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K, �m 2 ��. �©0�ùügÿÁÁK�)�. ·�ò^K 1.xL«1 1 g

ÿÁ�1 xK, K 2.y�¿Âaq.

K 1.1 � k > n > 1´�ê, a1, a2, · · · , ak ∈ (0, 1). y²:

min {a1 (1− a2)n , a2 (1− a3)n , · · · , ak (1− a1)n} ≤
nn

(n+ 1)n+1
.

y{� d�â-AÛ²þ�Ø�ª��

x(1− x)n =
1

n
· nx(1− x)n =

1

n
· nx · (1− x) · · · (1− x)︸ ︷︷ ︸

n �

≤ 1

n

(
nx+ n(1− x)

n+ 1

)n+1

=
nn

(n+ 1)n+1
, ∀x ∈ (0, 1).

Ïd
k∏

i=1

ai (1− ai)n ≤
(

nn

(n+ 1)n+1

)k

.

þª���
k∏

i=1

ai (1− ai+1)
n ≤

(
nn

(n+ 1)n+1

)k

,

Ù¥ ak+1 = a1.

�dÄT�n��½�3 1 ≤ i ≤ k¦� ai (1− ai+1)
n ≤ nn

(n+1)n+1 . �

y{� � max
1≤i≤n

(ai) = aj, K

�> ≤ aj−1 (1− aj)n ≤ aj (1− aj)n =
1

n
· naj (1− aj)n

ÂvFÏ: 2016-12-18.
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≤ 1

n

(
naj + n (1− aj)

n+ 1

)n+1

=
nn

(n+ 1)n+1 .

�

y{n e�3 1 ≤ i ≤ n¦� ai ≤ ai+1, Ù¥ an+1 = a1, K

�> ≤ ai (1− ai+1)
n ≤ ai+1 (1− ai+1)

n

≤ 1

n
· nai+1 (1− ai+1)

n

≤ 1

n

(
nai+1 + n (1− ai+1)

n+ 1

)n+1

=
nn

(n+ 1)n+1 .

eé?¿ 1 ≤ i ≤ n, ai ≤ ai+1ÑØ¤á, Kk a1 > a2 > · · · > an > a1, g

ñ! y.. �

K 1.2 � O ´ 4ABC �	%, 4BOC �	����^�� l �>

AB,AC ©O�u: D,E (D,E 6= A). : A′ ´ A'u�� l�é¡:. y²:

4A′DE �	���4ABC �	����.

y{� P�� l� 4BOC �	����:� K. - 4BDK � 4CEK

�	����:� X, X 6= K. Ï�

∠BXC = ∠BXK + ∠KXC

= ∠ADK + ∠KEA

= 180◦ − ∠CAB,

¤±: X 34ABC 	�� κþ.

,��¡,

∠DXE = ∠DXK + ∠KXE
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= ∠DBK + ∠KCE

= ∠CKB − ∠CAB

= ∠CAB = ∠DA′E,

¤± X �34A′DE �	�� κ1þ.

e¡·�òy²� κ, κ1�u: X.

XJ P ´�� CK Ú XD��:, K

∠XPC = ∠XDE − ∠CKE

= ∠XBK − ∠CBK

= ∠XBC,

ù`²: P  u� κþ. aq/, �� BK Ú XE ��: Q3� κþ.

qd ∠XPQ = ∠XBQ = ∠XDK, B� PQ �DE.

Ïd4XDE Ú4XPQ´'u q¥% X  q, ¤±§��	����

u: X. �

y{� -�� BK Ú CK �4ABC �	��©O��u: QÚ: P .

Ï� ∠CPQ = ∠CBQ = ∠CKE, ·�k PQ �DE.

-�� DP Ú EQ��u: X. Ï�: D = PX ∩ AB, K = PC ∩ QB,

E = AC ∩ QX n:��, d Pascal�_½n� X 3d: A,B,C, P,Q/¤�

Ó���þ.

du ∠DKB = ∠KCB = ∠PQX, K DE � PQ, Ïd4XDE v 4XPQ,

¤±§��	��*d��u q¥% X.

��, 5¿�

∠DXE = ∠PXQ = ∠PCA+ ∠ABQ

= ∠BKC − ∠BAC

= ∠BAC = ∠DA′E,

¤±: A′34DEX �	��þ. �

K 1.3 � 2 = p1 < p2 < · · · ´�N�ê. y²: é n > 1, p1p2 · · · pn − 1

Ø´�ê�����.

y² �k n > 1, ¦ p1 · · · pn − 1 = ak �, K a > 1, l ak�Ïf, ��

ê p
∣∣ a. K p ≥ pn+1 (e p ≤ pn, K p

∣∣ p1 · · · pn, d�� p
∣∣ 1, gñ).
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·�y² k < n. Ï�e k ≥ n, K��m> ≥ pk ≥ pn ≥ pnn+1. ���

> < pnn − 1 < pnn+1, gñ. � 1 < k < n.

� q´ k����Ïf, Kd q < n < pn�� q´,� pi, i = 1, · · · , n− 1.

P x = a
k
q , K�z�

p1 · · · pn − 1 = xq. �

Äk, q7´Û�ê. Ï�e q = 2, Kdu 3 - x, � x2 ≡ 1 (mod 3), ��

�> ≡ 0 − 1 = 2 (mod 3), gñ. � q ´Û�ê. d�íÑ xq ≡ −1 (mod q)

(Ï q´ p1, · · · , pn��).

(Ü¤ê�½níÑ x ≡ −1 (mod q) (Ï xq ≡ x (mod q)), = x =

−1 + qA, �

xq = (−1 + qA)q = −1 + qA

(
q

1

)
+ (qA)2

(
q

2

)
+ · · ·

≡ − 1 (mod q2).

= q2
∣∣ xq + 1, d�� q2

∣∣ p1 · · · pn, ùØ�U (Ï p1, · · · , pn−1pØ�Ó). �

K 1.4 ����Üá^�«�ó, §�c=dü�i1 A,B �¤. ïÄ

öuy�Ý���?Ûü�c��kn� �ØÓ. ~X: c ABBAAÚc

AAAAB31 2, 1 3 Ú1 5 � �ØÓ.

��ê n ≥ 3. y²: 3ù«�ó¥, �Ý� n�cØUõu
⌊

2n

n+1

⌋
�.

y² � CL«�Ý� n�¤kd A,B�¤�iG,Kk |C| = 2n. XJé

∀x, y ∈ C,- d(x, y)L« x� yéA �i1ØÓ��ê (=½Âål). w,/

d(x, x) = 0, d(x, y) = d(y, x). é ∀x ∈ C, ·�½Â Cx =
{
y ∈ C

∣∣ d(x, y) ≤ 1
}

.

K |Cx| = n+ 1.

XJ a, b´ù«�½�ó¥��Ý� n�ü�c, K d(a, b) ≥ 3, Ïd

Ca ∩ Cb = ∅.

- D´ù«�ó¥�Ý� n�¤kc�8Ü, K⋃
a∈D

Ca ⊂ C.

5¿� {Ca}a∈D ´pØ���, K∣∣∣∣ ⋃
a∈D

Ca

∣∣∣∣ ≤ |C|, � ∣∣∣∣ ⋃
a∈D

Ca

∣∣∣∣ = (n+ 1) · |D|.
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Ïd

(n+ 1) · |D| ≤ 2n.

�

|D| ≤ 2n

n+ 1
,

(Ø¤á. �

K 2.1 � P ´ 4ABC �> BC S��: (ØÓu B Ú C), I1, I2 ©O

´4ABP Ú4APC �S%. 4I1PI2�	���> BC ��u P Ú Q. y²:

AB +QC = AC +QB.

y² Ø���5, Ø�� Q3�ã PC þ,

- ω1Ú ω2©OL«4ABP Ú4APC�S��. -

'u� ω1Ú ω2�SÜ��� l (ØÓu AP )�> BC �

uQ′. ·�y² I1, P,Q
′Ú I2´���, =kQ′ ≡ Q. -

R´�� lÚ AP ��:, du I1Ú I2©O u ∠PQ′R

�S�²©�Ú	�²©�þ, ·�k ∠I1Q′I2 = 90◦.

aq/, ·�k ∠I1PI2 = 90◦. Ïd, ù�o>/ I1PQ
′I2 3���þ, ¤

± Q′ ≡ Q. q5¿�

DP =
PB + PA− AB

2
, PE =

PC + PA− AC
2

,

�

DP = QE = PE − PQ.

u´

PQ = PE −DP =
AB + PC − AC − PB

2
.

Ïd

AC +QB = AC +BP + 2PQ− PQ

= AB + PC − PQ = AB +QC.

�

K 2.2 ¦¤k��ê n¦��3 n���Ïf d÷v

dn+ 1
∣∣ d2 + n2.
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) � n = ad, K^� dn+ 1
∣∣ d2 + n2��� ad2 + 1

∣∣ d2 + a2d2. Ïd

ad2 + 1
∣∣ d2 + a2d2 − a · (ad2 + 1) = d2 − a. (∗)

(1) e d2 − a > 0, Kd (∗)�

d2 − a ≥ ad2 + 1,

5¿� a´��êBk

d2 ≥ ad2 + a+ 1 > d2,

gñ!

(2) e d2 − a < 0, K a− d2 > 0, d (∗)��

a− d2 ≥ ad2 + 1.

q d´��ê, u´

a ≥ ad2 + 1 + d2 > a,

gñ!

d (1), (2) á� d2 − a = 0, = a = d2. d�Bk n = d3, = n�á�ê.

,��¡, � n�á�ê, n = d3, Kk

d4 + 1
∣∣ d2 + d6 = d2(d4 + 1),

÷v�¦.

�÷vK¿� n´�Ná�ê. �

K 2.3 � P (z) = az3 + bz2 + cz + d, Ù¥ a, b, c, d þ�Eê, �÷v

| a |=| b |= | c |=| d |= 1. y²: �3���� 1 �Eê z¦�
∣∣P (z)

∣∣ ≥ √6.

y² Ø�� d = 1, ÄK^ (a
d
, b
d
, c
d
, 1)�O (a, b, c, d).

2Ø�� a = 1, ÄK^ εz�O z, ùp ε´ ε3a = 1�,�Eê. d�

P (z) = z3 + bz2 + cz + 1.

2� w = ei
2π
3 , K

| P (1) |2 + | P (w) |2 + | P (w2) |2

= (2 + b+ c)(2 + b̄+ c̄) + (2 + w2b+ wc)(2 + wb̄+ w2c̄)

+ (2 + wb+ w2c)(2 + w2b̄+ wc̄) = 18.

Ïd | P (1) |, | P (w) |, | P (w2) |¥��k��Ø�u
√

6, (Ø�y. �
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K 2.4 ¦Ó�÷ve¡^����ê8 A = {a1, a2, · · · , a1000}��ê:

(1) a1 < a2 < · · · < a1000 ≤ 2014;

(2)
{
ai + aj

∣∣ 1 ≤ i, j ≤ 1000,� i+ j ∈ A
}
⊆ A.

) XJ A �½äk B ∪ C �/ª, Ù¥ C ´ {2001, · · · , 2014} �f8,

B = {1, 2, · · · , 1000− | C |}, K·�¡ A�/Ð80. Ï {2001, · · · , 2014}�k

214�f8. ¤±Ð8�ê�´ 214�.

e¡·�y²÷v�¦�8Ük 214�. �d, ·�=Ly²:

(i) z��Ð8þ÷v�¦;

(ii) ÷v�¦�8�½´Ð8.

�Qã�B, P S =
{
ai + aj

∣∣ 1 ≤ i, j ≤ 1000� i+ j ∈ A
}

.

ky (i). � A´��Ð8, K | A |= 1000. �Ø��

A = {a1, · · · , a1000} , a1 < a2 < · · · < a1000 < 2014.

é ∀ i, j ≤ 1000, i+ j ∈ A� i+ j ≤ 2000, Ïd i+ j ∈ B.

Ïd�3�� k ≤ 100− | C |¦� i+ j = ak = k. qÏ� ak ≤ 100− | C |,

u´�k i, j ≤ 100− | C |, Ïd ai = i, aj = j, ù¿�X ai + aj = i + j =

ak ∈ A. ù`² S ⊆ A, =Ð8 A÷v�¦.

2y (ii). � A ´÷v�¦�8. e�3�ê 1 ≤ k ≤ 1000 ¦� ak ∈

{1001, · · · , 2000}, K·�k ak = 1000 + i, i ∈ [1, 1000]. Ïd a1000 + ai ∈ S,

� a1000 + ai > a1000, gñ!

ù`² A�½U�¤ü�Ø��8Ü B,C �¿, �äk/ª B ∪ C. Ù¥

C ⊆ {2001, · · · , 2014}, B ⊆ {1, 2, · · · , 1000}. P b = |B|, Ï� C �õk 14 �

�, � b ≥ 986.

�
y² A´Ð�, ·�=Ly² B = {1, 2, · · · , b}. �d, �Ly² B �

��� ab�u b. eØ,, � ab 6= b, Ï� | B |= b, ¤± ab > b.

- i = ab − b, K b + i = ab ≤ 1000, u´ i ≤ 1000 − b ≤ 14 < b. Ïd

ai ≤ 1000, ab + ai ≤ 2000. qÏ� i + b = ab ∈ A, ¤± ab + ai ∈ S ⊂ A, �

ab + ai ∈ B, ù� ab���5gñ. Ïd ab = b, � A´Ð�, y.. �

5 ü@ÁK� 8 �K8þ��M, Ù¥K 1.2 ´ 2016 cl��æ (SMO)

ÁK, K 1.4 ´ 2016 cÛêZæ (RMO)ÁK, K 2.4 ´ 2016 cÖ=I[èÀ

o (DTST)ÁK. Ù§K8þJ±J��§��O(Ñ?.
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