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ûm9TST ÁK°À

'v# �üz ÜÖ�

(�H��â½1�¥Æ, 410005)

����:¨ïI

OâZæ (Estonia) êÆc���¿mzcÞ1nÓ: Æ�!¢	/ /«Ú

I[(ûm) nÓ.

zÓ'mLy`É�Æ)ò���ë\e�Ó. 3z�Óc���¿m¥,

lÔc?���c?�z�c?�Æ)Ñ¬küÕ�'mÁK. 1�ÓÆ��g

�'mÏ~3���Þ1, 1�Ó/«�g�'m3��½��Þ1, ���Ó

�'mKuSG3©�ã (Tartu) Þ1.

�â�c¤k'm�¤1, ÀÑ� 20 ¶ IMO �Lè�ÿÀ<. IMO I[è

Àomuo�½Ê�Þ1, ©üg?1, zg'mÑ´ IMO �ª (üg� 4 U).

ùp·�ÁÀ
Ù¥ 2022-2023 cÝ��c?!��c?ÚI[èÀo�Á�

Ü©ÁK, �NJÝØ�, �OK8'�#L. e¡·��n
ÁKÚ)�, ¿�


{��µÛ. 4u)öY², �½kØ��?, ��Öö��!

I. ÁÁÁ KKK

F19 (11ccc???) 3 2022! + 2023! �"�kõ��ëY�"?

F20 (11ccc???) ´Ä�3�¢ê a, b ÷v:
√

119a+
√

17b ≤ 2ab

a2 + b2 ≤ 2
√

2023
?

F21 (11ccc???) �4ABC 3: A ?�S�²©�Ú	�²©��4ABC

�	��2g�u: D,E, � F ��ã AD � BC ��:, D1 � D 'u: F

�é¡:, y²: B,D1, E n:����=� ∠BAC = 2∠ACB.

?¾FÏ: 2024-02-27.
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F22 (11ccc???) � n Úm ���ê, �Bý¥k n Üý, zÜýþkm �

ØÓ�ÎÒ, �züÜý�õ�k��ÎÒ�Ó, y²: ���3
1+
√

1+4nm(m−1)
2

�ØÓ�ÎÒ.

F23 (11ccc???) éu?¿�¢ê x, ·��±ò���¨�L��1±eö

�:

(1) ò©��?¿��^= x Ý, d���±�Ó��^= x
12
Ý;

(2) òü���Ó��?¿��^= x Ý.

¦���¢ê α, ¦�l?¿ � (Ø�½´Ü{�m) �,� ��, ©�

o�^= α Ý (�Äü����^=).

F24 (12ccc???) � n Ú k ´÷v 0 < k < n ���ê, y²: Ck
n ��U� n

����Ïf�Ø.

F25 (12 ccc???) �õ�ª P (x) �gê� 2023 , z�Xêþ� 0 ½ 1 , �

P (0) = 1, y²: õ�ª P (x) �¤k¢ê�þ�u 1−
√
5

2
.

F26 (12ccc???) 3��n�/ABC ¥,∠ACB = 90◦,L C � CF ⊥ AB u

: F , �4ABC,4ACF,4BCF �S��, ÙS%©O� I, I1, I2, �M,M1,M2

©O´ùn��3 AB,AC,BC þ��:, y²: ��M1I1 ���M2I2 ��:

´ ∆II1I2 �	%.
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F27 (12 ccc???) ·�¡dêi 1, 2, · · · , n �ü� (σ1, σ2, · · · , σn) ���ü

�, XJé¤k� i = 1, , 2, · · · , n− 1 Ñk (−1)iσi < (−1)iσi+1. é¤k��ê n,

� αn �3 1, 2, · · · , n �¤kü�¥��ü��'~ (X α1 = 1
1
, α2 = 1

2
, α3 = 2

6

�). y²: �3«m (0, 1) S�¢ê c1, c2 Ú����ê N , ¦�éu¤k�u

�u N ���ê n, Ø�ª (c1)
n < αn < (c2)

n ¤á.

TST1 �½���ê p Ú�ê x, y, ¦L�ª

x0yp−1 + x1yp−2 + · · ·+ xp−2y1 + xp−1y0

� p �{ê.

TST2 éu?¿g,ê n Ú��ê k, XJ�3�K�ê a1, a2, · · · , ak ¦

� n = a21 + a42 + a83 + · · ·+ a2
k

k , ·�¡ n ´ k−Ð�. ´Ä�3��ê k, ¦�z

�g,ê n Ñ´ k−Ð�?

TST3 ào>/ ABCD ÷v ∠BAC = ∠ADC, �M �é�� AC �¥

:, > AD þk�: E, ¦� ABME ´²1o>/. � N ��ã AE �¥:,

y²: �ã AC �4DMN �	���u:M .

TST4 ·�¡ØÓ���ê´“*l”, XJ |n−m| ´ n Úm �ú�ê, y

²: éu?¿��ê k ≥ 2, �3 k �ØÓ���ê, ¦�ù
ê¥�?¿ü�Ñ

´*l.

II. )))������µµµ555

F19 (11ccc???) 3 2022! + 2023! �"�kõ��ëY�"?

) 2022! + 2023! = 2022!× 2024. 


v2(2022!× 2024) = v2(2022!) + v2(2024) =
∞∑
k=1

[
2022

2k

]
+ 3
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= 1011 + 505 + 252 + 126 + 63 + 31 + 15 + 7 + 3 + 1 + 3

= 2017,

v5(2022!× 2024) = v5(2022!) + v5(2024) =
∞∑
k=1

[
2022

5k

]
+ 0

= 404 + 80 + 16 + 3 = 503,

u´

v10(2022!× 2024) = min {v2(2022!× 2024), v5(2022!× 2024)} = 503.

= 2022! + 2023! �"�k 503 �ëY�". �

µ5 ù´���~Ä:�êØK. Ï~O� n! ¥�Ïf p ��g´¦^V

4�úª5O�, 
Ù¥ 0 ��êÒ��ûu n! ¥ 5 ��gê.

F20 (11ccc???) ´Ä�3�¢ê a, b ÷v:
√

119a+
√

17b ≤ 2ab

a2 + b2 ≤ 2
√

2023
?

) Ø�3.

¯¢þ, d®�^�

2
√

2023 ≥ a2 + b2 ≥ 2ab ≥
√

119a+
√

17b ≥ 2
4
√

2023 ·
√
ab,

�

2ab ≥ 2
4
√

2023 ·
√
ab⇔ ab ≥

√
2023.

u´d

2
√

2023 ≥ a2 + b2 ≥ 2ab ≥ 2
√

2023,

�U a = b = 4
√

2023.

�d�,

2ab ≥
√

119a+
√

17b⇔ 2
√

2023 ≥ 4
√

2023(
√

119 +
√

17)

⇔ 2
4
√

2023 ≥
√

119 +
√

17

⇔ 4
√

2023 ≥ 136 + 2
√

2023

⇔ 2
√

2023 ≥ 136 = 2× 68,

ùw,´gñ�! �Ø�3÷v�¦�¢ê a, b. �

µ5 ù´���~{ü��êK, òØ�ª|ë�å5, |^��^��
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gñ=�.

F21 (11ccc???) �4ABC 3: A ?�S�²©�Ú	�²©��4ABC

�	��2g�u: D,E, � F ��ã AD � BC ��:, D1 � D 'u: F

�é¡:, y²: B,D1, E n:����=� ∠BAC = 2∠ACB.

y² ��¡, � B,D1, E n:��, � ∠DBE = ∠DBD1 = 90◦, 
 F ´

DD1 �¥:, u´ ∠DBF = ∠BDF , q

∠DBF = ∠DBC =
1

2
∠BAC,∠BDF = ∠BDA = ∠BCA,

� ∠BAC = 2∠ACB.

,��¡, � ∠BAC = 2∠ACB, k ∠CAD = ∠ACB, u´ ∠CBD =

∠BDF , q F ´ DD1 �¥:, l
 FD = FB = FD1, � ∠DBD1 = 90◦ =

∠DBE, u´ B,D1, E ��. �

µ5 ù´��{ü�AÛK. ��þ´¦^��n�/�>¥��5�.

F22 (11ccc???) � n Úm ���ê, �Bý¥k n Üý, zÜýþkm �

ØÓ�ÎÒ, �züÜý�õ�k��ÎÒ�Ó, y²: ���3
1+
√

1+4nm(m−1)
2

�ØÓ�ÎÒ.

y² �ùBýþ�k x �ØÓ�ÎÒ, P� a1, a2, · · · , ax, �Äù
ÎÒ�

ÃSé {ai, aj} �ê.

��¡, k C2
x �ØÓ�ÃSé.

,��¡, éz�Üý, dýþ�ÎÒU|¤ C2
m �ØÓ�ÃSé, n Üý,

Òk nC2
m �éf, Ï�zÜý�õ�k��ÎÒ�Ó, u´ù nC2

m �éf´p

Ø�Ó� (ekü�éf�Ó, {ai, aj} = {ak, al}, Ò`²küÜý, Ùþ¡��

k2 �ÎÒ�Ó).
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u´

C2
x ≥ nC2

m ⇔ x2 − x− nm(m− 1) ≥ 0,

� x ≥ 1+
√

1+4nm(m−1)
2

, ·K�y! �

µ5 ù´���Ä:�|ÜK, �,��±ÀJ¦^ãØ��ó5£ã,

�ï��éfê�Ø�ª=�^|)û.

F23 (11ccc???) éu?¿�¢ê x, ·��±ò���¨�L��1±eö

�:

(1) ò©��?¿��^= x Ý, d���±�Ó��^= x
12
Ý;

(2) òü���Ó��?¿��^= x Ý.

¦���¢ê α, ¦�l?¿ � (Ø�½´Ü{�m) �,� ��, ©�

o�^= α Ý (�Äü����^=).

) ·�ké“Ü{�m”�5��Ñ�ã:

(i) ��Ú©�� ��¡�Ü{�m��=��±ÏLö� (1) �� 12 :

½��=� 12θ� − θ© = 360◦ · k (k ∈ Z) (�Ý�, eÓ) (^����P�Ý);

(ii) ��Ü{�m'u 12 :Ú 6 :ë��é¡ �E´Ü{�m;

(iii)�� �,eòÙ�N^=(^��½_��) 360◦· n
11

(n = 0, 1, 2, · · · , 10),

ØUCÙÜ{5.

ù´Ï�, Ð©� 12θ�1
− θ©1

, ^=� 12θ�2
− θ©2

, üª��,

12 (θ�1
− θ�2

)− (θ©1
− θ©2

) = ±
(

12 · 360◦ · n
11
− 360◦ · n

11

)
= ±360◦ · n

��N^=(^��½_��) 360◦ · n
11

(n = 0, 1, 2, · · · , 10), ØUCÙÜ{5.

£��K, Ø���5, Ø��ª" �3 12 : 00 ?, ¿����^=�Ý

� α0.

·�y²e¡�ü�(Ø:

(((ØØØ 1 l?¿Ð© �m©, �3�«^=� 12:00 ?��ª, ¦�©�

�õÀ= 360◦;

(((ØØØ 2 �3��Ð© �, ¦�©����^= 360◦, âU�� 12:00 ?.

u´d(Ø 1 � α0 ≤ 360◦, d(Ø 2 � α0 ≥ 360◦, u´���¢ê

α0 = 360◦.

(Ø 1 �y² ©n«�¹:

�/ I: Ð©���l“12” ��k 30◦ (^��, _��ü���þ�), �©
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�3“12”Ú���m(±“12”�å:,U^��P),Xã 1. �Ð©����^�

��Ý� β0, ©��^���Ý� γ0, u´©�����^���Ý� β0 − γ0,

·�òÙ�N^��^=�Ý θ (ö� (2)), ¦��� u“11” Ú“12” �m�,

?, T?´Ü{�m (Ï��~�¨3“11” :�“12” :�m©�Ú���^��

Y�l 330◦ ~�� 0◦, �½U�� (β0 − γ0)◦ ��).

,�, 2^ö� (1) ^��^=� 12 :.

d�/e, du©�©ª^��^=, �vk�L12 :, �Ù=�Ø�L

360◦;

�/ II: Ð©���l“12” ��k 30◦ (^��, _��ü���þ�), �©

�3��Ú“12” �m(±“12” �å:, U^��P), Xã 2. |^é¡5, ·��

±À�d�/��/ I 'u 12 :Ú 6 :ë��é¡�/, u´k^ö� (2), ò

��Ú©��N_��^=�Ü{ �, ��� u“12” Ú“1” �m, ,�, 2

^ö� (1), _��^=� 12 :.

��/ I aq, d�©��^=�Øö� 360◦;

�/ III: Ð©���l“12”Ø�L 30◦ (^��, _��ü���þ�), X

ã 3. ·�k^ö� (2) ¦��Ú©� uÜ{ �, ���l“12”¦�UC (�

%�{). ùpduü���À=
(
360
11

)◦
²L��Ü{ �, ���õl“12” k(

360
22

)◦
. ,�2^ö� (1), ©��õ^=

(
12 · 360

22

)◦
Ò�±��“12” :?, d�

/e, ©�^=�Ý ≤ 60◦ +
(
12 · 360

22

)◦
< 360◦.

u´(Ø 1 �y!

(Ø 2 �y² �ÄL�þ©���“12” , ����“5” Ú“6” ��¥m

(Xã 4).

duö��(J�^SÃ', �d�´ØÜ{�m, u´Ø�U�ÏLö�

(1) Úö� (2) ¢y��“12:00”�8I. �Ø� (1) Ú (2) �ö�
�g, �k (2)

� (1).

XJö� (2) ����“12”�Y��L 30◦ (ü���þ�), @o�e5©

���^= 360◦, u´ùØ´�`�, @oÒ4ö� (2) ����“12” �Y�Ø
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�L 30◦, = u“11” Ú“1” �m, ¿¤�Ü{�m. d�¬Ñykü«�U¤

�“11:30” ½“0:
(
35 + 5

11

)
©”, Xã 5, ã 6. éucö, ©�^= 180◦ + 180◦ =

360◦; éu�ö, ©�^=
(
180◦ −

(
360
11

)◦)
+
(
180◦ +

(
360
11

)◦)
= 360◦.

nþ, (Ü(Ø 1 Ú(Ø 2 , ����¢ê α0 = 360◦. �

µ5 ù´��¥�JÝ�|Üö����¯K, Äk´�éÜ{ ��A

5?1ïÄ, ¿²(ö� (1) Úö� (2) é��Ü{5�¤å�K�.

F24 (12ccc???) � n Ú k ´÷v 0 < k < n ���ê, y²: Ck
n ��U� n

����Ïf�Ø.

y² (���ggg���) 5¿� Ck
nC1

k = C1
nCk−1

n−1, u´
Ck

n

n
=

Ck
n−1

k
, 
 0 < k < n, �©

ª Ck
n

k
?1
�© (©f~�), u´

(
Ck

n, n
)
6= 1 (Øp�). = Ck

n ��U� n �

���Ïf�Ø. �

µ5 ù´��éÄ:�êØ¯K, �{´e©ªU�©, �½u)
�Ø.

e¡���K�´Äuù���{, 3��[�öS:

�½��ê n (n ≥ 2), ¦÷ve�^���êé (i, j):

(1) 0 ≤ i < j ≤ n; (2) (Ci
n,C

j
n) = 1.

F25 (12 ccc???) �õ�ª P (x) �gê� 2023 , z�Xêþ� 0 ½ 1 , �

P (0) = 1, y²: õ�ª P (x) �¤k¢ê�þ�u 1−
√
5

2
.

y² (���üüüzzz) �y. e�3¢ê x0 ¦� P (x0) = 0, � x0 ≥ 1−
√
5

2
. �

P (x) = x2023 +
2022∑
i=1

aix
i + 1, ai ∈ {0, 1}, i = 1, 2, · · · , 2022.

� x0 < 0, ÄKe x0 ≥ 0, Kk P (x0) ≥ 1 > 0.

u´ 1−
√
5

2
≤ x0 < 0, k x20 ≤ 6−2

√
5

4
≤ 1− |x0| , x20 − x0 − 1 ≤ 0, �

0 = P (x0) = x20230 +
2022∑
i=1

aix
i
0 + 1

≥ x20230 + x20210 + · · ·+ x30 + x0 + 1

www.nsmath.cn 8



= x0 ·
1− x20240

1− x20
+ 1

(þªòÛêg�cXê�¤ 1 , óêg�cXê�¤ 0) u´

0 ≥ x0 ·
1− x20240

1− x20
+ 1⇔ 1− x20 ≤ −x0 + x20250

⇔ 0 ≤ x20 − x0 − 1 + x20250 < x20 − x0 − 1 ≤ 0,

ù´gñ�!

��·K¤á! �

µ5 ù´���Ä:��êK, �y{�g´´g,�, 3Ù¢�3[
1−
√
5

2
, 0
)
S��yb�e, {ü}ÁÒ¬��òÛêg�cXê�¤ 1 , óêg

�cXê�¤ 0 , l
�Ñgñ.

éuõ�ª��©Ù¯K, ²;�Ã{´4���{, e¡¯K, �±��d

K�ò�g�:

� P (x) ´��Ä1 � n (n > 1) gõºª, �Xêþ u [1, 2] þ, y²:

P (x) �¤k�þáu8Ü

{z ∈ C | Re(z) ≤ 0} ∪ {z ∈ C||z |< 2}.

y² �y. b� P (x) k,�� z0, ÷v Re (z0) > 0 � |z0| ≥ 2, K

P (z0) = 0.

Ø�� P (x) = xn + an−1x
n−1 + · · ·+ a1x+ a0, u´

zn0 + an−1z
n−1
0 = −

(
an−2z

n−2
0 + · · ·+ a1z0 + a0

)
.

ü>Ó�Ø± zn0 , K

1 +
an−1
z0

= −
(
a0
zn0

+
a1

zn−10

+ · · ·+ an−2
z20

)
,


 Re (z0) > 0 � an−1 ∈ [1, 2], k Re
(

an−1

z0

)
> 0, u´

1 ≤
∣∣∣∣1 +

an−1
z0

∣∣∣∣ =

∣∣∣∣a0zn0 +
a1

zn−10

+ · · ·+ an−2
z20

∣∣∣∣
≤ 2

(
1

|z0|n
+

1

|z0|n−1
+ · · ·+ 1

|z0|3
+

1

|z0|2

)

=
2 · 1
|z0|2

(
1− 1

|z0|n−1

)
1− 1

|z0|
<

2

|z0| (|z0| − 1)
,

l
 1 < 2
|z0|(|z0|−1) , = (|z0| − 2) (|z0|+ 1) < 0, ù´gñ�!

� P (x) �¤k� z ∈ {z ∈ C | Re(z) ≤ 0} ∪ {z ∈ C||z |< 2}. �

9 êÆ#(�



F26 (12ccc???) 3��n�/ABC ¥,∠ACB = 90◦,L C � CF ⊥ AB u

: F , �4ABC,4ACF,4BCF �S��, ÙS%©O� I, I1, I2, �M,M1,M2

©O´ùn��3 AB,AC,BC þ��:, y²: ��M1I1 ���M2I2 ��:

´ ∆II1I2 �	%.

y² 1 (���ggg���) X�ã, � I1X1 ⊥ CF, I1Y1 ⊥ AM , Rv� X1, Y1, ky

²: MI1 ⊥ CA, MI2 ⊥ CB.

�4ABC �n>� AB = c, BC = a, CA = b, u´

MC2 −MA2 = CF 2 +MF 2 −MA2

= CF 2 − (2MA− AF )AF

= AC2 − 2MA · AF

= b2 − (b+ c− a)b cosA

= b2 −
(
b+

b

cosA
− b tanA

)
b cosA

= b2(sinA− cosA),

I1C
2 − I1A2 = CM2

1 − AM2
1 = CX2

1 − AY 2
1

=

(
b+ b sinA− b cosA

2

)2

−
(
b− b sinA+ b cosA

2

)2

= b2(sinA− cosA).

u´MC2 −MA2 = I1C
2 − I1A2, ��MI1 ⊥ CA, ÓnMI2 ⊥ CB.

(Ü I1M1 ⊥ CA, �M1, I1,M n:��, Ó�M2, I2,M n:��, �Ò´

M1I1 �M2I2 �:�M .

2y²M ´∆II1I2 �	%.

Ï� A, I1, I n:��, � ∠MIA = 90◦ − ∠IAM = 90◦ − ∠IAM1 =

∠AI1M1 = ∠MI1I, u´ MI = MI1, Ón MI = MI2, u´ M � I, I1, I2

ål��, l
M ´∆II1I2 �	%.
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nþ, ·K�y! �

y² 2 (���üüüzzz) Xmã, �S�� I � CA,CB ©O�u: X, Y , ± X, Y

��%, XC, Y C ��»��.

Äk, d I, I1, I2 þ�S�²©�þ�:, � A, I1, I ��, B, I2, I ��, �

CXIY ´��/.

dS%�5�, � ∠AI1C = 135◦, � ∠II1C = 45◦ = 90◦

2
= ∠CXI

2
, (Ü

XC = XI, � I1 3� X þ, = XI1 = XI, 
Rt 4AMI ∼= Rt 4AXI, �

MI1 = MI.

Ón, �±��MI2 = MI, �M ´´∆II1I2 �	%.

25y²M1I1 �M2I2 �:�M , ��y²M1, I1,M ��=�(Ón�y

M2, I2,M ��)

ù�� ∠M1I1I + ∠II1M = 180◦, 


∠M1I1I + ∠II1M = 180◦ − ∠AI1M1 + ∠I1IM

= 180◦ −
(

90◦ − ∠CAB
2

)
+

(
90◦ − ∠CAB

2

)
= 180◦,

�M1, I1,M ��! ?�Ú��M1I1 �M2I2 �:�M .

�·K�y! �

µ5 ù´���Ä:�AÛK, �±/Ï½���y²��, ��±��

y²��, 
y²	%K�±|^�½:ål��, ½¦^Ù��	%(Ø(��

n�/\ü��'X½ 2α � 180◦ − α �'X).

F27 (12 ccc???) ·�¡dêi 1, 2, · · · , n �ü� (σ1, σ2, · · · , σn) ���ü

�, XJé¤k� i = 1, , 2, · · · , n− 1 Ñk (−1)iσi < (−1)iσi+1. é¤k��ê n,

� αn �3 1, 2, · · · , n �¤kü�¥��ü��'~ (X α1 = 1
1
, α2 = 1

2
, α3 = 2

6

�). y²: �3«m (0, 1) S�¢ê c1, c2 Ú����ê N , ¦�éu¤k�u

�u N ���ê n, Ø�ª (c1)
n < αn < (c2)

n ¤á.

) (���üüüzzz) ·�¡e 1, 2, · · · , n �ü� (σ1, σ2, · · · , σn) ÷v σ1 > σ2 <

σ3 > σ4 < · · · �ü�� P ü�, e÷v σ1 < σ2 > σ3 < σ4 > · · · , K¡� Q ü

�, ¿P Pn, Qn � 1, 2, · · · , n � P ü�Ú Q ü���ê.

��Iy²: �3«m (0, 1) S�¢ê c1, c2, ¦� (c1)
n · n! < Pn < (c2)

n · n!,

11 êÆ#(�



é n ≥ 2 ¤á.

Äk·�5ïÄ Pn �4íL�ª

P2k = Q2k−1 + C2
2k−1P2Q2k−3 + C4

2k−1P4Q2k−5 + · · ·+ C2k−2
2k−1P2k−2.

ù´Ï�éu P2k, ���ê 2k �Uü3Ûê þ, eê 2k ü31 1  , K�e

�´ 2k − 1 �ê� Q ü�; e 2k ü31 3  , Kü3 2k c�´ü�ê� P ü

�, ü3 2k ��´ 2k − 3 � Q ü�; �gaí, �

P2k = Q2k−1 + C2
2k−1P2Q2k−3 + C4

2k−1P4Q2k−5 + · · ·+ C2k−2
2k−1P2k−2.

Ón:

P2k+1 = Q2k + C2
2kP2Q2k−2 + C4

2kP4Q2k−4 + · · ·+ C2k
2kP2k,

Q2k = P2k−1 + C2
2k−1Q2P2k−3 + C4

2k−1Q4P2k−5 + · · ·+ C2k−2
2k−1Q2k−2,

Q2k+1 = P2k + C2
2kQ2P2k−2 + C4

2kQ4P2k−4 + · · ·+ C2k
2kQ2k.

q P1 = 1, P2 = 1, P3 = 2, P4 = 5, Q1 = 1, Q2 = 1, Q3 = 2, Q4 = 5, (Ü4íª, �

Pn = Qn,∀n ∈ N∗.

,�, 25�ù�� c1, c2.

��¡, k� c2 ∈
(√

2
2
, 1
)

, � 1 = P2 < (c2)
2 · 2! = 2 (c2)

2, = n = 2 ÎÜ�

¦; q

2 = P3 < (c2)
3 · 3! = 6 (c2)

3 ⇔ 1 < 3 · (c2)3 ,

�¦ c2 ∈
((

1
3

) 1
3 , 1
)

.

e Pk < (c2)
k · k! é k ≤ n− 1 þ¤á, K:

� n �Ûê�,

Pn = Pn−1 + C2
n−1P2Pn−3 + C4

n−1P4Pn−5 + · · ·+ Cn−1
n−1Pn−1

< (c2)
n−1 · (n− 1)!

+
∑

2≤i≤n−1
2|i

(
(n− 1)!

i!(n− 1− i)!
· (c2)i · i! · (c2)n−1−i · (n− 1− i)!

)

=

(
n− 1

2
+ 1

)
· (c2)n−1 · (n− 1)!

= (c2)
n · n! · n+ 1

2n · c2
.

u´�¦ n+1
2n·c2 =

1+ 1
n

2c2
≤ 1 é n ≥ 5 ð¤á, �� c2 ∈

(
3
5
, 1
)
=�.

� n �óê�,

Pn = Pn−1 + C2
n−1P2Pn−3 + C4

n−1P4Pn−5 + · · ·+ Cn−2
n−1Pn−2P1
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< (c2)
n−1 · (n− 1)! + Cn−2

n−1Pn−2P1

+
∑

2≤1≤n−4
2|i

(
(n− 1)!

i!(n− 1− i)!
· (c2)i · i! · (c2)n−1−i · (n− 1− i)!

)

=

(
n− 4

2
+ 1

)
· (c2)n−1 · (n− 1)! + (n− 1) · (c2)n−2 · (n− 2)!

= (c2)
n−1 (n− 1)! ·

(
(n− 2)

2
+

1

c2

)
,

u´�¦ (c2)
n−1 (n− 1)! ·

(
(n−2)

2
+ 1

c2

)
≤ (c2)

n · n! é n ≥ 4 ð¤á, ù�du(
(n− 2)

2
+

1

c2

)
≤ n · c2 ⇔ n

(
c22 −

c2
2

)
+ c2 ≥ 1

é n ≥ 4 ¤á, �� c2 ∈
(
3
4
, 1
)
=�.

(Üþã�¦, �� c2 = 1− ε ( ε ´¿©���ê) ÷v�¦.

,��¡, 2k� c1 ∈
(

0,
√
2
2

)
, �

1 = P2 > (c1)
2 · 2! = 2 (c1)

2, = n = 2 ÎÜ�¦;

2 = P3 > (c1)
3 · 3! = 6 (c1)

3 ⇔ 1 > 3 · (c1)3, �¦ c1 ∈
(

0,
(
1
2

) 1
3

)
;

e Pk > (c1)
k · k! é k ≤ n− 1 þ¤á, Ó�k

� n �Ûê�,

Pn = Pn−1 + C2
n−1P2Pn−3 + C4

n−1P4Pn−5 + · · ·+ Cn−1
n−1Pn−1

> (c1)
n−1 · (n− 1)!

+
∑

2≤i≤n−1
2|i

(
(n− 1)!

i!(n− 1− i)!
· (c1)i · i! · (c1)n−1−i · (n− 1− i)!

)

=

(
n− 1

2
+ 1

)
· (c1)n−1 · (n− 1)!

= (c1)
n · n! · n+ 1

2n · c1
.

u´�¦, n+1
2n·c1 =

1+ 1
n

2c1
≥ 1 é n ≥ 5 ð¤á, �� c1 ∈

(
0, 3

5

)
=�.

� n �óê�,

Pn = Pn−1 + C2
n−1P2Pn−3 + C4

n−1P4Pn−5 + · · ·+ Cn−2
n−1Pn−2P1

> (c1)
n−1 · (n− 1)! + Cn−2

n−1Pn−2P1

+
∑

2≤1≤n−4
2|i

(
(n− 1)!

i!(n− 1− i)!
· (c1)t · i! · (c1)n−1−i · (n− 1− i)!

)

=

(
n− 4

2
+ 1

)
· (c1)n−1 · (n− 1)! + (n− 1) · (c1)n−2 · (n− 2)!
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= (c1)
n−1 (n− 1)! ·

(
(n− 2)

2
+

1

c1

)
u´�¦ (c1)

n−1 (n− 1)! ·
(

(n−2)
2

+ 1
c1

)
≥ (c1)

n · n! é n ≥ 4 ð¤á, ù�du:(
(n− 2)

2
+

1

c1

)
≥ n · c1 ⇔ n

(
c21 −

c1
2

)
+ c1 ≤ 1

é n ≥ 4 ¤á, �� c1 ∈
(
0, 1

2

)
=�;

(Üþã�¦, �� c1 = ε ( ε ´¿©���ê) ÷v�¦.

nþ, �3«m (0, 1) S�¢ê c1 = ε, c2 = 1 − ε (ε ´¿©���ê ) Ú�

���ê N = 2, ¦�

(c1)
n · n! < Pn < (c2)

n · n!,

é n ≥ 2 ¤á. �

µ5 �K´¥�JÝ�|ÜK, �V´ém1nKJÝ, ¢�þ´3�O

αn �?O. /Ï��ü��½Â�ï��4íª5�x αn · n ! ´ék7��,

�´?nùa¯K�~^Ã{, ��2�Ñ c1 Ú c2 ��35�, ég,/��

|^4íª� . þã)����Ü©��´�ê?n, I��%�´Ûó�¹

�©Û.

TST1 �½���ê p Ú�ê x, y, ¦L�ª

x0yp−1 + x1yp−2 + · · ·+ xp−2y1 + xp−1y0

� p �{ê.

) ·�P S = x0yp−1 + x1yp−2 + · · ·+ xp−2y1 + xp−1y0 = xp−yp
x−y (x 6= y).

(1) e x ≡ y ≡ t (mod p), �

S ≡ tp−1 · p ≡ 0 (mod p).

(2) e x 6= y (mod p), K x 6= y � (x− y, p) = 1, u´d¤ê�½n

xp ≡ x (mod p), yp ≡ y (mod p).

k

(x− y)
(
x0yp−1 + x1yp−2 + · · ·+ xp−2y1 + xp−1y0

)
= xp − yp ≡ x− y (mod p),

=

S ≡ 1 (mod p).

nþ, S � p �{ê´ 0 ½ 1 . �
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µ5 ù´��éÄ:�êØ¯K, �I�5¿� xp− yp �Ïª©)Ú¤ê

�½nB�±)û.

TST2 éu?¿g,ê n Ú��ê k, XJ�3�K�ê a1, a2, · · · , ak ¦

� n = a21 + a42 + a83 + · · ·+ a2
k

k , ·�¡ n ´ k−Ð�. ´Ä�3��ê k, ¦�z

�g,ê n Ñ´ k−Ð�?

) (ÜÜÜÖÖÖ���) Ø�3.

�y, e�3��ê k0, ¦�?¿g,ê n Ñ´ k0−Ð�.

·�P Am = {1, 2, 3, · · · ,m}, é?¿ x ∈ Am, �3 a1,x, a2,x, · · · , ak0,x ∈ N,

¦�

x = a21,x + a42,x + a83,x + · · ·+ a2
k0

k0,x
.

Kéu k0 �kSê|�¤�8Ü Bm = {(a1,x, a2,x, · · · , ak0,x) | x ∈ Am}, Ak

|Bm| ≥ |Am| ≥ m.


d

a21,x + a42,x + a83,x + · · ·+ a2
k0

k0,x
= x ≤ m

�

a1,x ≤ m
1
2 , a2,x ≤ m

1
4 , a3,x ≤ m

1
8 , · · · , ak0,x ≤ m

1

2k0 .

�

|Bm| ≤
([
m

1
2

]
+ 1
)([

m
1
4

]
+ 1
)([

m
1
8

]
+ 1
)
· · ·
([
m

1

2k0

]
+ 1
)

≤
(
m

1
2 + 1

)(
m

1
4 + 1

)(
m

1
8 + 1

)
· · ·
(
m

1

2k0 + 1
)
,

u´

m ≤
(
m

1
2 + 1

)(
m

1
4 + 1

)(
m

1
8 + 1

)
· · ·
(
m

1

2k0 + 1
)
.

,
�>m��g� 1,m>'um��g= 1
2

+ 1
4

+ 1
8

+ · · ·+ 1
2k0

= 1− 1
2k0

< 1,

�>gê'm>p, �m ¿©��, þãØ�ªØ¤á, l
gñ!

�Ø�3��ê k, ¦�?¿g,ê n Ñ´ k−Ð�. �

µ5 ù´��¥�JÝ��ê¯K, k©Û���, �
�gñ, ·���

OÎÜ^��ê| (a1,x, a2,x, · · · , ak0,x) ��ê�?O.

TST3 ào>/ ABCD ÷v ∠BAC = ∠ADC, �M �é�� AC �¥

:, > AD þk�: E, ¦� ABME ´²1o>/. � N ��ã AE �¥:,

y²: �ã AC �4DMN �	���u:M .
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y² d ABME ´²1o>/, � AB � EM , �

∠EMA = ∠BAM = ∠BAC = ∠ADC.

l
 E,M,C,D o:��, u´ AM · AC = AE · AD,

qM,N ©O´ AC,AE �¥:, u´ AM · 2AM = 2AN · AD. =

AM2 = AN · AD,


 ∠NAM = ∠MAD, k4NAM ∼ 4MAD, � ∠AMN = ∠ADM .

��ã AC �4DMN �	���u:M . �

µ5 ù´���~N´�AÛK, y²�������Ï~Ã{Ò´�y

²1f.��qn�/.

TST4 ·�¡ØÓ���ê´“*l”, XJ |n−m| ´ n Úm �ú�ê, y

²: éu?¿��ê k ≥ 2, �3 k �ØÓ���ê, ¦�ù
ê¥�?¿ü�Ñ

´*l.

y² (444���www) ·�é k ?8B�E.

� k = 2 �, ·��m = 2, n = 3 =�.

b� k = t �, ·K¤á, =�3 x1, x2, · · · , xt ∈ N∗, ¦� x1, x2, · · · , xt üü

ØÓ�?¿ü�Ñ´*l. e¡�Ä k + 1 ��/.

Ø�� x ∈ N∗, � x > max {x1, x2, · · · , xt}, ·��

x!, x! + x1, x! + x2, x! + x3, · · · , x! + xt

ù t+ 1 �ê, ·�äóù t+ 1 �ê´ÎÜ�¦�:

(1) w,ù
êpØ�Ó;

(2) é ∀1 ≤ i < j ≤ t, ·�d8Bb�: |xi − xj| | xi, |xi − xj| | xj ( xi � xj

p�*l), � xi | x!, xj | x !. u´

|x! + xi − (x! + xj)| | xi, xi | x! + xi, |x! + xi − (x! + xj)| | xj, xj | x! + xj.
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k

|x! + xi − (x! + xj)| | x! + xi, ±9 |x! + xi − (x! + xj)| | x! + xj.

� |x! + xi − x! + xj|´ x! +xi Ú x! +xj �ú�ê, = x! +xi (1 ≤ i < j ≤ t))p

�*l.

,��¡, é?¿ 1 ≤ i ≤ t, k |x!− (x! + xi)| = xi, xi | x!, xi | x! + xi, = x!

� x! + xi (1 ≤ i ≤ t)) þ�*l.

nþ, x!, x! + x1, x! + x2, x! + x3, · · · , x! + xt üüÑ´*l.

�d8B�n, �é?¿��ê k ≥ 2, �3 k �ØÓ���ê, ¦�ù
ê

¥�?¿ü�Ñ´*l. �

µ5 ù´��¥�JÝ�êØ¯K, Ä��{´8B�E, U
k�Ø'

X�ÄÀ´�¦, qk |n−m| �A:, ²£ØC5��{Òg,0\
.
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