�¥�êèÚ�Ú. ¦y: é

?¿��êm, n,

S(m+ n) ≥ S(m) + S(n) + min{m, n}.

3. 34ABC ¥, BC ´��>. � AC �¥R���� BC!AB ©O�u

: D!E, B 'ud¥R��é¡:� F . � AB �¥R���� BC!AC ©

O�u: J!K, C 'ud¥R��é¡:� L. � BL!CF �u: N, 4BJL

�	����� JN �u,�:R, 4CDF �	�����DN �u,�:Q.

L N � BC �²1���� EK u P , �M ´ FL!BC ��:, l ´4ABC

	��²1u BC ��», ¦y: �� QR, MP, l �u�:.

4. ò�� 2023× 2023 ��L�z��çx/Ú, ÷vz� 2× 2 ���/

¥þ��k��ç�, �z�ç�þ3�� 2× 2 �çÚ��/¥. P ai �z1

¥ç���ê, bi �z�¥ç���ê, ¦
2023∑
i=1

(a2i − b2i ) ����.

?¾FÏ: 2023-10-07.
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5. �½��ê n > m. ¦¤k�ê| (i1, i2, · · · im) (1 ≤ i1 < i2 < · · · < im ≤

n), ¦�é?¿÷v
n∑
i=1

xi = 0 �¢ê| (x1, x2, · · ·xn) (x1 < x2 < · · · < xn), Ñ

k
m∑
k=1

xik > 0.

6. ´Ä�3�ê pÚ�"�Xêõ�ª f ,¦�é?¿��êα, {1, 2, · · · , pα}

¥��k pα−2023 ���ê n ¦� pα | f(n)?

7.  â�Ú�{3 2N × 2N ���L¥�\ 1 × 2 ½ 2 × 1 ��ý.  â

�k�\�
üüÃú����ý, ÷vé?¿ 1 ≤ M ≤ 2N , ��L¥z�

M ×M ���/�õ� dM
2
e �®�\��ýkú��. ¦y: �{�±2�\

�ýTCX��L¥{e���.

8. �{ük�ã G �º:´ 10× 1000 (10 11000 �) ��:. G �>÷v:

Ø����	, z�º:Tkn^k�>��e���n�ØÓº:; Ø1��

	, z�º:Tkn^k�>�c���n�ØÓº:��; G ¥ÃÙ¦>. é

�����z�º: v D���¢ê qv ∈ [0, 1]. éÙ{z�º: u, el u Ñu

�� a, b, c, K48½Â qu =
qa+qb+qc

3
. ¦y:

∑
−→uv∈E
|qu − qv| < 150.

II. )))������µµµ555

K 1 �Ûê n > 3, ¦y: 1
π
arccos 1√

n
´Ãnê.

y² 1 ^�y{, e 1
π
arccos 1√

n
´knê, �� s

r
, Ù¥ r ���ê. K

cos s
r
π = 1√

n
, cos 2sπ

r
= 2−n

n
.

qd
r∏
i=0

(x− cos
iπ

r
) =

√
x2 − 1

2r

[(
x+
√
x2 − 1

)r
−
(
x−
√
x2 − 1

)r]
,

� n > 2, � 2−n
n
�
(
x+
√
x2 − 1

)r − (x−√x2 − 1
)r

= 0 ��. z{�

[ r+1
2

]∑
i=1

C2i−1
r 2i−1(2− n)r−2i+1(2− 2n)i−1 = 0,

� n ¿(Ü
[ r+1

2
]∑

i=1

C2i−1
r = 2r−1, �� n | 22r, � n ��u�u 3 �Ûêgñ! �

y² 2 ^�y{, e 1
π
arccos 1√

n
´knê, �� s

r
, Ù¥ r ���ê,

(r, s) = 1. ´� r > 1. K cos s
r
π = 1√

n
, cos 2sπ

r
π = 2−n

n
.

P cos 2ksπ
r

= pk
qk
, k ≥ 1, (pk, qk) = 1, � pk ∈ Z, qk ∈ Z+. K

2p2k−q
2
k

q2k
= pk+1

qk+1
.
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8B´y² qk �Ûê,� qk+1 = q2k, pk+1 = 2p2k− q2k §�=`²ù�� pk, qk

�3�{qk} üN4O.

�I5¿� q1 = n �Ûê, (2p2k − q2k, q2k) = 1.

dî.½n, �k qϕ(r) = q0, � {qk} üN4Ogñ. �

µ5 �K��{ü, �{��õ, {�Ú\�'ÈÅõ�ª, ´�|þ�õ

êÓÆ�y{. {���|©. d{��±wÑ 2 cos p
q
π ´�ê�ê, �eÙ�

knêK7½��ê, K n �Ûê�^��\r� n 6= 1, 2, 4.

K 2 é��ê n, ^ S(n) L« 0 ∼ n − 1 3�?�¥�êèÚ�Ú. ¦y:

é?¿��êm, n,

S(m+ n) ≥ S(m) + S(n) + min{m, n}.

y² P s(k) � k 3�?�¥êèÚ. Ø��m ≥ n, �Iy²
m+n−1∑
k=m

s(k) ≥
n−1∑
k=0

(s(k) + 1).

é n 8B, n = 1 �¤á.

e·Ké�u n �êþ¤á, � 10t ≤ n < 10t+1.

� m + n − 1 < 10t+1. � m = l · 10t + r, 0 ≤ r < 10t. é m ≤ k ≤

m+ n− 1, s(k) ≥ s (k − l · 10t) + 1. k
n+10tl−1∑
k=m

s(k) ≥
n−1∑

k=m−10tl

(s(k) + 1).

q8Bb�k
m+n−1∑
k=n+10tl

s(k) ≥
m−10tl−1∑

k=0

(s(k) + 1),

üª�\=y.

�m < 10t+1, m+ n− 1 ≥ 10t+1. k
m+n−1∑
k=10t+1

s(k) ≥
m+n−1−10t+1∑

k=0

(s(k) + 1), �

Iy
10t+1−1∑
k=m

s(k) ≥
n−1∑

k=m+n−10t+1

(s(k) + 1).

q x < 10t+1 �, s(x) + s (10t+1 − 1− x) = 9(t+ 1). �Iy

10t+1−1∑
k=m

(9(t+ 1)− s(10t+1 − 1− k)) ≥
n−1∑

k=m+n−10t+1

(9(t+ 1)− s(10t+1 − 1− k) + 1),

=
10t+1−1−m∑

k=0

(s(k) + 1) ≤
2·10t+1−m−n−1∑
k=10t+1−n

s(k), z�8Bb� (10t+1 −m < n).
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� m > 10t+1. �m = l · 10t+1 + r, 0 ≤ r < 10t+1. k

m+n−1∑
k=m

s(k) ≥
m+n−1−l·10t+1∑
k=m−l·10t+1

(s(k) + 1).

�Iy
m+n−1−l·10t+1∑
k=m−l·10t+1

s(k) ≥
n−1∑
k=0

s(k).

em− l · 10t+1 > n− 1, z��f��� �/;

em− l · 10t+1 ≤ n− 1, =

m+n−1−l·10t+1∑
k=n

s(k) ≥
m−l·10t+1−1∑

k=0

s(k),

z��f� n ���/. �

µ5 �K��E,, �,\Ã:�õ, �ÃØ´��L«�´?Ø? g

ê�õ�êÑN´k4. '���{´r 10t+1 − 1 − x w�3ò þéA�

Z, lrÏ8B{. Ø
d�{	, ��±A^ s(m) + s(n)− s(m+ n) ^aq

Kummer úªL«. ÏL?Ø? gê5)û�Ü© (m,n) ��/ (��), Ù{

��¹�^8B{)û.

K 3 34ABC ¥, BC ´��>. � AC �¥R���� BC!AB ©O�

u:D!E, B 'ud¥R��é¡:� F . �AB �¥R����BC!AC ©

O�u: J!K, C 'ud¥R��é¡:� L. � BL!CF �u: N, 4BJL

�	����� JN �u,�:R, 4CDF �	�����DN �u,�:Q.

L N � BC �²1���� EK u P , �M ´ FL!BC ��:, l ´4ABC

	��²1u BC ��», ¦y: �� QR, MP, l �u�:.

l O S

M

P

Q

R

K

N

L

J

F

D

E

B C

A
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y² ´y AJL, BLK, CFE, ADF ��, � O � DE � JK �:, K O

´4ABC �	%.

d BJLR, CDFQ, BCLF ��, k

RN ·NJ = BN ·NL = CN ·NF = DN ·NQ,

? FRCJ ��.

d ∠FQD = ∠NCD = ∠FLN = ∠FRN , k FNLQR ��, P�� 1.

qd ∠BOC = 2∠A = 180◦ − ∠BEC = 180◦ − ∠BKC, k BOCKE ��,

P�� 2.

d ∠NEK = ∠NBC = ∠NFL � FL � EK .

2d ∠KNP = ∠KBC = ∠KEC = ∠LFN, � PN �� 1 ��, 9 PN2 =

PK · PE.

2(ÜML ·MF =MB ·MC, � PM �� 1 �� 2 ��¶.

� PM � l �u S, d ∠COS = ∠OCB = ∠OBC, � SO �� 2 ��.

� S �� 1, � 2, :� O ��%.

d ∠BOJ = 180◦ − ∠C = ∠BLJ, OBLJ ��, ? OBLJR ��, Ón

ODFCQ ��.

q DJQR ��, �

∠ORQ = ∠ORJ + ∠QRJ = ∠OBJ + ∠NDJ = ∠OCJ + ∠QOC = ∠QOS.

ò� SQ �� 1 �u R′, d S 3� 1 Ú:� O �¶þ�: SO2 = SQ · SR′.

� ∠OR′Q = ∠QOS = ∠ORQ, ORR′Q ��, �� SQ �� 1 �u R′, R, Q.

� R′ � R Ü, = SQR ��. �

µ5 �K´¥�JÝ�AÛK, �ã´��J:. léõ���aú��

¶�%��{�©g,, {eÜ©Ì�´��.

K 4 ò�� 2023× 2023 ��L�z��çx/Ú, ÷vz� 2× 2 ���

/¥þ��k��ç�, �z�ç�þ3�� 2× 2 �çÚ��/¥. P ai �z

1¥ç���ê, bi �z�¥ç���ê, ¦
2023∑
i=1

(a2i − b2i ) ����.

) �Y� 1348× 675× 2023 = 1840727700,

�E� 3k − 1, 3k 1þ/ç (k = 1, 2, . . . , 674), Ù{/x. Ï�
2023∑
i=1

ai =
2023∑
i=1

bi,
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Ïd
2023∑
i=1

(
a2i − b2i

)
=

2023∑
i=1

(ai + bi − 2696) (ai − bi) ≤
2023∑
i=1

1

4
(2ai − 2696)2 .

�I
2023∑
i=1

(ai − 1348)2 ≤ 1348 · 6752 + 675 · 13482.

q (a2023 − 1348)2 ≤ 13482, �I

(a3k−2 − 1348)2 + (a3k−1 − 1348)2 + (a3k − 1348)2 ≤ 13482 + 6752 · 2.

�1 3k − 1 1¥,ãëYç��� l1, dz�ç�þ3 2× 2 çÚ��/¥,

1 3k − 2 !1 3k 1¥�ù�ãÓ��ç�oê ≥ l1 �.

�1 3k − 1 1¥,ãëYx��� l2, dz� 2× 2 ���/¥þ��k�

�ç�, 1 3k − 2 !1 3k 1¥�ù�ãÓ�ç�ê�k ≥ l2 − 1 �.

e a3k−1 ≥ 674, d±þØã§ a3k−2+ a3k ≥ a3k−1 ≥ 674, d ai ∈ [0, 2023]9

�g¼êà5,

(a3k−2 − 1348)2 + (a3k − 1348)2 ≤ 13482 + 6752,

(Ü (a3k−1 − 1348)2 ≤ 6752 �y.

e a3k−1 < 674, 1 3k − 1 1x��©��õ 674 ã, �

a3k−2, a3k ≥ 1349− 674 = 675, (a3k − 1348)2 ≤ 6752,

(a3k−2 − 1348)2 ≤ 6752, (a3k−1 − 1348)2 ≤ 13482.

�y.

ò k = 1, 2, · · · 674 ù 674 ^ªf� (a2023 − 1348)2 ≤ 13482 �\�y. �

µ5 �Y�N´ßÑ, d�N�{�±rÏ, ��±ÏL���nþ�. ù

�aK8IcueÃ?n, 84�:=��Ñ. JÝ¥�.

K 5 �½��ê n > m. ¦¤k�ê| (i1, i2, · · · , im) (1 ≤ i1 < i2 < · · · <

im ≤ n), ¦�é?¿÷v
n∑
i=1

xi = 0 �¢ê| (x1, x2, · · · , xn) (x1 < x2 < · · · <

xn), Ñk
m∑
k=1

xik > 0.

) �Y�÷v ij ≥
⌈
n
m
j
⌉
(1 ≤ j ≤ n) �¤kê| (i1, i2, · · · , im) .

��¡, e�3 t ∈ {1, 2, · · · ,m}, it < d nmte, =mit < nt. �

y1 = y2 = · · · = yit = −(n− it), yit+1 = · · · = yn = it,

xi = yi − (n− i)e1 (1 ≤ i ≤ it), xi = yi + ie2(it < i ≤ n),

www.nsmath.cn 6



¦ e1, e2 ª�u 0+ � xi �Ú� 0. K
m∑
k=1

xik = mit − nt + e, e ª�u 0 �

m∑
k=1

xik ≤ 0, gñ!

,��¡, e ij ≥ d nmje (1 ≤ j ≤ n) k id k
n
e ≥ d nmd

k
n
ee ≥ d k

m
e. = xid kn e

−

xd k
m
e ≥ 0 � k = mn− n+ 1 �Tª�u�u xn − xn−1 > 0 Ø��. ¤±

n

m∑
k=1

xik −m
n∑
i=1

xi =
mn∑
k=1

(xid kn e
− xd k

m
e) > 0,

=
m∑
k=1

xik >
m
n

n∑
i=1

xi = 0, �y. �

µ5N´wÑê�A8¥u����ý, ?^�Ý�u m
n
�x����

�Y, �EÚy²g,Ò��
.

K 6 ´Ä�3�ê p Ú�"�Xêõ�ª f , ¦�é?¿��ê

α, {1, 2, · · · , pα} ¥��k pα−2023 ���ê n ¦� pα | f(n)?

) Ø�3.

\r·K�: Ø�3~ê k, ¦�3�ê p Ú�"�Xêõ�ª f , ¦�é?

¿��ê α, {1, 2, · · · , pα} ¥��k pα−k ���ê n ¦� pα | f(n).

é f(n) gê deg f = s 8By².

s = 0 �²�. eé s ¤á, �Ä deg f = s+ 1 ��¹.

^�y{. e�3~ê k, �ê p Úõ�ª f , deg f = s+ 1, ¦�é?¿��

ê α, {1, 2, · · · , pα} ¥��k pα−k ���ê n ¦� pα | f(n).

Ú\`z��� Hensel Ún:

f (x+ c · pα) ≡ f(x) + c · pα · f ′(x) (mod p2α), x, c��ê.

d�yb�, {1, 2, · · · , p2α} ¥��k p2α−k ���ê n ¦� p2α | f(n).

�½��ê l, �k x ���ê n ∈ {1, 2, · · · , pα} ¦� pα−l | f ′(n).

e pα−l Ø�Ø f ′(n), K n, n + pα, · · · , n + (pα − 1)pα ¥k ≤ pα−l−1 �ê t

÷v p2α | f(t); (d p2α | f(n+ cpα), = p2α | f(n) + cpαf ′(n), ¤k c � pl+1 Ó{,

�õ pα−l−1 � c)

e pα−l �Ø f ′(n), K n, n + pα, · · · , n + (pα − 1)pα ¥k ≤ pα �ê t ÷v

p2α | f(t).

�

xpα + (pα − x) pα−l−1 ≥ p2α−k ⇒ x ≥ p2α−k − p2α−l−1

pα − pα−l−1
.
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� l = 2k − 1, = x ≥ pα

pk+1
≥ pα−k−1. K�3 ≥ pα−l−1−k �ê n ∈{

1, 2, · · · , pα−l
}
÷v pα−l | f ′(n).

d α �?¿59 k, l �½�, �=�3�ê p Ú�"�Xêõ�ª f ′, ¦�

é?¿��ê α, {1, 2, · · · , pα} ¥��k pα−k−1 ���ê n ¦� pα | f ′(n). q

deg f ′ = deg f − 1 = s, d8Bb��gñ. �

µ5 �Ä� Hensel ½n�y²�ª, �±��r f C� f ′, u´égê8

B.¥m^��©Û!õ�ªÐm�Ä�êØE|.

K 7  â�Ú�{3 2N × 2N ���L¥�\ 1 × 2 ½ 2 × 1 ��ý.  

â�k�\�
üüÃú����ý, ÷vé?¿ 1 ≤ M ≤ 2N , ��L¥z�

M ×M ���/�õ� dM
2
e �®�\��ýkú��. ¦y: �{�±2�\

�ýTCX��L¥{e���.

y² �^�M = 2 ��¹, =z� 2× 2 �����½õ�ì��, ù�

�Ñ�E.

òÚ�y©� 2n2 �üüØ�� 2× 2.

e,� 2× 2 ��½õ�ìþØ�, ^ü�õ�ìW¿T 2× 2;

e 2× 2 ����½õ�ì��, ©a:

(1) �½õ�ìá3 2× 2 SÜ.K2�\��õ�ìW¿T 2× 2;

(2) �½õ�ì�ù� 2 × 2 (P� A) �,�� 2 × 2 (P� B) þTk��

��.

d^�, AB ���Ø�Ù¦?���½õ�ì��, ´��2�\n�õ

�ìW¿ A Ú B.

nþ, é�
ÎÜ^���E. �

µ5 ékM5:=��aú. cu^M = 2 �¹���±��¿	{ü�

�Y. ��^���M 9Hall ½n?n.

K 8 �{ük�ã G �º:´ 10× 1000 (10 11000 �) ��:. G �>÷

v: Ø����	, z�º:Tkn^k�>��e���n�ØÓº:; Ø1

��	, z�º:Tkn^k�>�c���n�ØÓº:��; G ¥ÃÙ¦>.

é�����z�º: v D���¢ê qv ∈ [0, 1]. éÙ{z�º: u, el u Ñ

u�� a, b, c, K48½Â qu =
qa+qb+qc

3
. ¦y:

∑
−→uv∈E
|qu − qv| < 150.
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y² � i 1 j �?ê� qij , P Aj =
∑

1≤a<b≤10

∣∣qaj − qbj ∣∣. P Ej � j ���

j + 1 ��k�>.

ey ∑
−→uv∈Ej

|qu − qv| ≤ 6 (Aj+1 − Aj)

é j = 1, 2, · · · , 999 þ¤á.

é,� j, P j �þ�ê� a1, a2, · · · , a10, j + 1 �þ�ê� b1, b2, · · · , b10.

�3 xi, yi, zi ¦� ai =
bxi+byi+bzi

3
, xi, yi, zi üüØÓ, {xi, yi, zi | 1 ≤ i ≤ 10}

¥1 ∼ 10 �Ñy 3 g. K

Aj =
∑

1≤a<b≤10

1

3
|bxa + bya + bza − bxb − byb − bzb|

≤
∑

1≤a<b≤10

1

9
(|bxa − bxb|+ |bxa − byb|+ |bxa − bzb|+ |bya − bxb|+ |bya − byb|

+ |bya − bzb |+ |bza − bxb|+ |bza − byb|+ |bza − bzb|)

=
∑

1≤x<y≤10

|bx − by| −
1

9

10∑
i=1

(|bxi − byi |+ |byi − bzi |+ |bxi − bzi |) ,

�����Ò�±ù�n): z� bt Ñyu 3 | (bxi , byi , bzi) ¥, = |bi − bj| �õ

Ñy 9g,� |bi − bj|Ñygê� 9��T� (bi, bj)3 (bx, bj, bi)¥Ñygê. �

6 (Aj+1 − Aj) ≥
2

3

10∑
i=1

(|bxi − byi |+ |byi − bzi|+ |bxi − bzi |)

≥
10∑
i=1

(∑
cyc

1

3
|bxi − byi + bxi − bzi |

)

=
10∑
i=1

(|bxi − ai|+ |byi − ai|+ |bzi − ai|)

=
∑
−→uv∈Ej

|qu − qv| .

ò j = 1, 2, · · · , 999 �ªf�\�∑
−→uv∈E

|qu − qv| ≤ 6 (A1000 − A1) < 6A1000.

Ø� q11000 ≥ q21000 ≥ · · · ≥ q101000 , K

A1000 =
10∑
i=1

(11− 2i)qi1000 ≤ 9 + 7 + 5 + 3 + 1 = 25,

=
∑
−→uv∈E
|qu − qv| < 150. �

µ5 '�´��^ü�,�þ�����m� |qu − qv|, }Á�uyù�þ
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´üü��ýé�Ú, �§��� 25. l��Xê 6 Ú��ÛÜØ�ª, òØ

Ð�x�ªfÏLÅ���?n. y²k�½E|5.
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