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��Chebyshev õ�ªÚÑ�XêØ�ª

4c

(ôÜ��A1�¥Æ, 344199)

IMOSL þQ�Ñù���K8:

K 1 eng¢Xêõ�ª P (x) = ax3 + bx2 + cx+ d ÷v

|P (x)| ≤ 1, ∀x ∈ [−1, 1].

¦ |a|+ |b|+ |c|+ |d| ����.

¯¢þ, ©O�\ P (1), P
(
1
2

)
, P
(
−1

2

)
, P (−1) ����Ø�ª |a| + |b| ≤

4 9 |c| + |d| ≤ 3, ¿�� P (x) = 4x3 − 3x �ng Chebyshev õ�ª�,

|a|+ |b|+ |c|+ |d| ���� 7.

e¡�©ò|^�<Õáuy¿�±y²� Chebyshev õ�ª���Xê

5�é�K�í2, Ó�é Chebyshev ½n�Ñ\r.

Äk, ·��½XePÒ:

(i) P ∏
n

:= {f ∈ R[x] | deg f = n, | f(x) |≤ 1,∀x ∈ [−1, 1]}

�¤k÷v max
−1≤x≤1

|f(x)| ≤ 1 � n gõ�ª�8Ü.

éõ�ª f(x) =
n∑
k=0

akx
n−k ∈ R[x], Ú\�

‖f‖ :=
n∑
k=0

|ak| .

(ii) Ú\Xê n

k

 =
n

n− k

 n− k

k

 =

 n− k

k

+

 n− k − 1

k − 1

 .

?¾FÏ: 2024-03-04.
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(iii) P σk
(
cos `π

n

)
� cos `π

n
(` = 0, 1, · · · , n) � k gÐ�é¡õ�ª;

P σi
(
cos jπ

n
: j 6= k

)
� cos jπ

n
(0 ≤ j ≤ n, j 6= k) � i gÐ�é¡õ�ª;

P σi
(
cos2 jπ

n
: j 6= k, n− k

)
� cos2 jπ

n

(
0 ≤ j ≤

⌊
n
2

⌋
, j 6= k, j 6= n− k

)
� i

gÐ�é¡õ�ª.

Ùg, ·�½ÂüaChebyshev õ�ª.

½Â 1 111���aaa Chebyshev õõõ���ªªª (À¡ Chebyshev õ�ª) ½ÂXe:

Tn(x) := cos(n · arccosx), −1 ≤ x ≤ 1.

½Â 2 111���aaaChebyshev õõõ���ªªª½ÂXe:

Un(x) :=
sin((n+ 1) arccosx)

sin(arccosx)
,−1 ≤ x ≤ 1.

[�ÞeZ�©¤I�Ä�5�:

5� (i)

Tn(x) =

(
x+
√
x2 − 1

)n
+
(
x−
√
x2 − 1

)n
2

=
1

2

bn2 c∑
k=0

(−1)k
 n

k

 (2x)n−2k.

5� (ii)

Un(x) =

(
x+
√
x2 − 1

)n+1 −
(
x−
√
x2 − 1

)n+1

2
√
x2 − 1

=

bn2 c∑
k=0

(−1)k
 n− k

k

 (2x)n−2k.

5� (iii)

Tn(x) = 2xTn−1(x)− Tn−2(x), Un(x) = 2xUn−1(x)− Un−2(x), n ≥ 2.

5� (iv)

Tn (cos θ) = cosnθ, Un(cos θ) =
sin(n+ 1)θ

sin θ
.

5� (v)

Tn

(
cos

kπ

n

)
= (−1)k, k = 0, 1, 2, · · · , n.

5� (vi)

‖Tn‖ =
(1 +

√
2)n + (1−

√
2)n

2
, ‖Un‖ =

(1 +
√
2)n+1 − (1−

√
2)n+1

2
√
2

.

e¡{ã�5��y²: 5� (i) ��«{'y{I�^�Xeúª:
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Waring úª é n ∈ N∗, kð�ª

an + bn =

bn2 c∑
k=0

(−1)k
 n

k

 (a+ b)n−2k(ab)k.

¯¢þ, þãúª|^5� n

k

 =

 n− 1

k

+

 n− 2

k − 1


9ð�ª

an + bn = (a+ b)
(
an−1 + bn−1

)
− ab

(
an+2 + bn+2

)
8B´y.

q3���/�Waring úª¥� a = cos θ+ i sin θ, b = cos θ− i sin θ =�

{u n ��úª

cosnθ =
1

2

bn2 c∑
k=0

(−1)k
 n

k

 (2 cos θ)n−2k.

?
�� Chebyshev õ�ª�wª

Tn(x) =
1

2

bn2 c∑
k=0

(−1)k
 n

k

 (2x)n−2k.

u´qk

Un(x) =
1

n+ 1
· dTn+1(x)

dx
=

bn2 c∑
k=0

 n− k

k

 (2x)n−2k,


�ª

Tn(x) =

(
x+
√
x2 − 1

)n
+
(
x−
√
x2 − 1

)n
2

,

Un(x) =

(
x+
√
x2 − 1

)n+1 −
(
x−
√
x2 − 1

)n+1

2
√
x2 − 1

,

d Tn, Un �½Â9 de Moivre úª´�, �\ x = i =k

‖Tn‖ =
1

in
Tn(i) =

(1 +
√
2)n + (1−

√
2)n

2
,

‖Un‖ =
1

in
Un(i) =

(1 +
√
2)n+1 − (1−

√
2)n+1

2
√
2

.


 (iii) ¥4íªdn�ð�ª cosnθ + cos(n− 2)θ = 2 cos θ cos(n− 1)θ 9

sin(n+ 1)θ + sin(n− 1)θ = 2 cos θ sinnθ ��, ù��Ñ,�4íª

‖Tn‖ = 2 ‖Tn−1‖+ ‖Tn−2‖ , ‖Un‖ = 2 ‖Un−1‖+ ‖Un−2‖ .

dþªÓ���Ñ (vi) �y².
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�X, ·��Ñ±e�Ä�·K:

·K 1

σ2i+1

(
cos

`π

n

)
= 0, 0 ≤ i ≤

⌊n
2

⌋
.

y² du1�a Chebyshev õ�ª

Un−1(x) =

bn−1
2 c∑

k=0

(−1)k
 n− k − 1

k

 (2x)n−2k−1

�¤k�� cos `π
n
(` = 1, 2, · · · , n− 1), �õ�ª

f(x) = 4
(
x2 − 1

)
Un−1(x)

=

bn+1
2 c∑

k=0

(−1)k
 n− k − 1

k

+ 4

 n− k

k − 1

 (2x)n−2k+1

�¤k�� cos `π
n
(` = 0, 1, · · · , n), l
d Vieta ½n�(Ø¤á. �

·K 2

σ2i+1

(
cos

jπ

n
: j 6= k

)
= − cos

kπ

n
σ2i

(
cos

jπ

n
: j 6= k

)
,

σ2i

(
cos

jπ

n
: j 6= k

)
=

i∑
j=0

(
cos

kπ

n

)2j

σ2(i−j)

(
cos

`π

n

)
.

y² d·K 1 k

σ2i+1

(
cos

jπ

n
: j 6= k

)
+ cos

kπ

n
· σ2i

(
cos

jπ

n
: j 6= k

)
= σ2i+1

(
cos

`π

n

)
= 0

⇒ σ2i+1

(
cos

jπ

n
: j 6= k

)
= − cos

kπ

n
· σ2i

(
cos

jπ

n
: j 6= k

)
⇒ σ2i

(
cos

`π

n

)
= σ2i

(
cos

jπ

n
: j 6= k

)
+ cos

kπ

n
σ2i−1

(
cos

jπ

n
: j 6= k

)
= σ2i

(
cos

jπ

n
: j 6= k

)
− cos2

kπ

n
σ2i−2

(
cos

jπ

n
: j 6= k

)
⇒ σ2i

(
cos

jπ

n
: j 6= k

)
= σ2i

(
cos

`π

n

)
+ cos2

kπ

n
σ2i−2

(
cos

jπ

n
: j 6= k

)
.

4í=�

σ2i

(
cos

jπ

n
: j 6= k

)
=

i∑
j=0

cos2j(
kπ

n
)σ2(i−j)(cos

`π

n
). �

·K 3 é 0 ≤ i ≤
⌊
n
2

⌋
, e σ2i

(
cos jπ

n
: j 6= k

)
6= 0, K

sgn

(
σ2i

(
cos

jπ

n
: j 6= k

))
= (−1)i.
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y² -õ�ª

f(x) =
n∏
k=0

(
1− cos

kπ

n
· x
)

=
n+1∑
k=0

(−1)kσk
(
cos

`π

n

)
xk

=

bn+1
2 c∑
i=0

σ2i

(
cos

`π

n

)
x2i.

�Ä/ª�?ê

1

1− cos2 kπ
n
· x2

= 1 + cos2
kπ

n
· x2 + cos2

kπ

n
· x4 + · · ·

=
∞∑
i=0

cos2i
(
kπ

n

)
· x2i

⇒ f(x)

1− cos2 kπ
n
· x2

=
∞∑
i=0

(
i∑

j=0

cos2j
(
kπ

n

)
σ2(i−j)

(
cos

`π

n

))
x2i

=
∞∑
i=0

σ2i

(
cos

jπ

n
: j 6= k

)
x2i

=

bn2 c∑
i=0

σ2i

(
cos

jπ

n
: j 6= k

)
x2i.

qÏ�

f(x) =

(
1− cos2

kπ

n
· x2
) ∏

0≤j≤bn2 c
j 6=k,n−k

(
1− cos2

jπ

n
· x2
)
,

�

bn2 c∑
i=0

σ2i

(
cos2

jπ

n
: j 6= k

)
x2i =

∏
0≤j≤bn2 c
j 6=k,n−k

(
1− cos2

jπ

n
· x2
)
,

'�ü> x2i �Xê, =� σ2i
(
cos jπ

n
: j 6= k

)
= (−1)iσi

(
cos2 jπ

n
: j 6= k, n− k

)
,

l
(Ø¤á. �

��, ·��Ñ�©�Ì��½n�� Chebyshev ½n�\rí2, 9Ù

íØ��mÞ� IMO ÁK�í2.

Ún é?¿õ�ª f(x) =
n∑
k=0

akx
n−k ∈

∏
n

, kØ�ª

|a2i| ≤ 2n−2i−1

 n

i

 , i = 0, 1, . . . ,
⌊n
2

⌋
.
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y² d Lagrange ��úª��

f(x) =
n∑
k=0

f

(
cos

kπ

n

)∏
j 6=k

x− cos jπ
n

cos kπ
n
− cos jπ

n

.

'�Xê=�

a2i =
n∑
k=0

f

(
cos

kπ

n

)
σ2i
(
cos jπ

n
: j 6= k

)∏
j 6=k

(
cos kπ

n
− cos jπ

n

) .
du sgn

(∏
j 6=k

(
cos

kπ

n
− cos

jπ

n

))
= (−1)k, �d·K 3 �é?¿ k ∈

{0, 1, · · · , n} þk

σ2i

(
cos

jπ

n
: j 6= k

)
= 0½ sgn

(
σ2i

(
cos

jπ

n
: j 6= k

))
= (−1)i,

�

|a2i| ≤

∣∣∣∣∣∣∣
n∑
k=0

(−1)k
σ2i
(
cos jπ

n
: j 6= k

)∏
j 6=k

(
cos kπ

n
− cos jπ

n

)
∣∣∣∣∣∣∣ .

5¿�mª=� Tn(x) ¥ xn−2i �Xê�ýé�, �

|a2i| ≤ 2n−2i−1

 n

i

 . �

½n é?¿õ�ª f(x) =
n∑
k=0

akx
n−k ∈

∏
n

, �½ an+1 = 0, kØ�ª

|a2i|+ |a2i+1| ≤ 2n−2i−1

 n

i

 , i = 0, 1, · · · ,
⌊n
2

⌋
.

y² �Äõ�ª

f1(x) =

bn2 c∑
i=0

a2ix
n−2i, f2(x) =

bn−1
2 c∑
i=0

a2i+1x
n−2i−1.

Ké?¿ x ∈ [−1, 1], ¤áØ�ª

|f1(x) + f2(x)| = |f(x)| ≤ 1, |f1(x)− f2(x)| = |f(−x)| ≤ 1

⇒ |f1(x)|+ |f2(x)| = max (|f1(x) + f2(x)| , |f1(x)− f2(x)|) ≤ 1.

�-

g1(x) = f1(x) + xf2(x) =

bn2 c∑
i=0

(a2i + a2i+1)x
n−2i,

g2(x) = f1(x)− xf2(x) =
bn2 c∑
i=0

(a2i − a2i+1)x
2i,
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Kk

|g1(x)| ≤ |f1(x)|+ |x| |f2(x)| ≤ |f1(x)|+ |f2(x)| ≤ 1,

|g2(x)| ≤ |f1(x)|+ |x| |f2(x)| ≤ |f1(x)|+ |f2(x)| ≤ 1.

u´ g1, g2 ∈
∏
n

, ÏddÚn��

|a2i + a2i+1| ≤ 2n−2i−1

 n

i

 , |a2i − a2i+1| ≤ 2n−2i−1

 n

i


�

|a2i|+ |a2i+1| ≤ 2n−2i−1

 n

i

 . �

íØ é?¿õ�ª f ∈
∏
n

, k

‖f‖ ≤ ‖Tn‖ =
(1 +

√
2)n + (1−

√
2)n

2
.
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